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Chapter 1

Introduction

This report gives the result of running the computer algebra independent integration
problems. The listing of the problems are maintained by and can be downloaded from

lhttps://rulebasedintegration.org]

The number of integrals in this report is [ 42 |. This is test number [ 44 |.

1.1 Listing of CAS systems tested

The following systems were tested at this time.

1.
2.

3
4.
5
6

7.

Mathematica 12.1 (64 bit) on windows 10.
Rubi 4.16.1 in Mathematica 12 on windows 10.

. Maple 2020 (64 bit) on windows 10.

Maxima 5.43 on Linux. (via sagemath 8.9)

. Fricas 1.3.6 on Linux (via sagemath 9.0)

. Sympy 1.5 under Python 3.7.3 using Anaconda distribution.

Giac/Xcas 1.5 on Linux. (via sagemath 8.9)

Maxima, Fricas and Giac/Xcas were called from inside SageMath. This was done using
SageMath integrate command by changing the name of the algorithm to use the different
CAS systems.

Sympy was called directly using Python.


https://rulebasedintegration.org

1.2 Results

Important note: A number of problems in this test suite have no antiderivative in closed

form. This means the antiderivative of these integrals can not be expressed in terms of
elementary, special functions or Hypergeometric2F1 functions. RootSum and Root0Of are
not allowed.

If a CAS returns the above integral unevaluated within the time limit, then the result is
counted as passed and assigned an A grade.

However, if CAS times out, then it is assigned an F grade even if the integral is not integrable,
as this implies CAS could not determine that the integral is not integrable in the time limit.

If a CAS returns an antiderivative to such an integral, it is assigned an A grade automatically
and this special result is listed in the introduction section of each individual test report to
make it easy to identify as this can be important result to investigate.

The results given in in the table below reflects the above.

System solved Failed

Rubi % 100. ( 42) %0.(0)
Mathematica | % 90.48 (38 ) | % 9.52 (4)
Maple % 95.24 (40) | %4.76 (2)

Maxima %0.(0) % 100. (42)
Fricas %2143 (9) | % 78.57 (33)
Sympy % 14.29 (6) | %85.71 (36)

Giac %9.52 (4) | %90.48 (38)

The table below gives additional break down of the grading of quality of the antiderivatives
generated by each CAS. The grading is given using the letters A,B,C and F with A being
the best quality. The grading is accomplished by comparing the antiderivative generated
with the optimal antiderivatives included in the test suite. The following table describes the
meaning of these grades.



grade | description

A Integral was solved and antiderivative is optimal in quality and leaf size.

B Integral was solved and antiderivative is optimal in quality but leaf size
is larger than twice the optimal antiderivatives leaf size.

C Integral was solved and antiderivative is non-optimal in quality. This
can be due to one or more of the following reasons
1. antiderivative contains a hypergeometric function and the optimal
antiderivative does not.
2. antiderivative contains a special function and the optimal an-
tiderivative does not.
3. antiderivative contains the imaginary unit and the optimal an-
tiderivative does not.

F Integral was not solved. Either the integral was returned unevaluated
within the time limit, or it timed out, or CAS hanged or crashed or an
exception was raised.

Grading is implemented for all CAS systems. Based on the above, the following table
summarizes the grading for this test suite.

System % A grade | % B grade | % C grade | % F grade
Rubi 100. 0. 0. 0.
Mathematica 14.29 0. 76.19 9.52
Maple 23.81 33.33 38.1 4.76
Maxima 0. 0. 0. 100.
Fricas 14.29 7.14 0. 78.57
Sympy 0. 0. 14.29 85.71
Giac 7.14 2.38 0. 90.48




The following is a Bar chart illustration of the data in the above table.

Antiderivative Grade distribution for each CAS

Numbers shown on bars are total percentage solved for each CAS
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The figure below compares the CAS systems for each grade level.
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1.3 Performance

The table below summarizes the performance of each CAS system in terms of CPU time

and leaf size of results.

System Mean time (sec) Mean size Normalized mean Median size

Rubi 0.81 576.24 1.08 396.5
Mathematica 1.68 824.05 1.3 297.5
Maple 0.02 1058.32 1.7 450.

Maxima Round[Mean]], 0.01] | Round[Mean]], 0.01] | Round[Mean]], 0.01] | Round[Median][], O.
Fricas 8.64 1386.22 5.83 1364.
Sympy 6.82 186. 0.53 167.
Giac 1.26 579. 1.97 493.
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1.4 list of integrals that has no closed form an-
tiderivative

b

1.5 list of integrals solved by CAS but has no
known antiderivative

Rubi {}
Mathematica {}
Maple {}
Maxima {}
Fricas {}
Sympy {}

Giac {}

1.6 list of integrals solved by CAS but failed ver-
ification

The following are integrals solved by CAS but the verification phase failed to verify the
anti-derivative produced is correct. This does not mean necessarily that the anti-derivative
is wrong, as additional methods of verification might be needed, or more time is needed (3
minutes time limit was used). These integrals are listed here to make it easier to do further
investigation to determine why it was not possible to verify the result produced.

Rubi {}

Mathematica

Maple Verification phase not implemented yet.
Maxima Verification phase not implemented yet.
Fricas Verification phase not implemented yet.
Sympy Verification phase not implemented yet.

Giac Verification phase not implemented yet.
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1.7 Timing

The command AboluteTiming[] was used in Mathematica to obtain the elapsed time for
each integrate call. In Maple, the command Usage was used as in the following example

cpu_time := Usage(assign ('result_of _int',int(expr,x)),output='realtime'

For all other CAS systems, the elapsed time to complete each integral was found by taking
the difference between the time after the call has completed from the time before the call
was made. This was done using Python’s time.time () call.

All elapsed times shown are in seconds. A time limit of 3 minutes was used for each integral.
If the integrate command did not complete within this time limit, the integral was aborted
and considered to have failed and assigned an F grade. The time used by failed integrals
due to time out is not counted in the final statistics.

1.8 Verification

A verification phase was applied on the result of integration for Rubi and Mathematica.
Future version of this report will implement verification for the other CAS systems. For
the integrals whose result was not run through a verification phase, it is assumed that the
antiderivative produced was correct.

Verification phase has 3 minutes time out. An integral whose result was not verified could
still be correct. Further investigation is needed on those integrals which failed verifications.
Such integrals are marked in the summary table below and also in each integral separate
section so they are easy to identify and locate.

1.9 Important notes about some of the results

1.9.1 Important note about Maxima results

Since these integrals are run in a batch mode, using an automated script, and by using
sagemath (SageMath uses Maxima), then any integral where Maxima needs an interactive
response from the user to answer a question during evaluation of the integral in order to
complete the integration, will fail and is counted as failed.

The exception raised is ValueError. Therefore Maxima result below is lower than what
could result if Maxima was run directly and each question Maxima asks was answered
correctly.

The percentage of such failures were not counted for each test file, but for an example, for
the Timofeev test file, there were about 30 such integrals out of total 705, or about 4 percent.
This pecrentage can be higher or lower depending on the specific input test file.
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Such integrals can be indentified by looking at the output of the integration in each section
for Maxima. If the output was an exception ValueError then this is most likely due to this
reason.

Maxima integrate was run using SageMath with the following settings set by default

'besselexpand : true'

'display2d : false'

'domain : complex'

'keepfloat : true'
'load(to_poly_solve)'
'load(simplify_sum)'
'load(abs_integrate)' 'load(diag)'

SageMath loading of Maxima abs_integrate was found to cause some problem. So the
following code was added to disable this effect.

from sage.interfaces.maxima_lib import maxima_lib
maxima_lib.set('extra_definite_integration_methods', '[]')
maxima_lib.set('extra_integration_methods', '[]')

Seelhttps://ask.sagemath.org/question/43088/integrate-results-that-are-diffgrent-
[from-using-maxima/|for reference.

1.9.2 Important note about FriCAS and Giac/X-
CAS results

There are Few integrals which failed due to SageMath not able to translate the result back
to SageMath syntax and not because these CAS system were not able to do the integrations.

These will fail With error Exception raised: NotImplementedError
The number of such cases seems to be very small. About 1 or 2 percent of all integrals.

Hopefully the next version of SageMath will have complete translation of FriCAS and XCAS
syntax and I will re-run all the tests again when this happens.

1.9.3 Important note about finding leaf size of
antiderivative

For Mathematica, Rubi and Maple, the buildin system function LeafSize is used to find
the leaf size of each antiderivative.

The other CAS systems (SageMath and Sympy) do not have special buildin function for this
purpose at this time. Therefore the leaf size is determined as follows.

For Fricas, Giac and Maxima (all called via sagemath) the following code is used


https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
https://ask.sagemath.org/question/43088/integrate-results-that-are-different-from-using-maxima/
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#see https://stackoverflow.com/questions/25202346/how-to-obtain-leaf-count-expression-size-in

def tree(expr):
if expr.operator() is None:
return expr
else:
return [expr.operator()]+map(tree, expr.operands())

try:
# 1.35 is a fudge factor since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's
leafCount = round(1l.35*len(flatten(tree(anti))))
except Exception as ee:
leafCount =1

For Sympy, called directly from Python, the following code is used

try:
# 1.7 is a fudge factor since it is low side from actual leaf count
leafCount = round(1l.7*xcount_ops(anti))

except Exception as ee:
leafCount =1

When these cas systems have a buildin function to find the leaf size of expressions, it will
be used instead, and these tests run again.

1.10 Design of the test system

The following diagram gives a high level view of the current test build system.
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One record (line) per one integral result. The line is CSV comma separated. It contains 13 fields. This is
description of each record (line)

integer, the problem number.

integer. 0 or 1 for failed or passed. (this is not the grade field) High level overview of the CAS
integer. Leafsize of result. independent integration test
integer. Leaf size of the optimal antiderivative.

number. CPU time used to solve this integral. 0 if failed. build System

string. The integral in Latex format

string. The input used in CAS own syntx.

string. The result (antiderivative) produced by CAS in Latex format

string. The optimal antiderivative in Latex format.

10. integer. 0 or 1. Indicates if problem has known antiderivative or not

11. String. The result (antiderivative) in CAS own syntax. g
12. String. The grade of the antiderivative. Can be “A”, “B”, “C”, or “F”

13. String. The optimal antiderivative in CAS own syntax.

WoOoNOLHWNE



Chapter 2

detailed summary tables of results

2.1 List of integrals sorted by grade for each
CAS

2.1.1 Rubi

A gt 10567801017 07 15 [0, 20,21, 22 3 B3 25 20 27
36,187,138, 189, 40, 4T} 42

B grade: { }

C grade: { }

F grade: { }

I\

&
3
..(;
.4;
l\'.')

2.1.2 Mathematica
A grade: {[37}[38}[39} [40} [41} 42/}

B grade: { }

C grade: { [1}[2,3} 4} 51[6} 7 8} [0} L0} L1} [2} 13} [L4 [16} [17,[18} 19} 20} 21} 22} 23} 24} 25} 28}, 29}, B0}
(81132434} 354361}

F grade: {
2.1.3 Maple

A grade: {[201[21,30,31}37,38} 39} 40} 41} [42]}
B grade: {[I718,[19[22] 23} 24} 20} 26 [27] 28} 29} 34} 35} 36 }

15
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C grade: (BBBAEBRE ML HITE)
F grade: {}

2.1.4 Maxima

A grade: {
B grade: { }
C grade: { }

F grade: { [1}[2)[3) [4)[5} 6, [7} {8 [% 10 [LT} [12} 13, [14} [15} 16} 17} [18} [19} 20} 21} 22} [23} [24} 25} 26, 27
37,138, 39} 40 }

i

|
[$%]
[2
=
[S

21.5 FriCAS

A grade: (758 B A A2
B grade: {[34}[35][36] }
C grade: { }

F grade: { 1284} 5}[6} [7,/8, B} L0} L1} 12} 13} [14[15} 16} 17} 18} 19} |20} 21} 22} 23} P4} P5| 26 27
[28,[29}[30}31, 32,33}

2.1.6 Sympy

A grade: { }
B grade: { }

C grade: (LRBBI)}

F grade: {5, 5,7 8,00(12) 3 175 67 8 19) 20, 21 22,23 27 25 20) 27 25, 290, B 2
55} 54,55, 50,57, 68, B0, kO, ) 42

2.1.7 Giac

A grade: {}
B grade: {[42]}
C grade: { }

F grade: { [1}[2}[3) 4[5} 6} 7}[8} 9} 10} [T1} [L2}13} 14, [L5}[16},[17} 18} [T9} [20} 21} 22} [23} 24} |25} 26} 27
[28,29} 80,31} [32[33} 34} [35] 36} }

[=
B
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2.2 Detailed conclusion table per each integral
for all CAS systems

Detailed conclusion table per each integral is given by table below. The elapsed time is in
seconds. For failed result it is given as F(-1) if the failure was due to timeout. It is given as
F(-2) if the failure was due to an exception being raised, which could indicate a bug in the
system. If the failure was due to integral not being evaluated within the time limit, then it is
given just an F.

antiderivative leaf size

In this table,the column normalized size is defined as — — :
optimal antiderivative leaf size

Problem 1 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 453 878 217 533 0 0 364 0
normalized size | 1 1.94 0.48 1.18 0. 0. 0.8 0.
time (sec) N/A 0.509 0.282 0.054 0. 0. 6.844 0.
Problem 2 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 367 706 159 403 0 0 262 0
normalized size | 1 1.92 0.43 1.1 0. 0. 0.71 0.
time (sec) N/A 0.396 0.171 0.008 0. 0. 4.888 0.
Problem 3 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 277 432 121 269 0 0 167 0
normalized size | 1 1.56 0.44 0.97 0. 0. 0.6 0.
time (sec) N/A 0.225 0.099 0.004 0. 0. 3.291 0.
Problem 4 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 226 226 77 169 0 0 78 0
normalized size | 1 1. 0.34 0.75 0. 0. 0.35 0.
time (sec) N/A 0.066 0.034 0.005 0. 0. 1.591 0.




18

Problem 5 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 369 369 138 192 0 0 0 0
normalized size | 1 1. 0.37 0.52 0. 0. 0. 0.
time (sec) N/A 0.36 0.304 0.033 0. 0. 0. 0.
Problem 6 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 641 641 297 679 0 0 0 0
normalized size | 1 1. 0.46 1.06 0. 0. 0 0
time (sec) N/A 1.189 1.238 0.025 0. 0. 0 0
Problem 7 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 875 875 453 1591 0 0 0 0
normalized size | 1 1. 0.52 1.82 0. 0. 0 0
time (sec) N/A 1.784 2.292 0.027 0. 0. 0 0
Problem 8 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 912 912 222 588 0 0 0 0
normalized size | 1 1. 0.24 0.64 0. 0. 0 0
time (sec) N/A 0.726 0.286 0.036 0. 0. 0 0
Problem 9 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 694 694 166 458 0 0 0 0
normalized size | 1 1. 0.24 0.66 0. 0. 0 0
time (sec) N/A 0.532 0.178 0.006 0. 0. 0 0
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Problem 10 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 395 395 126 320 0 0 167 0
normalized size | 1 1. 0.32 0.81 0. 0. 0.42 0.
time (sec) N/A 0.327 0.113 0.006 0. 0. 15871 0.
Problem 11 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F C F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 262 262 99 217 0 0 78 0
normalized size | 1 1. 0.38 0.83 0. 0. 0.3 0.
time (sec) N/A 0.096 0.042 0.004 0. 0. 8.421 0.
Problem 12 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 732 732 432 564 0 0 0 0
normalized size | 1 1. 0.59 0.77 0. 0. 0. 0.
time (sec) N/A 0.781 0.805 0.023 0. 0. 0. 0.
Problem 13 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 1494 1494 427 1384 0 0 0 0
normalized size | 1 1. 0.29 0.93 0. 0. 0. 0.
time (sec) N/A 2.007 1.626 0.033 0. 0. 0. 0.
Problem 14 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 2452 2452 630 2326 0 0 0 0
normalized size | 1 1. 0.26 0.95 0. 0. 0. 0.
time (sec) N/A 3.971 3.033 0.035 0. 0. 0. 0.
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Problem 15 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 169 169 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.219 0.396 0.066 0. 0. 0. 0.
Problem 16 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 48 48 94 81 0 0 0 0
normalized size | 1 1. 1.96 1.69 0. 0. 0. 0.
time (sec) N/A 0.029 0.136 0.028 0. 0. 0. 0.
Problem 17, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 755 755 4473 1708 0 0 0 0
normalized size | 1 1. 5.92 2.26 0. 0. 0. 0.
time (sec) N/A 1.357 6.506 0.021 0. 0. 0. 0.
Problem 18 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 528 528 674 1201 0 0 0 0
normalized size | 1 1. 1.28 2.27 0. 0. 0. 0.
time (sec) N/A 0.726 4.58 0.009 0. 0. 0. 0.
Problem 19 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 368 368 521 759 0 0 0 0
normalized size | 1 1. 1.42 2.06 0. 0. 0. 0.
time (sec) N/A 0.254 2.234 0.007 0. 0. 0. 0.




21

Problem 20 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 283 283 302 362 0 0 0 0
normalized size | 1 1. 1.07 1.28 0. 0. 0. 0.
time (sec) N/A 0.081 0.265 0.006 0. 0. 0. 0.
Problem 21 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 436 436 298 359 0 0 0 0
normalized size | 1 1. 0.68 0.82 0. 0. 0. 0.
time (sec) N/A 0.409 0.513 0.029 0. 0. 0. 0.
Problem 22 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 782 782 1853 1495 0 0 0 0
normalized size | 1 1. 2.37 1.91 0. 0. 0. 0.
time (sec) N/A 1.467 3.822 0.027 0. 0. 0. 0.
Problem 23 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1125 1125 781 4476 0 0 0 0
normalized size | 1 1. 0.69 3.98 0 0 0. 0.
time (sec) N/A 3.594 6.17 0.031 0 0 0. 0.
Problem 24 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F(-1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 859 859 5432 2445 0 0 0 0
normalized size | 1 1. 6.32 2.85 0. 0. 0. 0.
time (sec) N/A 1.38 6.674 0.034 0. 0. 0. 0.
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Problem 25 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 628 633 766 1891 0 0 0 0
normalized size | 1 1.01 1.22 3.01 0. 0. 0. 0.
time (sec) N/A 0.584 4.764 0.008 0. 0. 0. 0.
Problem 26 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F B F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 481 481 0 1390 0 0 0 0
normalized size | 1 1. 0. 2.89 0. 0. 0. 0.
time (sec) N/A 0.387 0. 0.006 0. 0. 0. 0.
Problem 27, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F B F F F F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 398 398 0 931 0 0 0 0
normalized size | 1 1. 0. 2.34 0. 0. 0. 0.
time (sec) N/A 0.195 0. 0.006 0. 0. 0. 0.
Problem 28 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F(1) F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 867 1045 1736 3241 0 0 0 0
normalized size | 1 1.21 2. 3.74 0. 0. 0. 0.
time (sec) N/A 1.424 5.243 0.026 0. 0. 0. 0.
Problem 29 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F F(-1) F(1) F
verified N/A Yes NO TBD TBD TBD TBD TBD
size 1301 2112 8031 8276 0 0 0 0
normalized size | 1 1.62 6.17 6.36 0. 0. 0. 0.
time (sec) N/A 3.386 8.007 0.041 0. 0. 0. 0.
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Problem 30 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F(-2) F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 273 273 310 365 0 0 0 0
normalized size | 1 1. 1.14 1.34 0. 0. 0. 0.
time (sec) N/A 0.136 0.537 0.056 0. 0. 0. 0.
Problem 31 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C A F F(-1) F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 271 271 312 369 0 0 0 0
normalized size | 1 1. 1.15 1.36 0. 0. 0. 0.
time (sec) N/A 0.187 0.443 0.042 0. 0. 0. 0.
Problem 32 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C C F F F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 106 106 74 93 0 0 0 0
normalized size | 1 1. 0.7 0.88 0. 0. 0. 0.
time (sec) N/A 0.105 0.183 0.028 0. 0. 0. 0.
Problem 33 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A F F F F F(-1) F
verified N/A Yes N/A TBD TBD TBD TBD TBD
size 218 218 0 0 0 0 0 0
normalized size | 1 1. 0. 0. 0. 0. 0. 0.
time (sec) N/A 0.463 0.242 0.042 0. 0. 0. 0.
Problem 34 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 106 106 125 296 0 744 0 0
normalized size | 1 1. 1.18 2.79 0. 7.02 0. 0.
time (sec) N/A 0.129 0.201 0.053 0. 2.419 0. 0.
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Problem 35 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 145 145 441 238 0 1211 0 0
normalized size | 1 1. 3.04 1.64 0. 8.35 0. 0.
time (sec) N/A 0.207 0.661 0.033 0. 22.774 0. 0.
Problem 36 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A C B F B F F
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 239 239 432 568 0 1364 0 0
normalized size | 1 1. 1.81 2.38 0. 571 0. 0.
time (sec) N/A 0.184 0.694 0.072 0. 22.672 0. 0.
Problem 37, Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 309 309 214 442 0 1118 0 486
normalized size | 1 1. 0.69 1.43 0. 3.62 0. 1.57
time (sec) N/A 0.625 0.345 0.018 0. 2.051 0. 1.194
Problem 38 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F(-1) A
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 283 283 168 373 0 857 0 358
normalized size | 1 1. 0.59 1.32 0. 3.03 0. 1.27
time (sec) N/A 0.341 0.231 0.008 0. 1.924 0. 1.152
Problem 39 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F(-1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 286 286 176 251 0 1798 0 0
normalized size | 1 1. 0.62 0.88 0. 6.29 0. 0.
time (sec) N/A 0.754 0.322 0.007 0. 7.154 0. 0.
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Problem 40 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F(-1) F(2)
verified N/A Yes Yes TBD TBD TBD TBD TBD
size 294 294 171 289 0 1731 0 0

normalized size | 1 1. 0.58 0.98 0. 5.89 0. 0.

time (sec) N/A 0.767 0.261 0.011 0. 6.287 0. 0.

Problem 41 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F(-1) A

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 288 288 177 329 0 1766 0 500
normalized size | 1 1. 0.61 1.14 0. 6.13 0. 1.74
time (sec) N/A 0.784 0.359 0.01 0. 5.942 0. 1.236
Problem 42 Optimal | Rubi Mathematica Maple Maxima Fricas Sympy Giac
grade A A A A F A F(-1) B

verified N/A Yes Yes TBD TBD TBD TBD TBD
size 294 294 189 412 0 1887 0 972
normalized size | 1 1. 0.64 14 0. 6.42 0. 3.31
time (sec) N/A 0.787 0.293 0.011 0. 6.503 0. 1.472

2.3 Detailed conclusion table specific for Rubi
results

The following table is specific to Rubi. It gives additional statistics for each integral. the
column steps is the number of steps used by Rubi to obtain the antiderivative. The rules
column is the number of unique rules used. The integrand size column is the leaf size of

the integrand. Finally the ratio

number of rules .

: — is given. The larger this ratio is, the harder the
integrand size

integral was to solve. In this test, problem number [14] had the largest ratio of [ 0.3929 ]

Table 2.1: Rubi specific breakdown of results for each integral

number of number of normalized .
# rade steps unique antiderivative integrand | _number of rues
g p q ) leaf size integrand leaf size
used rules leaf size
1 A 15 5 1.94 28 0.179

Continued on next page




Table 2.1 — continued from previous page

number of number of normalized integrand —
# | grade steps unique antideri\./ative leaf size togrand leaf size
used rules leaf size
2 A 12 5 1.92 28 0.179
3 A 8 5 1.56 26 0.192
4 A 3 3 1. 19 0.158
5 A 3 3 1. 28 0.107
6 A 6 6 1. 28 0.214
U A 7 6 1. 28 0.214
3 A 12 7 1. 28 0.25
9 A 10 6 1. 28 0.214
10 A 7 5 1. 26 0.192
11 A 4 4 1. 19 0.21
12 A 9 7 1. 28 0.25
13 A 15 10 1. 28 0.357
14 A 22 11 1. 28 0.393
15 A 6 3 1. 26 0.115
16 A 2 2 1. 27 0.074
17 A 6 4 1. 33 0.121
18 A 5 4 1. 33 0.121
19 A 4 4 1. 31 0.129
20 A 3 3 1. 24 0.125
21 A 3 3 1. 33 0.091
22 A 6 6 1. 33 0.182
23 A 7 6 1. 33 0.182
24 A 5 5 1. 33 0.152
25 A 4 4 1.01 33 0.121
26 A 4 4 1. 31 0.129
27 A 4 4 1. 24 0.167
28 A 9 7 1.21 33 0.212
29 A 15 10 1.62 33 0.303
30 A 1 1 1. 41 0.024
31 A 1 1 1. 41 0.024
32 A 4 4 1. 31 0.129
33 A 6 3 1. 31 0.097

Continued on next page
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Table 2.1 — continued from previous page

number of number of normalized .
# | grade steps unique antiderivative 1?;:?2?;; %
used rules leaf size

34 A 11 7 1. 28 0.25
35 A 4 3 1. 30 0.1
36 A 1 1 1. 30 0.033
37 A 6 6 1. 38 0.158
38 A 6 6 1. 37 0.162
39 A 8 7 1. 40 0.175
40 A 8 7 1. 40 0.175
41 A 8 7 1. 40 0.175
42 A 8 7 1. 40 0.175
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Chapter 3

Listing of integrals

x2 ex23
31 [ VL”ZZ ) ix
a+cx

Optimal. Leaf size=453

a

4
(Va+vex?) /ﬁEllipticF (2 tan™! ({7) , %) (~63a32\/ee?(Ac + 3Bd) + 25aBe® + 105y/ac 223 Ae + B -
a++/cx

210+/ac%4Va + cx*

[Out] (ex(21*B*c*d~2 + 21xAxc*d*e - bxa*xBkxe”2)*x*Sqrtl[a + c*x74])/(21%c”2) + (e™2
*(3%Bxd + Axe)*x~3*xSqrtla + c*x74])/(5*c) + (Bxe 3*x~5*Sqrtla + cxx~4])/(7*
c) + ((b*Bxcxd™3 + 1b*Axcxd"2xe - 9xa*Bxd*e”2 - 3xaxA*xe”3)*x*Sqrt[a + cxx"4
1)/ (5*xc~(3/2)*(Sqrt[al + Sqrtlcl*x72)) - (a~(1/4)*(5*Bxc*d”~3 + 1b5*Axc*xd”2xe
- 9xaxBxd*e”2 - 3xaxA*e”3)*(Sqrtlal + Sqrtlcl*x~2)*Sqrt[(a + c*x~4)/(Sqrtl
al + Sqrtlcl*x"2)"2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2]1)/(5*xc~(7
/4)*3qrtla + c*x74]) + ((105%A*c”™2*%d"3 + 25*%a”2*B*xe~3 - 105*axckxd*ex(B*xd +
Axe) - 63*%a~(3/2)*Sqrt[cl*e”2x(3*Bxd + Axe) + 105*Sqrt[a]l*c”(3/2)*d~2*(B*xd
+ 3xAxe))*(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + c*x74)/(Sqrtla] + Sqrtlc]l*x"2)~
2]*EllipticF[2*ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2])/(210%a”(1/4)*c~(9/4)*Sqrt
[a + cxx~4])

Rubi [A] time = 0.509473, antiderivative size = 878, normalized size of antiderivative =
number of rules

1.94, number of steps used = 15, number of rules used = 5, integrand size = 28, - ,
integrand size
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= 0.179, Rules used = {1721, 220, 305, 1196, 321}

Be3Vext + ax® . ¢?(3Bd + Ae)Vext + ax®  5aBeVex* + ax N de(Bd + Ae)Vex*t + ax  3ae?(3Bd + Ae)Vex* + ax N
7c 5¢ 21¢? c 5c3/2 (\/gxz 4 \/E)

Antiderivative was successfully verified.

[In] Int[((A + B*x"2)*(d + e*xx~2)73)/Sqrtla + cxx"4],x]

[Out] (-5*a*Bxe”3xx*Sqrtl[a + cxx~4])/(21xc”2) + (dxex(B*d + Axe)*xxSqrtla + c*x~4
1)/c + (e72x(3*B*d + Axe)*x"3*Sqrt[a + cxx"4])/(6*xc) + (Bxe 3*x"b*Sqrtl[a +
c*x74])/(7T*xc) - (3*a*xe”2*(3*Bxd + Axe)*x*Sqrtla + c*x74])/(5xc~(3/2)*(Sqrt[
a] + Sqrtlc]*x72)) + (d72*%(B*d + 3*xAxe)*x*Sqrt[a + c*x74])/(Sqrtlc]l*(Sqrtla
] + Sqgrtlcl*x~2)) + (3*a~(5/4)*e”2x(3*xB*xd + Axe)*(Sqrtl[al] + Sqrtlcl*x~2)*Sq
rt[(a + c*x74)/(Sqrtla] + Sqrtlc]l*x72) 2]*EllipticE[2*xArcTan[(c™(1/4)*x)/a”
(1/4)1, 1/21)/(5%c™(7/4)*Sqrt[a + c*x”4]) - (a~(1/4)*d"2x(B*d + 3*Axe)*(Sqr
tla] + Sqrtlc]*x"2)*Sqrtl[(a + c*xx"4)/(Sqrtlal + Sqrtlcl*x~2)"2]*EllipticE[2
xArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(c”(3/4)*Sqrtla + c*x"4]) + (A*xd~3*(Sqr
tla]l + Sqrtlcl*x"2)*Sqrt[(a + c*x74)/(Sqrtl[al + Sqrtlcl*x"2) 2]*EllipticF[2
xArcTan[(c™(1/4)*x)/a~(1/4)], 1/2])/(2*a~(1/4)*c~(1/4)*Sqrt[a + c*x"4]) + (
5%a” (7/4)*B*e”3*(Sqrt[a] + Sqrtlc]l*x~2)*Sqrt[(a + c*x74)/(Sqrtl[a]l + Sqrtlc]
*xx72) "2]*EllipticF [2%xArcTan[(c™(1/4)*x)/a~(1/4)], 1/2])/(42xc~(9/4)*Sqrt [a
+ c*xx74]) - (a”(3/4)*d*ex(Bxd + Axe)*(Sqrtlal + Sqrtlcl*x"2)*Sqrt[(a + c*x~
4)/(Sqrtlal + Sqrtlcl*x"2)"2]*EllipticF[2*ArcTan[(c™(1/4)*x)/a~(1/4)]1, 1/2]
)/ (2xc~(5/4)*Sqrt[a + c*x74]) - (3*a~(5/4)*e”2x(3*Bxd + A*e)*(Sqrt[a] + Sqr
tlc]*x72)*Sqrt[(a + c*xx"4)/(Sqrtlal + Sqrtlcl*x~2) 2]*EllipticF[2*ArcTan[(c
“(1/4)*xx) /a~(1/4)]1, 1/2]1)/(10%c~(7/4)*Sqrt[a + c*x”4]) + (a~(1/4)*d~2*x(Bxd
+ 3xA*xe)*(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + c*x~4)/(Sqrtlal + Sqrtlcl*x~2)72
1*EllipticF[2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2]1)/(2xc~(3/4)*Sqrt[a + cxx~4]
)

Rule 1721

Int [(Px_)*((d_) + (e_.)*x(x_)"2)"(q_.)*x((a_) + (c_.)*x(x_)"4)"(p_), x_Symbol]
:> Int[ExpandIntegrand[1/Sqrt[a + cxx"4], Px*x(d + e*x”"2) g*x(a + c*xx~4) " (p
+ 1/2), x], x] /; FreeQl{a, c, d, e}, x] && PolyQ[Px, x72] && NeQ[c*d"2 + a

xe”2, 0] && IntegerQ[p + 1/2] && IntegerQ[ql

Rule 220

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rtl[b/a, 41}, Simp[(
(1 + g 2*%x72)*Sqrt[(a + b*x"4)/(a*x(1 + q~2*x72)72)]*EllipticF [2*ArcTan [q*x]
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, 1/2]1)/(2*q*Sqrt[a + b*x"4]), x]] /; FreeQ[{a, b}, x] && PosQ[b/al

Rule 305

Int[(x_)"2/Sqrt[(a_) + (b_.)*(x_)~"4], x_Symbol]l :> With[{q = Rt[b/a, 21}, D
ist[1/q, Int[1/Sqrtla + b*x~4], x], x] - Dist[1/q, Int[(1 - g*x72)/Sqrtla +
bxx~4], x], x]] /; FreeQ[{a, b}, x] && PosQ[b/al

Rule 1196

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)~4], x_Symbol] :> With[{q =
Rt[c/a, 4]}, -Simp[(d*x*Sqrtla + cxx"4])/(a*x(1 + q~2*x"2)), x] + Simp[(d*(
1 + q72*%x72)*Sqrt[(a + c*x74)/(ax(1 + q~2%x"2)"2)]*EllipticE[2*ArcTan[qg*x],
1/2]1)/(g*Sqrt[a + c*x~4]), x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e},
x] && PosQ[c/al

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + nx*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rubi steps
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3
f (A+Bx?)(d +ex?) f( Ad® N d2(Bd + 3Ae)x? , 3de(Bd + Ae)x . e2(3Bd + Ae)x® . Be3x8 ) i
X = X
Va + cx* Va + cx* Va + cx* Va + cx* Va + cx* Va + cx*

4
X
dx + (B dx + (3de(Bd + Ae)) f Y dx+ (3B
( Vo
Ad® (\/E + \/Exz)
_ de(Bd + Ae)xVa + cx* . e?(3Bd + Ae)x®Va + cx* . Be3x®Va + cxt .

c 5¢ 7c b

00 [ 09 o

5aBe3xVa + cx* . de(Bd + Ae)xVa + cx4 . ¢%(3Bd + Ae)x3Va + cxt . Be3x®Va + cxt

21¢2 c 5¢c 7c

5aBe3xVa + cx* N de(Bd + Ae)xVa + cx* . ¢*(3Bd + Ae)x®Va + cx* N Be3x®Va + cxt

21c? c 5¢c 7c

Mathematica [C] time = 0.281571, size = 217, normalized size = 0.48

4 4 4 4
Texd\ S +1,5F (% 5 —%) (-3aAc® - 9aBde? + 15Acd?e + 5Bed®) + 5xy| = +1,F; (% 2 —%) (21Acd (cd? - ¢
105¢2Va + cx*

Antiderivative was successfully verified.

[In] Integrate[((A + B*x"2)*(d + e*xx~2)73)/Sqrtla + c*xx"4],x]

[Out] (exx*(a + c*x74)*(-25%a*xB*xe”2 + 21kAxckex(5*xd + exx™2) + 3*B*xc*x(35%d"2 + 21
*dkexx"2 + bxe”2*%x74)) + 5% (21xAxckd*x(c*xd”2 - a*e”2) + axBxex(-21%c*d”2 + 5
xaxe”2) ) *xxSqrt[1 + (c*x74)/al*Hypergeometric2F1[1/4, 1/2, 5/4, -((c*x74)/a

)] + Txckx(5*Bxc*xd™3 + 1b5*Axc*xd™2xe - 9%a*Bxd*e”2 - 3xaxA*xe”3)*x"3xSqrt[l1 +
(c*x74) /al *Hypergeometric2F1[1/2, 3/4, 7/4, -((c*x74)/a)])/(105%c~2*S3qrt [a

+ cxx~4])

Maple [C] time = 0.054, size = 533, normalized size = 1.2

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x"2+A)*(e*xx~2+d) "3/ (c*x"4+a)~(1/2) ,x)

[Out] Bxe™3*(1/7/c*x~5*(c*x~4+a)~(1/2)-5/21%a/c”2*x* (cxx~4+a)~(1/2)+5/21%a~2/c"2/
(I/a~(1/2)*c™(1/2))~(1/2)*(1-I/a~ (1/2)*c™ (1/2)*x~2) ~(1/2)*(1+I/a~ (1/2) *c~ (1
/2)*x72)7(1/2) / (cxx~4+a) ~(1/2)*E1llipticF (x*(I/a~(1/2)*c~(1/2))~(1/2),I))+(A
*xe”3+3*B*xd*e”2) * (1/5/c*x"3* (c*x~4+a) ~(1/2)-3/5xI*a~(3/2)/c~(3/2)/(1/a~(1/2)
*xc™(1/2))7(1/2)*(1-I/a~ (1/2)*xc™(1/2)*x72) ~(1/2) *(1+I/a~ (1/2) *c™ (1/2)*x~2) " (
1/2)/ (c*x~4+a) " (1/2)* (EllipticF (x*(I/a~ (1/2)*c~(1/2))~(1/2) ,I)-EllipticE (x*
(I/a7(1/2)*c™(1/2))7(1/2) ,1)) ) +(3*xA*d*e”2+3*B*d~2%e) * (1/3/c*x* (c*¥x"4+a) " (1/
2)-1/3%a/c/(1/a~(1/2)*c™(1/2))~(1/2)*(1-I/a~ (1/2)*c~(1/2)*x~2) " (1/2)*(1+I/a
“(1/2)*c™(1/2)*x72) ~(1/2) / (c*x™4+a) ~(1/2)*E11lipticF (x*x(I/a~(1/2)*c~(1/2)) " (
1/2),1))+I*(3*A*xd"2%e+B*d"3)*a” (1/2)/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)
*c™(1/2)*x72) 7 (1/2)*x(1+I/a~ (1/2)*c™ (1/2)*x72) ~(1/2) / (c*x"4+a) " (1/2) /¢~ (1/2)
* (E1lipticF (xx(I/a~(1/2)*c~(1/2))~(1/2),I)-EllipticE(x*(I/a~(1/2)*c~(1/2))"
(1/2),1))+A*d~3/(I/a” (1/2)*c™(1/2))~(1/2)*(1-I/a~ (1/2) *c~(1/2) *x~2) " (1/2) *(
1+4I/a~(1/2)*c™ (1/2)*x~2) ~(1/2) / (c*x"4+a) " (1/2) *E1llipticF (xx(I/a~ (1/2) *c~(1/
2))7(1/2),1I)

Maxima [F] time = 0., size = 0, normalized size = 0.

(B2 + A)(ex? +d)’
=

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate((B*x~2+A)*(exx~2+d) "3/ (c*x"4+a)~(1/2),x, algorithm="maxima"

[Out] integrate((B*x~2 + A)x(exx”2 + d)~3/sqrt(c*x”4 + a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.
Be3x® + (3 Bde* + AeS)x6 +3 (dee + Adez)x4 + Ad® + (Bd3 +3 Adze)x2

Vext +a

Verification of antiderivative is not currently implemented for this CAS.

integral s X

[In] integrate((Bxx"2+A)*(exx~2+d) "3/ (c*x"4+a)~(1/2),x, algorithm="fricas")
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[Out] integral((Bxe~3*x"8 + (3*Bkxd*e”2 + A*e"3)*x"6 + 3*%(Bkd"2%e + Axdxe”2)*x"4 +
Axd~3 + (B*d”3 + 3%Axd"2xe)*x"2)/sqrt(c*x”4 + a), x)

Sympy [C] time = 6.84416, size = 364, normalized size = 0.8

5
4

13 1
g -,
3Ad2ex3r(2)2F1(224 = ) 3Ade2x5r(§)2Fl(22
4 4

cx‘;ei” ] AT (Z)
+

5
4 +
5 7 9
Ny () 4nfaT (4) 4\/Er(z) 4\/Er(
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bxx**2+A)* (exx**2+d)**3/ (c*xx**4+a)**(1/2),x)

[Out] Axd*x3xxxgamma(1/4)*hyper((1/4, 1/2), (5/4,), c*x**d*xexp_polar(I*pi)/a)/(4x*
sqrt(a)*gamma(5/4)) + 3*Axdx*2ke*xx**3xgamma(3/4)*hyper((1/2, 3/4), (7/4,),
ckxx*k4xexp_polar(I*pi)/a)/(4*sqrt(a)*gamma(7/4)) + 3xA*xdxex*2*x**5xgamma (5/
4)*xhyper ((1/2, 5/4), (9/4,), cxx*x*4d*xexp_polar(Ixpi)/a)/(4xsqrt(a)*gamma(9/4
)) + Axexx3xx*x7xgamma(7/4)*hyper ((1/2, 7/4), (11/4,), cxxx*xdxexp_polar (I*p
i)/a)/(4*sqrt(a)*gamma(11/4)) + Bxd**3xx**3xgamma(3/4)*hyper((1/2, 3/4), (7
/4,), cxxkxdxexp_polar(I*pi)/a)/(4*xsqrt(a)*gamma(7/4)) + 3*Bxd**2*exx**x5*ga
mma (6/4) *hyper ((1/2, 5/4), (9/4,), cxx*x4dxexp_polar(I*pi)/a)/(4*sqrt(a)*gam
ma(9/4)) + 3xBkxdkxexx2xx*x*7*xgamma(7/4)*hyper((1/2, 7/4), (11/4,), ckxx*xdxexp
_polar(I*pi)/a)/(4*sqrt(a)*gamma(11/4)) + Bxe*x*3*x**9*gamma(9/4)*hyper ((1/2
, 9/4), (13/4,), cxx**4*xexp_polar(Ixpi)/a)/(4*xsqrt(a)*gamma(13/4))

Giac [F] time = 0., size = 0, normalized size = 0.

dx

(B2 + A)(ex? +d)’
=

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)*(exx~2+d)~3/(c*x"4+a)~(1/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)x(exx”2 + d)~3/sqrt(c*x”4 + a), x)
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x2 ex22
32 [ deZ ) gy
a+cx

Optimal. Leaf size=367

4
(\/E + \/Exz) fﬁEllipticF (2 tan™! (%) , %) (—9a3/zBe2 +15+v/acd(2Ae + Bd) — 5a+/ce(Ae + 2Bd) + 15Ac%?
a++/cx a
30ac”AVa + cx*

[Out] (ex(2xBxd + Axe)*x*Sqrtla + c*x"4])/(3*c) + (B*e 2xx"3*Sqrt[a + c*x~4])/(5%
c) + ((5xBkxc*d™2 + 10xAxc*dxe - 3*a*Bxe”2)*xxSqrtla + c*x~4])/(5xc”(3/2)*(S
grtlal + Sqrtlcl*x72)) - (a~(1/4)*(5%Bxc*d”™2 + 10*A*xckd*e - 3*%a*xBkxe”2)*(Sqr

tla] + Sqrtlc]*x"2)*Sqrtl(a + c*xx"4)/(Sqrtlal + Sqrtlcl*x~2)"2]*EllipticE[2
xArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(5*xc™(7/4)*Sqrt[a + c*xx~4]) + ((15%Axc”
(3/2)*%d”2 - 9*%a~(3/2)*Bxe~2 - b*axSqrt[c]*ex(2*xBxd + Axe) + 15xSqrt[a]*cxdx

(Bxd + 2xAxe))*(Sqrt[a] + Sqrtlc]*x~2)*Sqrt[(a + c*x74)/(Sqrt[al + Sqrt[c]*
x72)"2]1*EllipticF [2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2]1)/(30*a~(1/4)*c~(7/4)*
Sqrtla + c*x74])

Rubi [A] time = 0.395883, antiderivative size = 706, normalized size of antiderivative =

1.92, number of steps used = 12, number of rules used = 5, integrand size = 28, number of rules

= 0.179, Rules used = {1721, 220, 305, 1196, 321}

) e () ) [ ()
654V a + cxt - 100747 1 ot

integrand size

Antiderivative was successfully verified.

[In] Int[((A + Bxx"2)x(d + e*x"2)72)/Sqrtla + c*x74],x]

[Out] (ex(2¥Bxd + Axe)*x*Sqrtla + c*xx"4])/(3*c) + (Bxe 2*x”3*Sqrtl[a + c*x~4])/(5x
c) - (3xaxBxe”2xxxSqrtla + c*x74])/(5xc”(3/2)*(Sqrt[a] + Sqrtlc]*x~2)) + (d
*(Bxd + 2%Axe)*x*Sqrtla + cxx~4])/(Sqrtlcl*(Sqrtla] + Sqrtlcl*x"2)) + (3*a”
(6/4)#*Bxe~2* (Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + c*x~4)/(Sqrtla] + Sqrtlc]*x"2
)"2]*EllipticE[2*ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(6*%c~(7/4)*Sqrt[a + c*x
~4]) - (a”(1/4)*d*(Bxd + 2xAxe)*(Sqrtl[a] + Sqrtlcl*x~2)*Sqrt[(a + c*x~4)/(S
grtlal + Sqrtlcl*x~2)"2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2]1)/(c”
(3/4)*Sqrt[a + c*x74]) + (Axd~2*(Sqrtl[al + Sqrtlcl*x"2)*Sqrt[(a + c*x~4)/(S
grtla] + Sqrtlc]*x~2)"2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a~(1/4)1, 1/21)/ (2%
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a~(1/4)*c”(1/4)*Sqrta + cxx"4]) - (3*%a~(5/4)*Bxe”2*(Sqrt[al + Sqrtlcl*x"2)
xSqrt[(a + cxx~4)/(Sqrtl[al + Sqrtlc]*x"2) 2]*EllipticF[2*ArcTan[(c~(1/4)*x)
/a~(1/4)]1, 1/2]1)/(10xc~(7/4)*Sqrt[a + cxx"4]) - (a~(3/4)*ex(2%Bxd + Axe)*(S
grtlal + Sqrtlcl*x"2)*Sqrtl[(a + c*x74)/(Sqrtla] + Sqrtlcl*x~2) 2]*EllipticF
[2%ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(6%xc~(5/4)*Sqrtla + c*x~4]) + (a~(1/4
)*d* (Bxd + 2xAxe)*(Sqrtla] + Sqrtlcl*x~2)*Sqrt[(a + cxx~4)/(Sqrtl[al + Sqrtl
c]*x72)"2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2]1)/(2xc~(3/4)*Sqrt[a
+ c*xx74])

Rule 1721

Int [(Px_)*((d_) + (e_.)*(x_)"2)7(q_.)*((a_) + (c_.)*(x_)"4)"(p_), x_Symbol]
:> Int[ExpandIntegrand[1/Sqrt[a + c*x~4], Pxx(d + exx"2) gx(a + c*xx~4)~(p
+ 1/2), x], x] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x72] && NeQ[c*d"2 + a
xe”2, 0] && IntegerQ[p + 1/2] && IntegerQ[ql

Rule 220

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 4]}, Simp[(
(1 + g72*%x72)*Sqrt[(a + b*x"4)/(ax(1 + q72%x72)72)]*E1llipticF [2*ArcTan[qg*x]
, 1/2]1)/(2*xgxSqrt[a + b*x~4]), x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 305

Int[(x_)"2/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol]l :> With[{q = Rt[b/a, 2]}, D
ist[1/q, Int[1/Sqrtla + b*x~"4], x], x] - Dist[1/q, Int[(1 - g*x~2)/Sqrtl[a +
bxx~4], x], x]] /; FreeQ[{a, b}, x] && PosQ[b/al]

Rule 1196

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)~4], x_Symbol] :> With[{q =
Rtlc/a, 4]}, -Simp[(d*x*Sqrt[a + c*x74])/(ax(1 + q72%x72)), x] + Simp[(d*(
1 + q"2xx72)*Sqrt[(a + c*xx™4)/(ax(1 + q72*x72)72)]*EllipticE[2*ArcTan[qg*x],
1/21)/(g*Sqrtla + cxx~4]), x] /; EqQle + dxq~2, 0]] /; FreeQ[{a, c, d, e},
x] && PosQ[c/a]

Rule 321

Int [((c_.)*(x_))"(m_)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/(bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] &% NeQ[m + n*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]
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Rubi steps
(A 2 2)? 2 2 4 2.6
f +Bx?) (d + ex?) e f( AP d(Bd+2A0x® e(2Bd + Aot Bex ) B
Va + cx* Va + cxt Va + cx Va + cx* Va + cx*
1 x0 x4
= (A2 f—dx+ Be? f—dx+ (e(zBd+Ae))f—dx+ (d(Bd -
) ) e ) ) e Varod
4
Ad? (\/E + ex?) &4213 (2 tan™! (%{
_ e(2Bd + Ae)xVa + cx* s Be*x3Va + cx4 . (Va+er?) A
> 5 Pidiva s

Vad(Bd + 2Ae) (1

_ e(2Bd + Ae)xVa + cxt s Be?x3Va + cxt . d(Bd + 2Ae)xVa + cx*

3c 5c

Ve(ya + Vo)

_ e(2Bd + Ae)xVa + cx* . Be?x®Va+cxt  3aBe’xVa+cx*  d(Bd +2Ae)xVa + cx*

3c 5c

Mathematica [C]

(

time = 0.170828, size = 159, normalized size = 0.43
115 ot

cx4 2 2 cx4
7) (-3aBe? +10Acde + 5Bcd?) — 5] = +1,F; (Z' 52—

oxt 137
7+12F1 ;=

3
X e

EED (\/E + \/Exz) ¥

Ve (Va+ \ee)

) ( Ae? + 2aBde — 3Acd2) +

15¢cVa + cx*

Antiderivative was successfully verified.

[In] Integrate[((A + B*x"2)*(d + e*xx~2)72)/Sqrtl[a + cxx~4],x]

[Out] (exx*(10%Bxd + b5*Axe + 3*xBxexx"2)*(a + c*x"4) - 5x(-3*xA*xc*xd”

2 + 2%a*Bxdxe +

axAxe”2) *xxSqrt[1 + (c*x~4)/al*Hypergeometric2F1[1/4, 1/2, 5/4, -((cxx~4)/
a)] + (5*¥Bxc*d”™2 + 10*Axc*d*xe - 3*a*xBxe”2)*x"3*Sqrt[l1 + (c*x74)/al*Hypergeo

metric2F1[1/2, 3/4, 7/4, -((c*x~4)/a)])/(15*cxSqrtla + c*x~4])

Maple [C]

time = 0.008, size = 403, normalized size = 1.1

1
1+ ix2\c—
a

X3 3i 3 1
BZ_ 4 S N i _
e 5C\/cx +a 5a2\/ ix \/E\/E Vi

(ElliptiCF [x‘ /i\ﬁ%, iJ - EllipticE [x1 /i\ﬁi, z]] c

N w

<= |

S
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*xx"2+A)*(e*xx~2+d) "2/ (c*x"4+a)~(1/2) ,x)

[Out] B*xe™2*x(1/5/c*x"3*(c*x~4+a)~(1/2)-3/5*xI*a"~(3/2)/c~(3/2)/(I/a~(1/2)*c~(1/2))"
(1/2)*(1-I/a~(1/2)*c™(1/2)*x~2) " (1/2) * (1+I/a~ (1/2) *c~(1/2)*x~2) " (1/2) / (c*x~
4+a)~(1/2)*(EllipticF (x*(I/a~(1/2)*c~(1/2))"(1/2),I1)-EllipticE(x*(I/a~(1/2)
*xc™(1/2))°(1/2),1)))+(Axe”2+2*Bxd*xe) *(1/3/c*xx* (cxx"4+a) ~(1/2)-1/3*a/c/(I/a~
(1/2)xc™(1/2))~(1/2)*x(1-I/a~ (1/2) *c~(1/2)*x72) ~(1/2) * (1+I/a~ (1/2) *c~ (1/2) *x
~2)7(1/2) / (c*x"4+a) ~(1/2) *E1lipticF (x*x(I/a~(1/2)*c~(1/2) )~ (1/2) ,1) ) +I* (2%Ax*
dxe+Bxd~2)*a” (1/2)/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a"~ (1/2)*c~(1/2)*x~2)~(1/2
)k (1+I/a~(1/2)*xc™(1/2)*x~2) " (1/2) / (c*x~4+a) ~(1/2) /c~(1/2) *(E1llipticF (xx(I/a
~(1/2)*c~(1/2))~(1/2) ,I)-EllipticE(x*(I/a~ (1/2)*c~(1/2))~(1/2),1))+A*xd~2/(I
/a”~(1/2)*c~(1/2))~(1/2)*(1-I/a~ (1/2)*c~(1/2)*x~2) " (1/2) * (1+I/a~ (1/2)*c~(1/2
)*x72) " (1/2) / (c*x”4+a) " (1/2) *E1lipticF (x* (I/a~ (1/2)*xc~(1/2))~(1/2),1)

Maxima [F] time = 0., size = 0, normalized size = 0.

[ (B2 + A)(ex? +d)’
Vext +a

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate((B*x"2+A)*(e*x”2+d) "2/ (c*x"4+a)~(1/2),x, algorithm="maxima")

[Out] integrate((B*x~2 + A)x(exx”2 + d)~2/sqrt(c*x”4 + a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.
Be2x® + (2 Bde + Aez)x4 + Ad® + (Bd2 +2 Ade)x2

Vext +a

integral X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)*(exx~2+d) "2/ (c*x"4+a)~(1/2),x, algorithm="fricas")

[Out] integral((B*xe~2*x~6 + (2xBxd*e + Axe”2)*x"4 + A*d"2 + (Bxd"2 + 2*xAxdxe)*x"2
)/sqrt(c*x”4 + a), x)
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Sympy [C] time = 4.88839, size = 262, normalized size = 0.71
4 it

13 15

3 57 7| cxtel™ 5 Yan

Cx: ) Adex3F(Z)2F1 (224 Cx: ) AeszF(Z)ZFl [224
4 4

o (] war (]

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bxx**2+A)* (exx*x*2+d) *x2/ (c*xx**4+a)*x*(1/2) ,x)

[Out] Axd**2*x*gamma(1/4)*hyper((1/4, 1/2), (5/4,), cxx**4*xexp_polar(Ixpi)/a)/ (4%
sqrt(a)*gamma (5/4)) + Axd*exx**3*gamma (3/4)*hyper ((1/2, 3/4), (7/4,), c*x*x
4xexp_polar(Ixpi)/a)/(2xsqrt(a)*gamma(7/4)) + Axexx2xx*x5xgamma(5/4)*hyper (

(1/2, 5/4), (9/4,), ckxx*x4xexp_polar(I*pi)/a)/(4*sqrt(a)*gamma(9/4)) + Bxd*
*2xxx*3*xgamma (3/4) *hyper ((1/2, 3/4), (7/4,), c*x*xdxexp_polar(Ixpi)/a)/(4*s
qrt(a)*gamma(7/4)) + Bkdxexx*x*5xgamma(5/4)*hyper((1/2, 5/4), (9/4,), cxx*x4
xexp_polar (I*pi)/a)/(2*sqrt(a)*gamma(9/4)) + Bxexx2*x**7xgamma (7/4)*hyper ((

1/2, 7/4), (11/4,), cxx**4d*xexp_polar(Ixpi)/a)/(4*sqrt(a)*gamma(11/4))

Giac [F] time = 0., size = 0, normalized size = 0.

X

[ (B2 + A)(ex? +d)’ ,
Vext +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(exx~2+d) "2/ (c*x"4+a)~(1/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)x(exx”2 + d)~2/sqrt(c*x”4 + a), x)
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33 f <A+Bx2)<d+ex2) dx

V[Z+Cx4
Optimal. Leaf size=277
4
Va (va + Jex? LG, o P ticF(2tan_1 (ﬂ),l) (M+3 cAe+Bd) Va (va + Jex? ared
f(ff),/(ﬁ%xz)z P ) 3) (T Ve B (Vi eR) |
6¢4Va + cx* ) 4\a

[Out] (Bxexx*Sqrtla + c*x~4])/(3*c) + ((B*d + Axe)*xxSqrt[a + c*x~4])/(Sqrtlcl*(S
grtlal + Sqrtlc]*x72)) - (a~(1/4)*(Bxd + Axe)*(Sqrtl[al] + Sqrtlcl*x~2)*Sqrt[

(a + c*xx74)/(Sqrt[al + Sqrtlcl*x~2)~2]*EllipticE[2*ArcTan[(c™(1/4)*x)/a~(1/

4)1, 1/2]1)/(c”(3/4)*Sqrtla + c*x”4]) + (a~(1/4)*(3*Sqrtcl*(Bxd + Axe) + (3
*xAxcxd - a*Bxe)/Sqrt[al)*(Sqrtl[a] + Sqrtlc]*x~2)*Sqrt[(a + c*x74)/(Sqrt[al

+ Sqrt[c]*x"2) "2]*E1llipticF [2*ArcTan[(c~(1/4)*x)/a~(1/4)1, 1/2])/(6*c~(5/4)
xSqrt[a + c*xx74])

Rubi [A] time = 0.224547, antiderivative size = 432, normalized size of antiderivative =
1.56, number of steps used = 8, number of rules used = 5, integrand size = 26, number of rules

= 0.192, Rules used = {1721, 220, 305, 1196, 321}

integrand size

1

23Be (\/E n \/Exz) ared SF (2 tan™! (@) I%) Va (\/E + ‘/Exz) o (Ae + Bd)F (2 tan”! (%) lE)

(Va+yer2) Va ) (Varyer2)?
6¢%4vVa + cxt 2¢34vVa + cxt

Antiderivative was successfully verified.

[In] Int[((A + B*x"2)*(d + e*x~2))/Sqrtl[a + c*xx~4],x]

[Out] (Bxexx*Sqrtla + c*x74])/(3*c) + ((Bxd + Axe)x*x*Sqrt[a + c*x”4])/(Sqrtlcl*(S
grtlal + Sqrtlc]*x72)) - (a~(1/4)*(Bxd + Axe)*(Sqrtl[al + Sqrtlcl*x~2)*Sqrt[

(a + cxx"4)/(Sqrt[al + Sqrtlcl*x~2)"2]*EllipticE[2*ArcTan[(c”(1/4)*x)/a~(1/
4)]1, 1/2]1)/(c”(3/4)*Sqrta + c*x”4]) + (Axd*(Sqrtl[al + Sqrtlcl*x~2)x*Sqrt[(a

+ c*x74)/(Sqrt[a] + Sqrtlcl*x~2) 2]*EllipticF[2*xArcTan[(c~(1/4)*x)/a~(1/4)

1, 1/2]1)/(2xa~(1/4)*c~(1/4)*Sqrt[a + c*x~4]) - (a~(3/4)*Bxex(Sqrt[a] + Sqrt
[c]*x~2)*Sqrt[(a + c*xx"4)/(Sqrt[al + Sqrtlcl*x~2) 2]*EllipticF[2*ArcTan[(c”
(1/4)*x)/a~(1/4)], 1/2])/(6xc~(5/4)*Sqrt[a + c*x74]) + (a~(1/4)*(Bxd + Axe)
*x(Sqrt[a]l + Sqrtlcl*x"2)*Sqrtl[(a + c*x"4)/(Sqrtla] + Sqrtlc]l*x~2) 2]*Ellipt
icF[2*ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(2%c~(3/4)*Sqrt[a + c*x~4])
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Rule 1721

Int [(Px_)*((d_) + (e_.)*x(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_), x_Symbol]
:> Int[ExpandIntegrand[1/Sqrt[a + c*x~4], Pxx(d + exx"2) gx(a + c*xx~4)~(p
+ 1/2), x], x] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x~2] && NeQ[c*d"2 + a

*xe”2, 0] && IntegerQ[p + 1/2] && IntegerQ[q]

Rule 220

Int[1/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 4]}, Simp[(
(1 + q"2*%x"2)*Sqrt[(a + b*x"4)/(a*x(1 + q~2*x"2)"2)]*EllipticF [2*xArcTan [q*x]
, 1/21)/(2*%g*Sqrt[a + bxx"4]1), x]]1 /; FreeQ[{a, b}, x] && PosQ[b/al

Rule 305

Int[(x_)"2/Sqrt[(a_) + (b_.)*(x_)~"4], x_Symboll :> With[{q = Rt[b/a, 21}, D
ist[1/q, Int[1/Sqrtla + b*x~4], x], x] - Dist[1/q, Int[(1 - g*x72)/Sqrtla +
bxx~4], x], x]] /; FreeQ[{a, b}, x] && PosQ[b/al

Rule 1196

Int[((d_) + (e_.)*(x_)~"2)/Sqrt[(a_) + (c_.)*(x_)~4], x_Symbol] :> With[{q =
Rt[c/a, 4]}, -Simp[(d*x*Sqrtla + cxx~4])/(a*x(1 + q~2*x"2)), x] + Simp[(d*(
1 + q72*%x72)*Sqrt[(a + c*x74)/(ax(1 + q72%x"2)"2)]*EllipticE[2*ArcTan[qg*x],
1/2]1)/(q*Sqrtla + c*x~4]), x] /; EqQle + dxq~2, 0]] /; FreeQ[{a, c, d, e},
x] && PosQ[c/a]

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*x(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + Dx*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™nx(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + nx*p
+ 1, 0] && IntBinomialQ[a, b, ¢, n, m, p, x]

Rubi steps
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f (A+Bx?)(d +ex?) e f( Ad_ | (Bd+ Ae)x? .\ Bex* ) i
Va + cxt Va + cxt Va + cxt Va + cxt

1
:(Ad)fmdx+(Be)fmdx+(Bd+Ae)f

2
X
dx
Va + cx*

Ad (Va+ VB2 [ (20an7t (£2) 1)
BexVa + cx* (‘/Eﬂ/zxz)z Val'2 (aB ¢) f \/a+cx (
= +
3c 2+/av/cVa + cx* 3c

a+cxt _
Ja(Bd + Ae) (va + Vex?) [ ——E(2tan™
_ BexVa+cx* (Bd+ Ae)xVa + cx* ( ) (\/E“/Exz)z ( (

+ —
3 Ve (\/E + ‘/Exz) c34Va + cxt

Mathematica [C] time = 0.0990607, size = 121, normalized size = 0.44

4
3= +1,F, (; Z Z, = )(Ae+Bd)+x\/—+12P1 (i ; i, = )(3Acd—aBe)+Bex(a+cx4)

3cVa + cxt

Antiderivative was successfully verified.

[In] Integrate[((A + Bxx"2)*(d + e*x"2))/Sqrtla + c*x74],x]

[Out] (Bxexx*(a + c*x"4) + (3*Axcxd - a*Bxe)*x*xSqrt[l + (c*x~4)/a]l+*Hypergeometric
2F1[1/4, 1/2, 5/4, -((cxx"4)/a)] + cx(Bxd + Axe)*x”~3xSqrt[1 + (c*x~4)/alx*Hy
pergeometric2F1[1/2, 3/4, 7/4, -((c*xx"4)/a)])/(3*cxSqrt[a + c*x74])

Maple [C] time = 0.004, size = 269, normalized size = 1.

b a 1
Be| —Vext +a— — |1 —ix2\Jc—, [1 + ix? EllipticF N +i1(Ae+ Bd
e3c cxt +a 30\/ zx\/E\/E zx\/_\/_ iptic [J ]\/\/—1\/cx4+u i(Ae )\/—\/*

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x"2+A)*(e*xx~2+d)/(c*xx"4+a)”~(1/2) ,x)
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[Out] Bxex*x(1/3/c*x*(cxx~4+a)~(1/2)-1/3%a/c/(1/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)
*xc~(1/2)*x72) 7 (1/2)*(1+I/a~(1/2)*xc~(1/2)*x~2) " (1/2) / (c*xx~4+a) ~(1/2) *Ellipti
cF(x*(I/a~(1/2)*c™(1/2))~(1/2),1))+I*(Axe+B*xd)*a~(1/2)/(I/a”~(1/2)*c”(1/2))"
(1/2)*(1-I/a~(1/2)*c~ (1/2)*x~2) ~(1/2) * (1+I/a~ (1/2) *c~(1/2)*x~2) " (1/2) / (c*x~
4+a)~(1/2) /c™(1/2)*(E1lipticF (x*x(I/a~(1/2)*c~(1/2))~(1/2),I)-EllipticE(x*(I
/a~(1/2)*c~(1/2))~(1/2) ,I))+A*d/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~ (1/2)*c~ (1
/2)*x72)"(1/2) % (1+I1/a~ (1/2)*c~(1/2)*x72) " (1/2) / (c*xx~4+a) ~(1/2) *E1llipticF (x*
(I/a~(1/2)*c~(1/2))~(1/2),1)

Maxima [F] time = 0., size = 0, normalized size = 0.

f (Bx2 + A) (ex2 + d) N
Vext +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(exx~2+d)/(c*xx~4+a)~(1/2),x, algorithm="maxima")

[Out] integrate((B*x~2 + A)x(exx”2 + d)/sqrt(c*x™4 + a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

Bex* + (Bd + Ae)x? + Ad )
X

integral (
Vext +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)*(exx~2+d)/(cxx~4+a)~(1/2),x, algorithm="fricas")

[Out] integral((Bxe*x"4 + (Bxd + Axe)*x"2 + A*xd)/sqrt(c*x™4 + a), x)

Sympy [C] time = 3.29101, size = 167, normalized size = 0.6

. L3 L3 15
cextel ] A€x31-( )21:1(2 4 cxte J de3r(2)zpl[2 4 cxte ) BexSF(Z)Zpl [2 4

11
Adxr( )zpl [1;5 a
2 s .\ 4«‘71

() ()
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bxx**2+A)* (exx**2+d)/(c*kx**4+a)**(1/2),x)

[Out] Axd*x*gamma(1/4)*hyper((1/4, 1/2), (5/4,), cxxx*xdxexp_polar(Ixpi)/a)/(4*sqr
t(a)*gamma(5/4)) + Axexx*+*3*gamma(3/4)*hyper((1/2, 3/4), (7/4,), c*x**d*exp
_polar(I*pi)/a)/(4*sqrt(a)*gamma(7/4)) + Bxdxx**3xgamma(3/4)*hyper((1/2, 3/

4), (7/4,), c*xx*xdxexp_polar(Ix*pi)/a)/(4*sqrt(a)*gamma(7/4)) + Bxexx**5xgam
ma(5/4)*hyper((1/2, 5/4), (9/4,), cxx*x4d*xexp_polar(I*pi)/a)/(4*sqrt(a)*gamm
a(9/4))

Giac [F] time = 0., size = 0, normalized size = 0.

f (Bx2 + A) (ex2 + d)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)*(exx~2+d)/(c*x~4+a)”~(1/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)*(exx"2 + d)/sqrt(c*x”4 + a), x)
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3.4 fjii

Optimal. Leaf size=226

<n|<

\a (\/E + \/Exz) ﬁ (ATf + B) EllipticF (2 tan™! (%) , %) \/aB (\/E + \/Exz) (\/;:Ci;)zE (2 tan~! (

20347 + ok c34va + cxt

[Out] (BxxxSqrtla + c*x~4])/(Sqrtlcl*(Sqrtla]l + Sqrtlcl*x~2)) - (a~(1/4)*B*x(Sqrtl[

al + Sqrtlcl*x"2)*Sqrt[(a + c*x~4)/(Sqrtl[a]l + Sqrtlcl*x~2)"2]*EllipticE[2*A

rcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(c”(3/4)*Sqrtla + c*xx~4]) + (a~(1/4)*(B +
(AxSqrt[c])/Sqrtlal)*(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + cxx~4)/(Sqrtl[al + S

qrt [c]*x~2) 2] *EllipticF [2*ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(2%c~(3/4)*Sq

rtla + cxx74])

Rubi [A] time = 0.0656975, antiderivative size = 226, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 3, number of rules used = 3, integrand size = 19, e -

0.158, Rules used = {1198, 220, 1196}

integrand size

(o) [ (08 ) (£)E) () [ ()

2c34a + cx* c34Va + cxt

+ -

Antiderivative was successfully verified.

[In] Int[(A + B*x72)/Sqrtla + c*x74],x]

[Out] (B*xxx*Sqrtla + c*x~4])/(Sqrtlc]*(Sqrtlal + Sqrtlcl*x~2)) - (a~(1/4)*B*(Sqrt[

al + Sqrtlcl*x"2)*Sqrt[(a + c*x~4)/(Sqrtla]l + Sqrtlcl*x~2)"2]*EllipticE[2*A

rcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(c”(3/4)*Sqrtla + c*xx~4]) + (a~(1/4)*(B +
(AxSqrt[c])/Sqrtlal)*(Sqrtla] + Sqrtlcl*x~2)*Sqrt[(a + cxx~4)/(Sqrtl[al + S

qrt [c]*x~2) 2] *EllipticF [2*ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2])/(2%c~(3/4)*Sq

rtla + cxx74])

Rule 1198

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 2]}, Dist[(e + dxq)/q, Int[1/Sqrtla + cxx"4], x], x] - Distle/q, I
nt[(1 - g*x~2)/Sqrtla + c*x~4], x], x] /; NeQ[e + d*q, 0]] /; FreeQ[{a, c,
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d, e}, x] && PosQ[c/al

Rule 220

Int[1/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt([b/a, 41}, Simp[(
(1 + g72*%x72)*Sqrt[(a + b*x"4)/(ax(1 + q72%x72)72)]*EllipticF [2*ArcTan [g*x]
, 1/21)/(2*g*Sqrt[a + bxx~4]), x]] /; FreeQ[{a, b}, x] && PosQ[b/a]l

Rule 1196

Int[((d_) + (e_.)*(x_)~"2)/Sqrt[(a_) + (c_.)*(x_)~4], x_Symbol] :> With[{q =
Rt[c/a, 4]}, -Simp[(d*x*Sqrt[a + c*x~4])/(ax(1 + q~2%x72)), x] + Simp[(dx*(
1 + gq72*%x72)*Sqrt[(a + c*x74)/(ax(1 + q72%x"2)"2)]*EllipticE[2*ArcTan[qg*x],
1/2]1)/(q*Sqrtla + c*x~4]), x] /; EqQle + dxq~2, 0]] /; FreeQ[{a, c, d, e},
x] && PosQ[c/al

1—‘/\5/’52
fA+Bx2 dx_(AJr\/EB)f 1 dx_(\/EB)f\/r;ldx
Vatod NG Va+oxt Ve
atcxt 1 Yex\ 1
__ BxVatext Ve (\/E+ \/Exz) (x/E+\/Ex2)2E (Ztan (%) |E) N (\/EB + A‘/E) (‘/E““ ‘/Exz)
= \/E(\/E + \/ExZ) RSy — YT

Mathematica [C] time = 0.0340073, size = 77, normalized size = 0.34

cxd 115 cxt 3 137 cx
N +1(3AX2F1(Z, Y Z,—7)+Bx kil v

3Va + cxt

Antiderivative was successfully verified.

[In] Integrate[(A + B*x~2)/Sqrtla + cxx"4],x]

[Out] (Sqrtl[1l + (c*x~4)/al*(3*Axx*Hypergeometric2F1[1/4, 1/2, 5/4, -((c*x~4)/a)]
+ B*x"3*Hypergeometric2F1[1/2, 3/4, 7/4, -((c*xx"4)/a)]))/(3*Sqrtla + c*x"4]
)
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Maple [C] time = 0.005, size = 169, normalized size = 0.8
iB\a,[1- ixZ\/EL 1+ ixzxﬁi EllipticF | x i\ﬁi i| - EllipticE | x i\/— 1 ! LI A
\a Va Va' \/ \/— 1 Vext +ave

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)/(c*x"4+a)~(1/2),x)

[Out] IxB*a~(1/2)/(I/a~(1/2)*c~(1/2))7(1/2)*(1-I/a~(1/2)*c~(1/2)*x72)~(1/2)*(1+1/
a~(1/2)xc™(1/2)*x~2)~(1/2) / (c*x"4+a) ~(1/2) /¢~ (1/2) *(E1lipticF (x*x(I/a~ (1/2)*
c™(1/2))~(1/2),1)-EllipticE(x*(I/a~(1/2)*c~(1/2))~(1/2) ,1))+A/(I/a~(1/2)*c”
(1/2))~(1/2)*x(1-I/a~ (1/2)*c~ (1/2)*x72) ~(1/2)* (1+I/a~ (1/2)*c~ (1/2)*x~2) ~(1/2

)/ (c*x~4+a) " (1/2)*E1lipticF (xx(I/a~(1/2)*c~(1/2))~(1/2),1)

Maxima [F] time = 0., size = 0, normalized size = 0.

f Bx? + A
Vext +a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)/(cxx~4+a)”~(1/2),x, algorithm="maxima"

[Out] integrate((Bxx~2 + A)/sqrt(c*x”4 + a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

Bx’+ A )
X

integral (
Vext +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx"2+A)/(c*x"4+a)”~(1/2),x, algorithm="fricas")

[Out] integral((Bxx"2 + A)/sqrt(c*x"4 + a), x)
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Sympy [C]

time = 1.59122, size = 78, normalized size = 0.35
y 13,
17T 3 ;> 17T
Cx; ) Bx°T (Z) oF1 [224 cx; )
4

Verification of antiderivative is not currently implemented for this CAS

[In] integrate((B*x*x2+A)/(cxxx*4+a)**(1/2),%)

[Out] A*x*gamma(1/4)*hyper((1/4, 1/2), (5/4,), c*xx*x4dxexp_polar(I*pi)/a)/(4*sqrt(
a)*gamma (5/4)) + B*x**3xgamma (3/4)x*hyper((1/2, 3/4), (7/4,), c*x*x*4d*xexp_pol
ar(Ixpi)/a)/(4*sqrt(a)*gamma(7/4))

Giac [F] time = 0., size = 0, normalized size = 0.

f B2+ A
dx
Vext +a
Verification of antiderivative is not currently implemented for this CAS

[In] integrate((Bxx~2+A)/(cxx"4+a)~(1/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)/sqrt(c*x”4 + a), x)
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A+Bx?
3.5 f <d+ex2)\/a+cx4 ax

Optimal. Leaf size=369

\a + fex? arext VaB - A+/c) EllipticF (2 tan™ @ L) a4 (Va+ ye? wred (Ved L, i (Bc
(i +E4) oF 2

(Vasves?)’ g (Varverd)
- +
2+/avcVa + cx* (\/Ed - \/Ee) 4rJedeVa + cxt

[Out] -((B*d - Axe)*ArcTan[(Sqrt[cxd~2 + a*e”2]*x)/(Sqrt[d]*Sqrtl[el*Sqrtla + c*x~
4]1)1)/(2xSqrt [d] *Sqrt [e]*Sqrt [cxd"2 + a*e”2]) - ((Sqrt[a]*B - A*xSqrt[c]l)*(S
grtla]l + Sqrtlcl*x~2)*Sqrt[(a + c*x74)/(Sqrtlal + Sqrtl[c]*x"2)~2]*EllipticF
[2%ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(2xa~(1/4)*c~(1/4)*(Sqrtcl*d - Sqrt[
al*e)*Sqrtla + c*xx74]) + (a~(3/4)*((Sqrtlcl*d)/Sqrtlal + e) 2% (B*d - Axe)*(
Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + c*xx~4)/(Sqrtlal + Sqrtlcl*x~2)"2]*Elliptic
Pi[-(Sqrt[cl*d - Sqrt[al*e)~2/(4*xSqrt[a]*Sqrt[cl*d*e), 2*ArcTan[(c™(1/4)*x)
/a~(1/4)]1, 1/2]1)/(4xc™(1/4)*d*e*x(c*d"2 - axe”2)*Sqrt[a + c*x74])

Rubi [A] time = 0.360138, antiderivative size = 369, normalized size of antiderivative =
1., number of steps used = 3, number of rules used = 3, integrand size = 28, number of rules

0.107, Rules used = {1709, 220, 1707}

2
3/4 2 a+cxt ﬂ 2 _ _(\/Ed—\/ﬁe) . -1 %/Ex 1 Va2ra
a (\/E+ ex ) T ( 7 +e) (Bd Ae)l_[( v ;2tan (—%)|2 (Bd - Ae) tan™ (\/3\‘/_/6 —zaj;)

4rJedeVa + cxt (cd2 - aez) 2VdvJeVae? + cd?

integrand size

Antiderivative was successfully verified.

[In] Int[(A + Bxx"2)/((d + exx"2)*Sqrt[a + c*x~4]),x]

[Out] -((B*d - Axe)*ArcTan[(Sqrt[cxd~2 + a*e”2]*x)/(Sqrt[d]*Sqrt[el*Sqrtla + c*x~
4]1)1)/(2xSqrt [d] *Sqrt [e]*Sqrt [cxd"2 + a*e”2]) - ((Sqrt[a]l*B - A*xSqrt[c]l)*(S
grtla]l + Sqrtlcl*x~2)*Sqrt[(a + c*x74)/(Sqrtl[al + Sqrtlc]*x~2)~2]*EllipticF
[2%ArcTan[(c™(1/4)*x)/a~(1/4)]1, 1/2]1)/(2*xa~(1/4)*c™(1/4)*(Sqrt[cl*d - Sqrtl
al*e)*Sqrt[a + c*xx74]) + (a~(3/4)*((Sqrtlcl*d)/Sqrtlal + e) 2% (B*d - Axe)*(
Sqrt[a] + Sqrtlcl*x"2)*Sqrt[(a + c*xx~4)/(Sqrtlal + Sqrtlcl*x"2)~2]*Elliptic
Pi[-(Sqrt[cl*d - Sqrt[alx*e)~2/(4*Sqrt[a]*Sqrt[cl*d*e), 2*ArcTan[(c™(1/4)*x)
/a~(1/4)]1, 1/2]1)/(4xc™(1/4)*d*e*x(c*d"2 - axe”2)*Sqrtla + c*x74])

Rule 1709
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Int[(CA_.) + (B_.)*(x_)"2)/(((d_) + (e_.)*x(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]
), x_Symbol] :> With[{q = Rtlc/a, 2]}, Dist[(Ax(cxd + axe*xq) - a*Bx(e + dxq
))/(c*d™2 - axe”2), Int[1/Sqrtl[a + c*x~4], x], x] + Dist[(ax(Bxd - Axe)*(e
+ d*q))/(c*xd”™2 - a*e”2), Int[(1 + q*x~2)/((d + e*xx"2)xSqrtl[a + c*xx~4]), x],
x]1] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*d~2 + a*e”2, 0] && NeQ[c*d"2
- axe”2, 0] && PosQ[c/al && NeQ[c*A~"2 - a*B~2, 0]

Rule 220

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simp[(
(1 + q"2*%x"2)*Sqrt[(a + b*x"4)/(a*x(1 + q~2*x"2)"2)]*EllipticF [2*xArcTan [q*x]
, 1/2])/(2*q*Sqrtla + b*x~4]), x]] /; FreeQ[{a, b}, x] && PosQ[b/al

Rule 1707

Int[((A) + (B_.)*(x_)"2)/(((d_) + (e_.)*x(x_)"2)*Sqrtl[(a_) + (c_.)*(x_)"4])
, x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - Axe)*ArcTan[(Rt[(cxd)/e
+ (axe)/d, 2]1*x)/Sqrtla + cxx"4]])/(2xd*exRt[(cxd)/e + (a*xe)/d, 2]), x] +
Simp[((Bxd + Axe)x(A + Bxx"2)*Sqrt[(A™2*(a + c*x74))/(a*x(A + B*xx"2)72)]*E1ll
ipticPi[Cancel [-((Bxd - Axe)~2/(4*xdxe*A*B))], 2*ArcTan[q*x], 1/2])/(4*xdxex*A
xq*Sqrt[a + cxx~4]), x]] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[cxd™2 + axe
=2, 0] && NeQ[cxd™2 - a*xe”2, 0] && PosQ[c/al && EqQ[c*A~2 - axB~2, 0]

Rubi steps
1+ {752
f A+ Bx gy = (\/—B A\/—) f N dx N (\/E(Bd - AE)) f (d+ex2)\/a+cx4 ax
(d+ex2)\/a+cx4 Ved — +fae Jed — +Jae
_ Ved2+ae?x B-A 2 atert E(2tan! @
__(Bd—Ae)tanl(m)_(‘/E \/E)(\/E+\/Ex) (va+ sz)z ( a (%)'
2VdvJeVed? + ae? 2+/a+/c (\/Ed - \/Ee) Va + cx*

Mathematica [C] time = 0.304231, size = 138, normalized size = 0.37
i % +1 (BdEllipticF (isinh_1 (x1 /l\/\/__) ) + (Ae— Bd)H( ://__e isinh ( %x)
de. / Va +cx?t

Antiderivative was successfully verified.

)
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[In] Integrate[(A + B*x72)/((d + exx"2)*Sqrtl[a + c*x"4]),x]

[Out] ((-I)*Sqrt[l + (c*x74)/al*(Bxd*EllipticF[I*ArcSinh[Sqrt[(I*Sqrt[c])/Sqrt[al
1xx], -1] + (-(B*d) + Axe)*EllipticPi[((-I)*Sqrt[al*e)/(Sqrtlcl*d), IxArcSi

nh [Sqrt [(I*Sqrt[c])/Sqrtlall=*x], -11))/(Sqrt[(I*Sqrt[c])/Sqrt[al]l*d*e*xSqrt[

a + c*x74])

Maple [C] time = 0.033, size = 192, normalized size = 0.5

Ij\/ x2\/_\/_ 1+ sz\/_\/_ElhpthF [x1 fzx/_ , ] \/ \1/_ 1 \/cxi — €e—dBd\/ xzx/—\/_ 1+ ixz\/zrj

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*xx"2+A)/(e*xx~2+d)/(c*xx"4+a)~(1/2) ,x)

[Out] B/e/(I/a~(1/2)*c~(1/2))"(1/2)*(1-I/a~(1/2)*c~(1/2)*x~2)~(1/2)*(1+I/a"~ (1/2)*
c™(1/2)*x72)7(1/2) / (c*x"4+a) ~(1/2)*EllipticF(x*x(I/a~(1/2)*c~(1/2))~(1/2),1I)
+(A*e-B*d) /e/d/(I/a~(1/2)*c™(1/2))~(1/2)*(1-I/a~ (1/2)*c™(1/2)*x~2) ~(1/2)* (1
+I/a~(1/2)*c™(1/2)*x~2)~(1/2) / (c*x~4+a) " (1/2) *E1llipticPi (x*(I/a~(1/2)*c~(1/
2))7(1/2) ,I*a~(1/2)/c~(1/2)*e/d, (-I/a~(1/2)*c~(1/2))~(1/2)/(I/a~(1/2)*c~(1/

2))7(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

Bx’+ A

Vext + a(ex2 + d)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)/(exx~2+d)/(cxx~4+a)~(1/2),x, algorithm="maxima"

[Out] integrate((B*x~2 + A)/(sqrt(cxx™4 + a)*(exx”™2 + d)), x)




Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((Bxx~2+A)/(exx~2+d)/(c*x"4+a)”~(1/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

A+B
J“ + Bx? I

Va + cxt d + ex2)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx**2+A)/(exx**2+d)/(ckx**x4+a)**x(1/2),x)

[Out] Integral((A + Bxx**x2)/(sqrt(a + c*x**4)*(d + exx**2)),

X)

Giac [F] time = 0., size = 0, normalized size = 0.

f B2+ A i
Vext + u ex2 + d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)/(exx”2+d)/(c*x"4+a)”(1/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)/(sqrt(c*x™4 + a)*(exx"2 + d)),

X)
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A+Bx?

3.6 d
f (d+ex2)2\/a+cx4 *

Optimal. Leaf size=641

A~Je (Va + ex? fﬂEll' ticF (2 tan"! (& =
( ) (Varyer?)® P ( ' ( Va ) 2) A vexVa + cx4(Bd — Ae) __exVa+cx*(Bd - Ae)
2+/adVa + cx* (\/Ed - \/Ee) 2d (\/E + \/Exz) (ae2 + cdz) 2d (d + exz) (aez + od?)

)

[Out] (Sqrtlcl*(Bxd - Axe)*x*Sqrtl[a + c*x74])/(2xd*(c*d”2 + a*e”2)*(Sqrt[a] + Sqr
tlc]*x72)) - (ex(Bxd - Axe)*x*Sqrtla + c*x74])/(2*d*x(cxd"2 + a*e”2)x(d + ex
x72)) - ((Bxcxd™3 - 3%Axckd"2%e - axBxd*e”™2 - axA*xe”3)*ArcTan[(Sqrt[c*d~2 +
axe~2]*x)/(Sqrt [d]*Sqrt [e]*Sqrt[a + c*xx~4])])/(4*d~(3/2)*Sqrt[e]l*(cxd~2 +
axe”2)7(3/2)) - (a~(1/4)*c~(1/4)*(B*xd - Axe)*(Sqrtl[al + Sqrtlcl*x~2)*Sqrt[(
a + c*x74)/(Sqrt[a]l + Sqrtlc]*x~2)"2]*EllipticE[2xArcTan[(c~(1/4)*x)/a~(1/4
)1, 1/2])/(2*%d*(c*d”2 + axe”2)*Sqrtla + c*xx"4]) + (Axc~(1/4)*(Sqrtla] + Sqr
tlc]*x"2)*Sqrt[(a + c*xx"4)/(Sqrtlal + Sqrtlcl*x~2) 2]*EllipticF[2*ArcTan[(c
“(1/4)*x)/a”~(1/4)], 1/2])/(2*a”~(1/4)*d*(Sqrt[cl*d - Sqrt[a]l*e)*Sqrt[a + c*x
~4]) + ((Sqrtlcl*d + Sqrtlal*e)*(Bkcxd™3 - 3*kAxc*d"2%e - a*Bxd*e”2 - axAxe”
3)*(Sqrt[al] + Sqrtlcl*x"2)*Sqrt[(a + c*x"4)/(Sqrtl[a] + Sqrtlcl*x~2) 2]*E11li
pticPi[-(Sqrtlcl*d - Sqrtlal*e)~2/(4*Sqrt[al*Sqrt[c]l*d*e), 2*ArcTan[(c~(1/4
)xx)/a”(1/4)]1, 1/2])/(8*a~(1/4)*c™(1/4)*d"2*e*x(Sqrt [c]*d - Sqrt[a]*e)*(c*xd™
2 + a*xe”2)*xSqrt[a + c*x"4])

Rubi [A] time = 1.18937, antiderivative size = 641, normalized size of antiderivative
1., number of steps used = 6, number of rules used = 6, integrand size = 28, number of rules_

integrand size
0.214, Rules used = {1697, 1715, 1196, 1709, 220, 1707}

/ 4
_ A 3 _ B 2 _ A 2 B 3 -1 xVae2+cd? \/E*
\exVa + cx*(Bd - Ae) exVa + cx*(Bd — Ae) ( aAe’ —aBde” = 3Acd’e + Bed ) tan (\/E\/E\/a+cx4

2d (a + \ex?) (ae? + cd?) 2 (d + ex?) (ae? + cd?) ) 42 (e + cd2)3/2

Antiderivative was successfully verified.

[In] Int[(A + B*x"2)/((d + e*x~2)"2*Sqrt[a + c*x~4]),x]

[Out] (Sqrtlcl*(B*d - Axe)*x*Sqrtl[a + c*x74])/(2xd*(c*d"2 + a*e”2)*(Sqrt[a] + Sqr
t[c]*x72)) - (ex(Bxd - Axe)*x*Sqrtl[a + c*x74])/(2*d*(c*d™2 + axe”2)*(d + ex
x72)) - ((Bxcxd™3 - 3%Axc*d”2%e - a*Bxd*e”™2 - axA*xe”3)*ArcTan[(Sqrt[c*d~2 +
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axe”2]*x)/(Sqrt [d] *Sqrt [e]*Sqrt[a + c*x~4])])/(4*d"~(3/2)*Sqrt[e]*(cxd~2 +
axe”2)7(3/2)) - (a~(1/4)*c”(1/4)*(B*d - Axe)*(Sqrtlal + Sqrtlcl*x"2)*Sqrt[(
a + c*x74)/(Sqrtla] + Sqrtlcl*x"2)"2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4
)1, 1/2]1)/(2%d*(c*d”2 + axe”2)*Sqrtla + c*x74]) + (Axc~(1/4)*(Sqrtl[al + Sqr
t[c]*x"2)*Sqrt[(a + c*x74)/(Sqrt[al + Sqrtlcl*x72) 2]*EllipticF[2*ArcTan[(c
“(1/4)*x)/a”~(1/4)]1, 1/2]1)/(2*%a”~(1/4)*d*(Sqrt[cl*d - Sqrt[al*e)*Sqrt[a + c*x
~4]) + ((Sqrtlcl=*d + Sqrtlal*e)*(Bkxcxd™3 - 3kAxc*d™2%e - a*Bxd*e”2 - axAxe”
3)*(Sqrt[al + Sqrtlcl*x~2)*Sqrt[(a + c*x~4)/(Sqrtla] + Sqrtlc]*x7"2)72]*E11li
pticPi[-(Sqrtlcl*d - Sqrtlal*e)”~2/(4*Sqrt[al*Sqrt[c]l*d*e), 2xArcTan[(c~(1/4
)xx)/a~(1/4)], 1/2])/(8*a”(1/4)*c™(1/4)*d"2%ex(Sqrt [c]*d - Sqrt[a]*e)*(c*d™
2 + axe”2)*Sqrt[a + c*x74])

Rule 1697

Int [((P4x_)*((d_) + (e_.)*(x_)"2)"(q_))/Sqrtl(a_) + (c_.)*(x_)"4], x_Symbol
] :> With[{A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff[P4x, x, 4]
}, -Simp[((C*d~2 - Bxd*e + Axe"2)*x*(d + e*x”2)7(q + 1)*Sqrtla + c*xx~4])/(2
xd*(q + 1)*x(cxd™2 + a*e”2)), x] + Dist[1/(2xd*(q + 1)*(cxd"2 + a*e”2)), Int
[((d + exx"2)"(q + 1)*Simp[axd*(Cxd - Bxe) + Ax(axe™2x(2%q + 3) + 2xc*xd™2x(
q + 1)) + 2xd*(B*xc*xd - Axcxe + a*Cxe)x(q + 1)*x72 + cx(Cxd"2 - Bkdxe + Axe”
2)*(2xq + 5)*x~4, x])/Sqrtla + c*x~4], x], x]] /; FreeQ[{a, c, d, e}, x] &&
PolyQ[P4x, x72] && LeQ[Expon[P4x, x], 4] && NeQ[c*d™2 + axe”2, 0] && ILtQ[
q, -1]

Rule 1715

Int[(P4x_)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]), x_Symbol] :>
With[{q = Rtlc/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff
[P4x, x, 4]}, -Dist[C/(exq), Int[(1 - g*x72)/Sqrtla + c*x74], x], x] + Dist
[1/(c*xe), Int[(A*xc*xe + axCxdxq + (Bkcxe - Cx(cxd - axexq))*x"2)/((d + e*xx"2
)*Sqrtla + cxx~4]1), x], x]] /; FreeQ[{a, c, d, e}, x] && PolyQ[P4x, x~2, 2]
&& NeQ[c*xd™2 + a*e”2, 0] && NeQ[cxd™2 - a*xe”2, 0] && PosQ[c/al

Rule 1196

Int[((d_) + (e_.)*(x_)~"2)/Sqrt[(a_) + (c_.)*(x_)~4], x_Symbol] :> With[{q =

Rt[c/a, 4]}, -Simp[(d*x*Sqrtla + cxx~4])/(a*x(1 + q~2*x"2)), x] + Simp[(d*(
1 + q"2xx72)*Sqrt[(a + c*xx™4)/(ax(1 + q72*x72)72)]*EllipticE[2*ArcTan[qg*x],
1/21)/(g*Sqrtla + cxx~4]), x] /; EqQle + dxq~2, 0]] /; FreeQ[{a, c, d, e},
x] && PosQ[c/al

Rule 1709

Int[((A_.) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]
), x_Symbol] :> With[{q = Rtlc/a, 2]}, Dist[(Ax(cxd + axe*q) - a*Bx(e + dxq
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))/(c*¥d”2 - axe”2), Int[1/Sqrtla + c*x74], x], x] + Dist[(ax(B*d - Axe)x*(e
+ d*q))/(cxd”2 - axe”2), Int[(1 + gq*x72)/((d + e*x"2)*Sqrtl[a + c*x74]), x],
x]] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*d"2 + axe™2, 0] && NeQ[c*d"2
- axe”2, 0] && PosQlc/al && NeQ[c*A~"2 - axB~2, 0]

Rule 220

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 4]}, Simp[(
(1 + g72*%x72)*Sqrt[(a + b*x"4)/(ax(1 + q72%x72)72)]*E1lipticF [2*ArcTan [g*x]
, 1/2]1)/(2*xgxSqrt[a + b*x~4]), x]] /; FreeQ[{a, b}, x] &% PosQ[b/al

Rule 1707

Int [((A_) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)xSqrt[(a_) + (c_.)*(x_)"4])
, x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - Axe)*ArcTan[(Rt[(cx*d)/e
+ (axe)/d, 2]*x)/Sqrtla + c*x”4]])/(2+d*exRt[(c*d)/e + (axe)/d, 2]), x] +
Simp[((B*d + Axe)*(A + Bxx"2)*Sqrt[(A~2*(a + c*x~4))/(ax(A + B*x"2)"2)]*Ell
ipticPi[Cancel [-((Bxd - Axe)~2/(4*xdxe*xA*B))], 2*ArcTan[q*x], 1/2])/(4*xd*ex*A
xqxSqrt[a + c*x~4]), x]] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[cxd"2 + axe
~2, 0] && NeQ[c*d"2 - axe”2, 0] && PosQ[c/al && EqQ[c*A~2 - axB~2, 0]

Rubi steps
f—2Acd2—aBde—aAez—2c17l(Bd—Ae)xz—ce(Bd—Ae)x4 dx
f A + Bx? e(Bd — Ae)xVa + cx* (d+ex?) Varext
X =- -
(d " exz)z N 2d (cd2 + aez) (d + exz) 2d (cd2 + aez)
—\/Ec3/2de(Bd—Ae)+ce(—2Acd2—que—aA62)+(—ZCZdE(Bd—AB)+ce(Bd—Ae)(Cd-
_ e(Bd- Ae)xVa + cx* (d+ex?)Va+ext
2d (cd2 + aez) (d + exz) 2cde (cdz + aez)

(B - Ao (Vi + o2 \/
B \c(Bd - Ae)xVa + cx e(Bd — Ae)xVa + cx* ( )

2d (cd2 + aez) (\/E + \/Exz) 2d (cd2 + aez) (d + ex2) B 2d (cd2 + ae*

Bed® — 3Acd?e — aBde® — aAe®
 ViBd-AgwaTcd  e(Bd- Agwatond _( o® - 3Acde — aBde® — aAe
24 (cd? +ae?) (Va + vex2) - 2d (cd? +ae?) (d + ex?) 4d¥2\e (cd? + a
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Mathematica [C] time = 1.23753, size = 297, normalized size = 0.46

. ot . P L iye ivae . . -1 [iye .
dex(a+cx4)(Ae—Bd) ) i/ T+1(\/Ed(\/Ed—z\/Ee)(Bd—Ae)ElhptlcF(z sinh (x1 /W),—1)+(aAe3+quez+3Acd26—Bcd3)H(—W,zsmh (,lﬁx) —1)+z\/ﬁ
d+ex?)(ae?+cd? ine
( )( ) A/ 7 (ae3+cdze)
2d%Va + cx*

Antiderivative was successfully verified.

[In] Integrate[(A + B*x~2)/((d + e*x"2)"2+Sqrt[a + c*x"4]),x]

[Out] ((d*ex(-(B*d) + Axe)*x*(a + c*x74))/((c*d™2 + axe”2)*(d + e*x72)) - (IxSqrt
[1 + (cxx74)/al*(I*Sqrt[a]*Sqrt[c]*d*e*x(Bxd - Axe)*EllipticE[I*ArcSinh[Sqrt
[(I*xSqrtlcl)/Sqrtlall*x], -1] + Sqrtlcl*d*(Sqrtlc]l*d - I*Sqrtlal*e)*(Bxd -
Axe)*EllipticF [I*ArcSinh[Sqrt [(I*Sqrt[c])/Sqrtlall*x], -1] + (-(B*c*d~3) +
3xAxcxd"2%e + axBxd*e”2 + axAxe”3)*EllipticPi[((-I)*Sqrt[al*e)/(Sqrtlcl*d),

IxArcSinh[Sqrt [(I*Sqrt[c])/Sqrtlall*x], -11))/(Sqrt[(I*Sqrtlc])/Sqrtlal]*(
cxd"2%e + a*e”3)))/(2*%d"2xSqrt[a + c*xx"4])

Maple [C] time = 0.025, size = 679, normalized size = 1.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)/(e*x"2+d) "2/ (c*x"4+a)~(1/2) ,x)

[Out] (A*xe-Bxd)/ex(1/2xe~2/(a*e”2+c*d"2)/d*xx*x(cxx"4+a)”~(1/2)/(exx~2+d)-1/2*c/(a*xe
~2+cxd”2) /(I/a~(1/2)*c~(1/2)) " (1/2)*(1-I/a~ (1/2)*xc~(1/2)*x~2) ~(1/2) *(1+I/a~
(1/2)*c™(1/2)*x72) " (1/2) / (c*x~4+a) " (1/2)*E1llipticF(x*x(I/a~ (1/2)*c~(1/2))~ (1
/2),1)-1/2%Ixc”~(1/2) *e/ (axe~2+c*d~2) /d*xa~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2)*(1
-I/a”(1/2)*c™(1/2)*x72) " (1/2)*(1+I/a~(1/2) *c~ (1/2)*x~2) ~(1/2) / (c*x"4+a) ~(1/
2)*E1lipticF(x*x(I/a~(1/2)*c~(1/2))~(1/2),1)+1/2xI*c”(1/2)*e/(a*xe”2+c*d”~2)/d
xa~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~ (1/2)*x~2) ~(1/2)*(1+I/a"(
1/2)*c™(1/2)*x72)~(1/2) / (c*x~4+a) " (1/2)*E1llipticE(x*x(I/a~ (1/2)*c~(1/2))~(1/
2),I1)+1/2/(axe”2+c*d~2) /d"2xe”2/(I/a~(1/2)*c~(1/2)) " (1/2)*(1-I/a~(1/2)*c~ (1
/2)*xx72) " (1/2)* (1+I/a~ (1/2)*c~(1/2)*x~2) " (1/2) / (c*x"4+a) ~(1/2) *E1lipticPi(x
*(I/a~(1/2)*c~(1/2))~(1/2) ,I*a~(1/2)/c~(1/2)*e/d, (-I/a~ (1/2)*c~(1/2))~(1/2)
/(I/a~(1/2)*c~(1/2))~(1/2))*a+3/2/ (axe~2+c*d"2) /(I/a~ (1/2)*c~(1/2)) ~(1/2) *(
1-I/a~(1/2)*c”(1/2)*x72) " (1/2)*(1+I/a~ (1/2)*c~(1/2)*x~2) " (1/2) / (c*x~4+a) ~ (1
/2)*E1llipticPi(x*(I/a~(1/2)*c~(1/2))~(1/2),I*a~(1/2)/c”(1/2)*e/d, (-I/a~(1/2
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)*xc™(1/2))7(1/2)/(I/a~(1/2)*c™(1/2))~(1/2))*c)+B/e/d/(I/a~(1/2)*c~(1/2))~ (1
/2)*(1-I/a~(1/2)*c™(1/2)*x~2) ~(1/2) *(1+I/a~ (1/2) *c~ (1/2)*x~2) " (1/2) / (c*x~4+
a)”~(1/2)*EllipticPi(x*x(I/a~(1/2)*c~(1/2))~(1/2) ,I*a~(1/2)/c~(1/2)*e/d, (-I/a
~(1/2)*%c™(1/2))~(1/2) /(1/a”~(1/2)*c~(1/2))~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

Bx2+ A
f X dx

Vext + a(ex2 + d)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx"2+A)/(exx"2+d) 2/ (c*x"4+a)~(1/2),x, algorithm="maxima"

[Out] integrate((Bxx~2 + A)/(sqrt(c*x™4 + a)*(e*x”2 + d)~2), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)/(exx~2+d)~2/(c*x"4+a)~(1/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

A + Bx?
f i dx

Va + cx* (d + ex2)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bxx**2+A)/(e*xx*x*2+d)**2/ (c*xx**4+a)**(1/2),x)

[Out] Integral((A + Bxx**x2)/(sqrt(a + ckx*x*4)*(d + e*xx**2)**2), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

B2+ A
f 5 dx
Vext + a(ex2 + d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx"2+A)/(exx"2+d) 2/ (c*x"4+a)~(1/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)/(sqrt(c*x™4 + a)*x(exx"2 + d)~2), x)
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A+Bx?

3.7 d
f (d+ex2)3\/a+cx4 *

Optimal. Leaf size=875

e (5Bcc713 — 9Aced? — aBe*d — 3aAe3) Vext +ax e (5Bcc713 —9Aced? — aBe*d — 3aAe3) Vex*+ax  o(Bd - Ae)Vc

842 (cd2 + aez)2 (\/Ex2 + \/E) 842 (cd2 + aez)z (ex2 + d) 4d (cd2 + aez) (

[Out] (Sqrtlcl*(5xB*xcxd~3 - 9*A*xcxd"2*e - axBkxd*e”2 - 3*axAxe”3)*xxSqrtla + c*xx~4
1)/(8*%d~2x(c*d™2 + axe”2) "2+(Sqrt[a] + Sqrtlc]*x72)) - (ex(Bxd - Axe)*x*Sqr
tla + c*xx74])/(4xd*(cxd™2 + a*e™2)*(d + e*xx72)72) - (e*x(5*Bkc*d™3 - 9*Axckd
“2%e - a*Bxd*e”2 - 3xaxAxe”3)*x*xSqrtla + c*x74])/(8*%d"2*(c*d"2 + axe”2) "2x%(
d + exx72)) + ((3*%A*xex(bxc™2xd™4 + 2kakckd™2%e”™2 + a"2%e”4) - Bx(3%c”2*d"5
- 10*axc*d"3*e”2 - a"2*d*e”4))*ArcTan[(Sqrt[c*d”2 + axe”2]*x)/(Sqrt[d]*Sqrt
[e]*Sqrt[a + cxx"4])])/(16%d”(5/2)*Sqrt[e]l*(c*d™2 + axe”2)7(5/2)) - (a~(1/4
)*c”(1/4)* (5xBxc*xd™3 - 9xAxc*d”~2%e - a*Bkxd*e”2 - 3*axAxe”3)*(Sqrt[a] + Sqrt
[c]*x"2)*Sqrt[(a + c*xx74)/(Sqrt[a] + Sqrtlcl*x~2) 2]*EllipticE[2*ArcTan[(c”
(1/4)*x)/a~(1/4)], 1/2])/(8%d"2*(c*d"2 + axe”2) " 2xSqrt[a + c*x~4]) + (c~(1/
4)x(4xA*xcxd~2 + Sqrtlal*Sqrt[cl*d*(B*d - Axe) + a*xex(Bxd + 3xAxe))*(Sqrt([al
+ Sqrtlcl*x"2)*Sqrt[(a + cxx~4)/(Sqrtl[a] + Sqrtlcl*x~2) 2]*EllipticF[2*Arc
Tan[(c™(1/4)*x)/a~(1/4)], 1/2])/(8*a”~(1/4)*d~2*x(Sqrt[c]*d - Sqrt[a]*e)*(c*xd
72 + axe”2)*Sqrtla + c*x74]) - ((Sqrtlcl*d + Sqrtlal]*e)*(3*Axex(5*xc™2xd"4 +
2xaxckd"2%e”2 + a"2%e”4) - B*(3%cT2*%d"5 - 10%axc*d"3*e”2 - a"2*d*xe”4))*(Sq
rt[a]l + Sqrtlcl*x~2)*Sqrt[(a + c*x74)/(Sqrtla] + Sqrtlcl*x"2)"2]*EllipticPi
[-(Sqrt[c]*d - Sqrtlal*e)”2/(4xSqrt[al*Sqrt[c]*d*e), 2*ArcTan[(c~(1/4)*x)/a
“(1/4)1, 1/2]1)/(32xa”~(1/4)*c”~(1/4)*d"3*e*x(Sqrt[c]*d - Sqrtl[al*e)*(c*xd”2 + a
xe”2)"2*xSqrt[a + c*x"4])

Rubi [A] time = 1.78415, antiderivative size = 875, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 28, i L

integrand size
0.214, Rules used = {1697, 1715, 1196, 1709, 220, 1707}

e (5Bcd3 —9Aced? — aBe*d — 3aAe3) Vext +ax e (5Bcd3 —9Aced? — aBe*d — 3aAe3) Vex*+ax  o(Bd - Ae)Vc

842 (ch + aez)z (\/Ex2 + \/E) 842 (cd2 + 1162)2 (ex2 + d) 4d (ch + aez) (

Antiderivative was successfully verified.

[In] Int[(A + B*x"2)/((d + exx"2)"3*Sqrtla + c*x74]),x]
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[Out] (Sqrtlcl*(5xBkxcxd™3 - 9*Axc*xd"2xe - a*Bkdxe”2 - 3*axAxe”3)*x*Sqrtla +
1)/(8xd"2*(cxd™2 + axe”2) 2% (Sqrt[a]l + Sqrtlcl*x~2)) - (ex(Bxd - Axe)*x*Sqr
tla + cxx74])/(4*d*(c*d™2 + a*e”2)*(d + e*x72)72) - (ex(b5*Bkc*d™3 - 9*Axcxd
“2%e - a*Bxd*e”2 - 3xaxAxe”3)*x*Sqrtla + c*x74])/(8*d"2*(c*d"2 + axe”2) "2x%(
d + e*xx72)) + ((3*%Axex(5xc™2xd™4 + 2kakxckd™2%e”2 + a"2%e”4) - Bx(3%c”2*d"5

- 10*a*xc*d"3*e”2 - a~2*d*e”4))*ArcTan[(Sqrt[c*d™2 + axe”2]*x)/(Sqrt[d]*Sqrt
[e]*Sqrt[a + c*x74]1)])/(16*d"(5/2)*Sqrt[e]l*(cxd"2 + a*e”™2)"(5/2)) - (a~(1/4
)*c7(1/4)*(6%B*cxd™3 - 9*Axc*xd"2xe - a*xBkdxe”2 - 3*axAxe”3)*(Sqrt[a] + Sqrt
[c]*x~2)*Sqrt[(a + c*xx"4)/(Sqrt[al + Sqrtlcl*x~2) 2]*EllipticE[2*ArcTan[(c”
(1/4)*x)/a~(1/4)], 1/2])/(8xd"2x(c*d"2 + a*xe™2) 2xSqrtla + c*x~4]) + (c~(1/
4)* (4xAxcxd”2 + Sqrtlal*Sqrt[cl*d*(Bxd - Axe) + axe*x(Bxd + 3*xAxe))*(Sqrt[al
+ Sqrtlcl*x72)*Sqrt[(a + c*x74)/(Sqrtla] + Sqrtlcl*x~2) 2]*EllipticF[2*Arc
Tan[(c™(1/4)*x)/a~(1/4)], 1/2])/(8*a~(1/4)*d~2*(Sqrt[cl*d - Sqrt[a]xe)*(cx*d
72 + axe”2)*Sqrtla + c*x74]) - ((Sqrtlcl*d + Sqrtla]xe)*(3*Axex(5xc™2xd"4 +
2xaxckd"2%e”2 + a"2%e”"4) - B*(3%c”2*d"5 - 10*axc*d"3*e”2 - a"2*d*e”4))*(Sq
rta] + Sqrtlcl*x"2)*Sqrt[(a + c*xx"4)/(Sqrtl[a] + Sqrtlcl*x~2) 2]*EllipticPi
[-(Sqrt[c]*d - Sqrtlal*e)~2/(4*Sqrt[al*Sqrt[cl*d*e), 2*ArcTan[(c~(1/4)*x)/a
~(1/4)], 1/2]1)/(32*%a~(1/4)*c”(1/4)*d"3*ex(Sqrt[c]*d - Sqrtlal*e)*(cxd”2 + a
xe”2) "2xSqrt[a + c*x”"4])

Rule 1697

Int [((P4x_)*((d_) + (e_.)*(x_)"2)"(q_))/Sqrtl(a_) + (c_.)*(x_)"4], x_Symbol
] :> With[{A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff[P4x, x, 4]
}, -Simp[((C*d~2 - Bxd*e + A*e"2)*x*(d + exx"2)7(q + 1)*Sqrtla + c*xx~4])/(2
xd*x(q + 1) x(cxd”™2 + a*e”2)), x] + Dist[1/(2xd*(q + 1)*(cxd"2 + a*e”2)), Int
[((d + exx"2)"(q + 1)*Simp[axd*(C*d - Bke) + Ax(a*xe™2%(2%q + 3) + 2xc*xd™2*(
q + 1)) + 2xdx(Bxcxd - Axcxe + axCkxe)x(q + 1)*x72 + cx(C*d"2 - Bxd*e + Axe”
2)*%(2*%q + B)*x74, x])/Sqrtla + c*x74], x], x]] /; FreeQl{a, c, d, e}, x] &
PolyQ[P4x, x~2] && LeQ[Expon[P4x, x], 4] && NeQ[c*d"2 + axe”2, 0] && ILtQ[
q, -1]

Rule 1715

Int[(P4x_)/(((d_) + (e_.)*x(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]), x_Symbol] :>
With[{q = Rtlc/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff
[P4x, x, 4]}, -Dist[C/(exq), Int[(1 - g*x~2)/Sqrtla + c*x74], x], x] + Dist
[1/(c*e), Int[(Axcxe + a*Ckxdxq + (Bxcxe - Ckx(c*d - axexq))*x72)/((d + e*x"2
)*Sqrtla + c*xx~4]), x], x]] /; FreeQ[{a, c, d, e}, x] && PolyQ[P4x, x~2, 2]
&% NeQ[c*xd™2 + axe”2, 0] && NeQ[cxd™2 - axe™2, 0] && PosQ[c/al

Rule 1196

Int[((d_) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 4]}, -Simp[(d*x*Sqrtla + cxx"4])/(a*x(1 + q~2*x72)), x] + Simp[(d*(

cxx~4
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1 + q"2xx72)*Sqrt[(a + c*xx™4)/(ax(1 + q72*x72)72)]*EllipticE[2*ArcTan[qg*x],
1/2])/(q*Sqrt[a + c*x”4]), x] /; EqQle + dx*q”2, 0]] /; FreeQ[{a, c, d, e},
x] && PosQ[c/a]

Rule 1709

Int[(CA_.) + (B_.)*(x_)"2)/(((d_) + (e_.)*x(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]
), x_Symbol] :> With[{q = Rtlc/a, 2]}, Dist[(Ax(cxd + axe*q) - a*Bx(e + dxq
))/(c*xd™2 - axe”2), Int[1/Sqrtl[a + c*x~4], x], x] + Dist[(ax(Bxd - Axe)*(e

+ d*q))/(c*xd”™2 - a*e”2), Int[(1 + gq*x~2)/((d + e*x~2)xSqrtla + c*x~4]), x],
x]] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*d"2 + axe™2, 0] && NeQ[c*d"2

- axe”2, 0] && PosQ[c/al && NeQ[c*A~2 - axB~2, 0]

Rule 220

Int[1/8qrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simpl[(
(1 + q"2*x72)*Sqrt[(a + b*x"4)/(a*x(1 + q~2*x72)72)]*EllipticF [2*ArcTan [q*x]
» 1/2])/(2xq*Sqrt[a + b*x~4]), x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 1707

Int[(C(AL) + (B_.)*(x_)"2)/(((d_) + (e_.)*x(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]1)
, x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - Axe)*ArcTan[(Rt[(cx*d)/e
+ (axe)/d, 2]*x)/Sqrtla + c*x"4]])/(2*d*exRt[(cxd)/e + (axe)/d, 2]), x] +
Simp[((Bxd + Axe)x(A + Bxx"2)*Sqrt[(A™2*(a + c*x74))/(a*x(A + B*xx"2)72)]*E1ll
ipticPi[Cancel [-((Bxd - Axe)~2/(4*xdxexA*B))], 2*ArcTan[q*x], 1/2])/(4*xdxex*A
xqxSqrt[a + c*x74]), x]] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[cxd~2 + axe
~2, 0] && NeQ[c*d™2 - a*e”2, 0] && PosQ[c/al && EqQ[c*A~2 - axB~2, 0]

Rubi steps
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—4 Acd?—aBde-3aAe?—4cd(Bd—Ae)x?+ce(Bd—Ae)x* dx

f A + Bx? e e(Bd — Ae)xVa + cx* _ (d+ex2) Ve
(d + ex2)3 Va +cxt 4d (ccl2 + aez) (d + exz)2 4d (ch + ”ez)
aBde(7cd?4
e(Bd — Ae)xVa + cx* K (SBcd3 - 9Acd?e — aBde? - 3aAe3) xVa +cxt N
) 4d (cd2 + aez) (d + ex2)2 842 (cd2 + aez)z (d + exz)
Vac¥2de(5

e(Bd — Ae)xVa+cxt e (SBcd3 - 9Acd?e — aBde? - 3aAe3) xVa + cx*

+
4d (cd2 + aez) (d + ex2)2 842 (cd2 + aez)z (d + exz)

NG (5Bcd3 —9Acd?e — aBde® — 3aAe3) xVa + cx* (B - Ae)xVa + cxt K (5Bcd3 -
842 (cd2 + aez)z (\/E + \/Exz) 4d (cd2 + aez) (d + exz)2

NG (5Bcd3 —9Acd?e — aBde? - 311Ae3) xVa + cxt  e(Bd- Ae)xVa + cxt K (SBcd3 -
842 (cd2 + aez)z (\/E + \/Exz) 4d (cd2 + aez) (d + ex2)2

Mathematica [C] time = 2.29221, size = 453, normalized size = 0.52

. ,4 . o e PR - i . ,
dezx(a+cx4)((d+ex2)(—3uA63—aBdez—9Acdze+5Bcd3)+2d(ue2+cd2)(Bd—Ae)) ! \ %+l(\/Ed(\/Ed—l\/E€)ElllpthF(l sinh 1(x\/ %)’_1)(/w(Zh/E\/EdE_C

(d+ex2)2 -

Antiderivative was successfully verified.

[In] Integrate[(A + B*x"2)/((d + e*x”2)73*Sqrt[a + c*x~4]),x]

[Out] (-((d*e"2xx*(a + c*x74)*(2+d*(Bxd - A*e)*(c*d"2 + axe”2) + (5xBxc*xd~3 - 9*A
xc*d"2%e - a*Bkdxe”2 - 3kaxA*e”3)x(d + exx"2)))/(d + e*x72)72) - (I*Sqrt[1
+ (c*x74)/al*((-I)*Sqrt[a] *Sqrt [c]*d*ex (-5xBxc*d~3 + OkxA*xcxd 2%e + axBkxdxe”
2 + 3*axA*xe”3)*EllipticE[I*ArcSinh[Sqrt [(I*Sqrtlc])/Sqrtlall*x], -1] + Sqrt
[c]*d*(Sqrt[cl*d - IxSqrtlal*e)*(Axex(-7xc*d"2 + (2xI)*Sqrt[al*Sqrt[c]*dx*e
- 3%axe”2) + Bxd*(3xc*d”2 - (2xI)*Sqrtlal*Sqrtlc]l*d*e - a*e”2))*EllipticF[I
xArcSinh [Sqrt [(I*Sqrt[c])/Sqrtlall*x], -1] + (3*Axe*x(5*c™2*d™4 + 2xa*xcxd 2%
e”2 + a"2%e”4) + B*x(-3%c72xd"5 + 10*akxcxd"3*e”2 + a”"2xd*e”4))*EllipticPi[((
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-I)*Sqrt[al*e)/(Sqrt[cl*d), I*ArcSinh[Sqrt[(I*Sqrtlc])/Sqrtlall*x], -11))/S
qrt [(I*Sqrt[cl)/Sqrt[al])/(8*d"3xe*x(cxd~2 + a*e”2) 2xSqrt[a + c*x74])

Maple [C] time = 0.027, size = 1591, normalized size = 1.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)/(e*xx~2+d) "3/ (c*x"4+a)~(1/2) ,x)

[Out] B/ex(1/2*xe”2/(axe”2+c*d~2) /d*x* (c*x"4+a) " (1/2)/(exx~2+d)-1/2*c/(a*e”2+c*xd~2
)/ (I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*xc~(1/2)*x~2) ~(1/2) * (1+I/a~ (1/2) *c~
(1/2)*x72)7(1/2) / (c*x~4+a) " (1/2)*E1llipticF (x*(I/a~ (1/2)*c~(1/2))~(1/2),1)-1
/2%I*c”(1/2)*e/ (axe ™ 2+c*d~2) /d*a”~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/
2)*xc™(1/2)*x72) " (1/2)*(1+I/a~ (1/2)*c~ (1/2)*x72) ~(1/2) / (c*x~4+a) " (1/2) *E1llip
ticF(x*(I/a~(1/2)*c”(1/2))"(1/2),I)+1/2*I*xc~(1/2) *e/ (a*xe”2+c*xd~2) /d*a~ (1/2)
/(I/a~(1/2)*c™(1/2))~(1/2)*x(1-I/a~ (1/2) *c~(1/2)*x~2) " (1/2) * (1+I/a~ (1/2) *c~(
1/2)*x72)~(1/2) / (c*x~4+a) " (1/2)*E1lipticE(x* (I/a~(1/2)*c~(1/2))~(1/2) ,1)+1/
2/ (a*xe~2+cxd”2) /d"2%e”~2/(I/a~ (1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~(1/2)*x~2)
“(1/2)*x(1+I/a~(1/2) *c~ (1/2) *x72) " (1/2) / (c*xx~4+a) " (1/2) *E1lipticPi (xx (I/a~ (1
/2)*%c™(1/2))7(1/2) ,I*xa”~(1/2)/c~(1/2)*e/d, (-1/a~(1/2)*c~(1/2))~(1/2)/(I/a~ (1
/2)*c~(1/2))~(1/2))*a+3/2/(a*xe”2+c*d~2) /(I/a~ (1/2)*c~(1/2))~(1/2)*(1-I/a~ (1
/2)*%c™(1/2)*x72) " (1/2)*x(1+I/a~ (1/2)*c~ (1/2)*x~2) ~(1/2) / (cxx~4+a) " (1/2) *E11i
pticPi(xx(I/a~(1/2)*c~(1/2))~(1/2),I*a~(1/2)/c~(1/2)*e/d, (-I/a~(1/2)*c~(1/2
))=(1/2)/(I/a~(1/2)*xc™(1/2))~(1/2) ) *c) +(Axe-B*d) /e*x (1/4*xe~2/ (a*e”~2+c*xd~2) /d
*xk (cxx”4+a) " (1/2) / (exx™2+d) "2+3/8*e”~2* (axe ™ 2+3*c*d"2) / (a*xe™2+c*d"2) ~2/d "2
x* (cxx"4+a) " (1/2) / (exx"2+d)-1/8*c/d/ (axe™2+cxd"2) "2/ (I/a~ (1/2)*c~(1/2)) "~ (1/
2)x(1-I/a~(1/2)*c”~(1/2)*x~2) " (1/2) *(1+I/a~(1/2)*xc~(1/2)*x~2) ~(1/2) / (c*x"4+a
)" (1/2)*E1lipticF (xx(I/a~(1/2)*c~(1/2)) " (1/2),I)*a*xe”2-7/8%c~2+d/ (a*e 2+c*d
~2)72/(I/a~(1/2)*xc~(1/2))~(1/2)*x(1-I/a~ (1/2) *c~(1/2)*x~2) ~(1/2)*(1+I/a~ (1/2
)*xc”(1/2)*x72) " (1/2) / (c*x™4+a) " (1/2)*E1lipticF (xx(I/a~(1/2)*c~(1/2))~(1/2),
I1)-3/8*I*c~(1/2)*e"3/(axe”2+c*d"2)"2/d"2*xa~(3/2)/(I/a~ (1/2)*c~(1/2))~(1/2) *
(1-I/a~(1/2)*c™(1/2)*x~2) " (1/2)*(1+I/a~ (1/2)*c~(1/2)*x~2) " (1/2) / (c*xx~4+a) " (
1/2)*E1llipticF (x*(I/a”~(1/2)*c”~(1/2))~(1/2) ,1)+9/8*I*c~(3/2)*e/ (a*xe”2+c*d"2)
~2xa~(1/2)/(I/a~(1/2)*xc~(1/2))~(1/2)*x(1-I/a~ (1/2) *c~(1/2)*x~2) " (1/2) *(1+I/a
“(1/2)*c”(1/2)*x72) " (1/2) / (c*x~4+a) " (1/2) *E1lipticE(x*(I/a~ (1/2)*c~(1/2))~(
1/2),1)-9/8%I*xc~(3/2)*e/(a*xe™2+cxd~2) ~2*xa~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2) *(
1-I/a~(1/2)*c™(1/2)*x~2) " (1/2)*x(1+I/a~ (1/2)*c~ (1/2)*x~2) ~(1/2) / (c*xx~4+a) ~ (1
/2)*EllipticF (x*(I/a”~(1/2)*c~(1/2))~(1/2),1)+3/8*I*c”(1/2)*e"3/ (axe™2+cxd"~2
)~2/d"2*%a~(3/2)/(I/a~(1/2)*c~(1/2))~(1/2)*x(1-I/a~ (1/2) *c~(1/2)*x~2) " (1/2) *(
1+I/a~ (1/2)*c~(1/2)*x~2) ~(1/2) / (c*x~4+a) " (1/2) *E11lipticE(x*(I/a~(1/2) *c~(1/
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2))7(1/2),1)+3/8/ (axe™2+c*d~2)~2/d"3*%e”4/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a"(
1/2)*xc™(1/2)*x72) " (1/2)*(1+I/a~(1/2)*c~(1/2)*x~2) " (1/2) / (c*xx~4+a) ~(1/2) *E11l
ipticPi(x*x(I/a~(1/2)*c™(1/2))~(1/2),I*a~(1/2)/c~(1/2)*e/d, (-I/a~(1/2)*c~ (1/
2))7(1/2)/(T/a~(1/2)*c™(1/2))~(1/2) ) *a~2+3/4/ (a*e™2+cxd~2) "2*e~2/d/(I/a~ (1/
2)*c™(1/2))~(1/2)*(1-I/a~(1/2)*c™(1/2)*x72) " (1/2) *(1+I/a~ (1/2) *c~ (1/2) *x~2)
~(1/2)/(c*x"4+a) " (1/2)*E1lipticPi(x*(I/a”~ (1/2)*c~(1/2))~(1/2) ,I*a"(1/2) /c~(
1/2)xe/d, (-I/a~(1/2)*c~(1/2))~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2) ) *axc+15/8/ (ax
e"2+cxd"2) "2+d/(I/a”~(1/2)*c™(1/2)) " (1/2)*(1-I/a~ (1/2) *c™(1/2)*x72) " (1/2) * (1
+I/a~(1/2)*c™(1/2)*x~2)~(1/2) / (c*x"4+a) ~(1/2) *E1llipticPi (x*(I/a~(1/2)*c~(1/
2))7(1/2) ,I*xa~(1/2) /c~(1/2)*e/d, (-I/a~(1/2)*c™(1/2))~(1/2) / (I/a~ (1/2) *c~(1/
2))7(1/2))*c”2)

Maxima [F] time = 0., size = 0, normalized size = 0.

Bx’+ A
f 3 dx
Vext + a(ex2 + d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x"2+A)/(e*x"2+d) "3/ (c*x"4+a)~(1/2),x, algorithm="maxima")

[Out] integrate((B*x~2 + A)/(sqrt(c*x™4 + a)*x(exx"2 + d)~3), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx"2+A)/(exx~2+d)~3/(c*x"4+a)~(1/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f A + Bx? p
X
Va + cxt (d + ex2)3
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bxx**2+A)/(exx*x*2+d)**3/ (ckx**4+a)**(1/2),x)

[Out] Integral((A + B*x**2)/(sqrt(a + c*x**4)*x(d + exx**2)**3), x)

Giac [F] time = 0., size = 0, normalized size = 0.

Bx’+ A
f a dx

Vex* + a(exz + d)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx"2+A)/(exx~2+d) "3/ (c*x"4+a)~(1/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)/(sqrt(c*x”4 + a)*(exx"2 + d)~3), x)
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(A+B2?)(d+ex2)’

)3/2 dx

3.8

(a+cx4
Optimal. Leaf size=912

result too large to display

[Out] (x*x(A*cxd*x(c*d~2 - 3*a*xe”2) - a*xBxex(3*xc*d™2 - a*e”2) + cx(Bxc*d™3 + 3*Axcx*

d"2xe - 3*a*xBxdxe”2 - axAxe”3)*x72))/(2%a*xc”2xSqrt[a + c*x74]) + (Bxe”3*x*S
qrtla + c*x74])/(3*c”2) + (e"2x(3*Bxd + Axe)*x*Sqrtla + cxx~4])/(c”(3/2)*(S
grtla] + Sqrtlcl*x72)) - ((B*c*d™3 + 3xA*xcxd"2%e - 3xa*Bxd*e”2 - axAxe”3)x*x
xSqrt[a + c*xx"4])/(2xa*xc”(3/2)*(Sqrt[a] + Sqrtlcl*x~2)) - (a~(1/4)*e”2%(3*B
xd + Axe)*(Sqrtlal + Sqrtlcl*x"2)xSqrt[(a + c*x74)/(Sqrt[a] + Sqrtlcl*x"2)~
2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2]1)/(c™(7/4)*Sqrtla + c*xx"4])
+ ((B*cxd™3 + 3%Axc*d"2%e - 3*a*xBxd*e”2 - axA*e”3)x*(Sqrtla] + Sqrtlc]*x72)
xSqrt[(a + c*x74)/(Sqrt[a] + Sqrtlcl*x~2) 2]*EllipticE[2*ArcTan[(c”(1/4)*x)
/a~(1/4)]1, 1/2]1)/(2%a~(3/4)*c~(7/4)*Sqrt[a + c*xx"4]) - (a~(3/4)*Bxe”3*(Sqrt
[a] + Sqrtlc]*x"2)*Sqrt[(a + cxx"4)/(Sqrtl[al + Sqrtlcl*x~2) 2]*EllipticF[2x*
ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(6%c~(9/4)*Sqrtla + c*x"4]) + (a~(1/4)*e
~2x(3*Bxd + Axe)*(Sqrt[al + Sqrtl[cl*x~2)*Sqrt[(a + c*x~4)/(Sqrtla] + Sqrtlc
1xx72)~2]*EllipticF[2%ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(2xc~(7/4)*Sqrt [a

+ c*xx74]) + (ex(3*xB*cxd™2 + 3*Axcxd*e - a*Bxe”2)*(Sqrtl[a] + Sqrtlcl*x~2)*Sq
rt[(a + c*x74)/(Sqrtla] + Sqrtlcl*x"2)"2]*EllipticF[2*xArcTan[(c~(1/4)*x)/a"~
(1/4)1, 1/2]1)/(2xa~(1/4)*c~(9/4)*Sqrt[a + c*xx~4]) + ((A*c™2xd"3 + a~2*Bxe”3
- 3xaxcxd*xex(Bxd + Axe) + a~(3/2)*Sqrtlcl*e”2x(3*Bxd + Axe) - Sqrtla]l*c”(3
/2)*d"2x (Bxd + 3*Axe))*(Sqrtl[al + Sqrtl[c]l*x72)*Sqrt[(a + c*x74)/(Sqrt[a] +

Sqrt [c]*x72) "2]*EllipticF [2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2])/(4*a~(5/4)*c
~(9/4)*Sqrt[a + c*xx"4])

Rubi [A] time = 0.72556, antiderivative size = 912, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 12, number of rules used = 7, integrand size = 28, e

integrand size
0.25, Rules used = {1721, 1179, 1198, 220, 1196, 305, 321}

24 cx+a 1 Vex\ (1) 3 S
wP (\/Ex i \/_) (Vexz+a)’ e (2 o ( Va ) |2) ) BxVext + ae® ValEnd+ 40 (\/_x ’ \/—) (Ver2+va) E(
6c94Vext +a 32 iNext +a

Antiderivative was successfully verified.

[In] Int[((A + Bxx"2)*(d + exx~2)"3)/(a + c*xx~4)~(3/2),x]
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[Out] (x*(A*cxd*(c*d™2 - 3xa*xe™2) - a*Bxex(3*ckxd™2 - a*xe”2) + c*(Bkckd™3 + 3xAxcx
d"2%e - 3*axBxd*e”2 - axA*xe”3)*x72))/(2%axc”2*xSqrtla + c*x"4]) + (Bxe 3%x*S
grtla + c*x74])/(3*%c”2) + (e"2x(3*B*d + Axe)*x*Sqrtl[a + c*xx~4])/(c~(3/2)*(S
grtlal + Sqrtlcl*x72)) - ((Bkc*xd™3 + 3*%Axc*d"2%e - 3*a*Bxd*e”2 - axA*xe”3)*x
xSqrt[a + c*x~4])/(2xa*xc”(3/2)*(Sqrt[a] + Sqrtlcl*x~2)) - (a~(1/4)*e~2*(3*B
*xd + Axe)*(Sqrt[al + Sqrtlcl*x"2)*Sqrtl[(a + c*x74)/(Sqrt[al + Sqrtlcl*x~2)"
2]*E1lipticE[2*ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(c~(7/4)*Sqrt[a + c*xx~4])
+ ((Bxc*xd™3 + 3xAxc*d"2%e - 3*axBxd*e”2 - axAxe”3)x*(Sqrtla] + Sqrtlc]*x72)
xSqrt[(a + c*x74)/(Sqrt[a] + Sqrtlcl*x~2)~2]*EllipticE[2*ArcTan[(c™(1/4)*x)
/a~(1/4)]1, 1/2]1)/(2%a~(3/4)*c~(7/4)*Sqrt[a + cxx"4]) - (a~(3/4)*Bxe”3x(Sqrt
[a] + Sqrtlcl*x~2)*Sqrt[(a + c*xx"4)/(Sqrtlal + Sqrtlcl*x~2)~2]*EllipticF[2x*
ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2])/(6%c~(9/4)*Sqrt[a + c*x~4]) + (a~(1/4)*e
~2%(3*%Bxd + Axe)*(Sqrtlal + Sqrtlcl*x"2)*Sqrtl[(a + c*x74)/(Sqrt[a] + Sqrtlc
1xx72)"2]*E1lipticF [2*xArcTan[(c™(1/4)*x) /a~(1/4)], 1/2]1)/(2%c~(7/4)*Sqrt[a
+ cxx74]) + (ex(3*B*c*d™2 + 3xAxckxdxe - a*Bxe”2)*(Sqrtla] + Sqrtlc]*x~2)*Sq
rt[(a + c*x74)/(Sqrt[al + Sqrtlcl*x~2) " 2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a"
(1/4)1, 1/21)/(2xa~(1/4)*c~(9/4)*Sqrt[a + c*x~4]) + ((A*c™2xd"3 + a~2*Bxe”3
- 3xaxcxd*ex(Bxd + Axe) + a~(3/2)*Sqrtlc]l*e”2*(3*Bxd + Axe) - Sqrtla]*c”(3
/2)*d"2x(Bxd + 3xA*e))*(Sqrtl[al + Sqrtlcl*x"2)*Sqrt[(a + c*x74)/(Sqrtla] +
Sqrt [c]*x72) "2]*EllipticF [2*ArcTan[(c™(1/4)*x)/a~(1/4)]1, 1/2]1)/(4*xa~(5/4)*c
~(9/4)*Sqrt[a + c*xx~4])

Rule 1721

Int [(Px_)*((d_) + (e_.)*x(x_)"2)"(q_.)*x((a_) + (c_.)*x(x_)"4)"(p_), x_Symbol]
:> Int[ExpandIntegrand[1/Sqrt[a + cxx"4], Px*x(d + e*x"2) g*x(a + c*xx~4) " (p
+1/2), x], x] /; FreeQ[{a, c, 4, e}, x] && PolyQ[Px, x"2] && NeQ[c*d"2 + a

xe”2, 0] && IntegerQ[p + 1/2] && IntegerQ[ql

Rule 1179

Int[((d) + (e_)*(x )"2)*x((a_) + (c_.)*x(x_)"4)"(p_), x_Symbol] :> -Simp[(x
x(d + exx”2)*x(a + c*xx74)"(p + 1))/ (dxax(p + 1)), x] + Dist[1/(4*xax(p + 1)),
Int [Simp[d*(4*p + 5) + ex(4*p + 7)*x72, x]*x(a + cxx"4)~(p + 1), x], x] /;
FreeQ[{a, c, d, e}, x] && NeQ[cxd~2 + axe”2, 0] && LtQ[p, -1] && IntegerQ[2

*p]

Rule 1198

Int[((d_) + (e_.)*(x_)~"2)/Sqrt[(a_) + (c_.)*(x_)~"4], x_Symbol] :> With[{q =
Rt[c/a, 2]}, Dist[(e + dxq)/q, Int[1/Sqrtla + cxx~4], x], x] - Distle/q, I
nt[(1 - g*x~2)/Sqrtla + c*x~4], x], x] /; NeQ[e + d*q, 0]] /; FreeQ[{a, c,
d, e}, x] && PosQ[c/al
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Rule 220

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 4]}, Simp[(
(1 + g72*%x72)*Sqrt[(a + b*x"4)/(ax(1 + q72%x72)72)]*E1llipticF [2*ArcTan [g*x]
, 1/2]1)/(2*%q*xSqrt[a + b*x~4]), x]] /; FreeQ[{a, b}, x] && PosQ[b/al

Rule 1196

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)~"4], x_Symbol] :> With[{q =
Rt[c/a, 4]}, -Simp[(d*x*Sqrtla + cxx~4])/(a*x(1 + q~2*x"2)), x] + Simp[(d*(
1 + q"2*%x72)*Sqrt[(a + cxx™4)/(a*x(1 + q72*x"2)72)]*EllipticE[2*ArcTan[qg*x],
1/2]1)/(g*Sqrtl[a + c*x~4]), x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e},
x] &% PosQlc/al

Rule 305

Int[(x_)"2/8qrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 21}, D
ist[1/q, Int[1/Sqrtla + b*x~4], x], x] - Dist[1/q, Int[(1 - g*x~2)/Sqrt[a +
bxx~4], x]1, x]1]1 /; FreeQ[{a, b}, x] && PosQ[b/al

Rule 321

Int[((c_.)*x(x_)) " (m_)*((a_) + (b_.)*(x_)"(n_))"(p_), x_Symbol] :> Simp[(c™(
n - D*x(cxx)"(m - n + D*(a + bxx™n) " (p + 1))/ (bx(m + nxp + 1)), x] - Dist[
(axc™n*x(m - n + 1))/(b*x(m + nxp + 1)), Int[(c*x)"(m - n)*(a + b*x"n) p, xJ,
x] /; FreeQ[{a, b, c, p}, x] && IGtQ[n, 0] && GtQ[m, n - 1] && NeQ[m + n*p
+ 1, 0] &% IntBinomialQ[a, b, ¢, n, m, p, x]

Rubi steps
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f (A + BxZ) (d + ex2)3 f Acd (ch - 3an) — aBe (30d2 - an) +c (Bccl3 + 3Acd?e — 3aBde?* — aAe3) x2 e (3J
x =

+ —_—
3/2 3/2
(a + cx4) ! c? (a + cx4) !
f Acd(cd2—3aez)—uBe(3cd2—ue2)+c(Bcd3+3Acdze—3aBdeZ—aAe3)x2 d 1
X 3 X 2
— (&%) [ i (e?(3Bd
= 2 + - +

_x (Acd (cd2 - 3aez) — aBe (3cd2 - aez) +c (Bcd3 + 3Acd?e — 3aBde? - aAe3) xz) N Be3:

2ac2Va + cx*

X (Acd (ccl2 - 31162) — aBe (3cd2 - aez) +c (Bcd3 + 3Acd?e — 3aBde? - aAe3) xz) . Bea

2ac?Va + cx*

x (Acd (cd2 - 3an) — aBe (3cd2 - aez) +c (Bcd3 + 3Acd?e — 3aBde? - aAe3) xz) N Be3:

2ac’Va + cx*

Mathematica [C] time = 0.286017, size = 222, normalized size = 0.24

3 cxd 3 3‘7‘ cxt 3 2 2 3 cxd 1 1‘5‘ cxt 2 :
2cx w/7 +1,F; (Z’ > Z’_T) (—311Ae —9aBde” + 3Acd“e + Bed ) + x\/7 +1,F; VT (3Acd (3ae + cd
6ac2Va + cx*

Antiderivative was successfully verified.

[In] Integrate[((A + B*x"2)*(d + exx"2)73)/(a + c*x74)7(3/2),x]

[Out] (3*Axc*x*(c*d™3 + axe”2%(-3*%d + 2%e*x72)) + a*Bkexxx(5xaxe™2 + c*x(-9xd~2 +
18*d*exx"2 + 2%e"2%x74)) + (a*Bkex(9*cxd™2 - bkaxe”2) + 3kAkxckdx(cxd™2 + 3%
axe”2) ) xx*Sqrt[1 + (c*x~4)/al*Hypergeometric2F1[1/4, 1/2, 5/4, -((c*x"4)/a)

1 + 2%cx(Bxc*d™3 + 3*A*xcxd"2%e — 9xaxBkdxe”2 - 3kaxA*e”3)*x"3*Sqrt[l + (c*x
~4)/al*Hypergeometric2F1[3/4, 3/2, 7/4, -((c*x~4)/a)])/(6*%a*xc™2xSqrt[a + c*
x"4])

Maple [C] time = 0.036, size = 588, normalized size = 0.6

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x"2+A)*(e*xx”~2+d) "3/ (c*x"4+a)~(3/2) ,x)

[Out] B*xe™3*x(1/2/c 2*axx/((x~4+a/c)*c)”(1/2)+1/3/c"2xx*(c*x~4+a)~(1/2)-5/6*a/c”"2/
(I/7a~(1/2)*xc™(1/2))~(1/2)*(1-I/a~ (1/2) *c~(1/2)*x~2) " (1/2)*(1+I/a~ (1/2) *c~ (1
/2)*x72)7(1/2) / (cxx~4+a) ~(1/2)*E1llipticF (x*(I/a~(1/2)*c~(1/2))~(1/2),I))+(A
*e " 3+3*B*xd*e”2) *(-1/2/cxx"3/ ((x~4+a/c)*c) " (1/2)+3/2xI/c~(3/2)*a~(1/2)/(I/a"
(1/2)xc™(1/2))~(1/2)*x(1-I/a~ (1/2) *c~(1/2)*x72) ~(1/2) * (1+I/a~ (1/2) *c~ (1/2) *x
~2)7(1/2) / (c*x"4+a) ~(1/2) * (EllipticF (x*(I/a~(1/2)*c~(1/2))~(1/2),I)-Ellipti
cE(x*(I/a~(1/2)*c~(1/2))~(1/2),1)))+(3*A*d*e~2+3*B*xd " 2xe)*x(-1/2/c*x/ ((x"4+a
/c)*c)~(1/2)+1/2/c/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*xc~(1/2)*x~2)~(1/2
)*(1+I/a~(1/2)*c™(1/2)*x72) " (1/2) / (c*xx~4+a) " (1/2)*E1llipticF (x*(I/a~ (1/2)*c”
(1/2))°(1/2),1))+(3*A*d"2*xe+B*d~3)*(1/2/a*x"3/((x"4+a/c)*c)~(1/2)-1/2*I/a"(
1/2)/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~ (1/2)*c~ (1/2)*x~2) " (1/2)*(1+I/a~(1/2)
*xc~(1/2)*x72) 7 (1/2) / (cxx~4+a) "~ (1/2) /¢~ (1/2) *(E1lipticF (x*x(I/a~(1/2)*c~(1/2)
)7 (1/2) ,I1)-EllipticE(x*(I/a~(1/2)*c™(1/2))"(1/2),1)))+Axd"3*(1/2/a*x/ ((x"4+
a/c)xc)~(1/2)+1/2/a/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c~ (1/2)*x~2) ~(1/
2)*(1+4I/a~(1/2)*c~(1/2)*x~2) ~(1/2) / (c*x~4+a) " (1/2)*E1lipticF (xx(I/a~ (1/2)*c
~(1/2))°(1/2),1))

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

3
(cx4 + a)z

[ (B2 + A)(ex? +d)’

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(e*x~2+d) "3/ (c*x"4+a)~(3/2),x, algorithm="maxima")

[Out] integrate((B*x~2 + A)x(exx”2 + d)~3/(c*x"4 + a)~(3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Be3x8 + (3 Bde? + Ae3)x6 +3 (dee + Adez)x4 + Ad® + (Bd3 +3 Adze)xz)\/cx4 +a

c2x8 + 2 acx* + a2

integral /X

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((Bxx"2+A)*(exx~2+d) "3/ (c*x"4+a)~(3/2),x, algorithm="fricas")

[Out] integral((Bxe~3*x~8 + (3*Bkxd*e”2 + A*e”3)*x"6 + 3*%(Bkd"2%e + Axdxe”2)*x"4 +
Axd~3 + (B*d~3 + 3*xA*xd"2xe)*x"2)*sqrt(c*x”4 + a)/(c72%x”8 + 2*xaxc*x"4 + a”

2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

dx

f (A+B2) (d+ex?)”

3
(u + cx4)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bkx**2+A)* (exx**2+d)**3/ (ckx**4+a)**(3/2) ,x)

[Out] Integral((A + Bkxx**2)x(d + exx**2)**3/(a + cxx*x4)**x(3/2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

X

3
(cx4 + a)2

[ (B2 + A)(ex? +d)’ ,

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)*(exx~2+d) "3/ (c*x"4+a)~(3/2),x, algorithm="giac")

[Out] integrate((Bxx"2 + A)*(exx"2 + d)~3/(c*xx"4 + a)~(3/2), x)
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(A+B22)(d+ex?)”

3.9 =

dx

(a+cx4

Optimal. Leaf size=694

a+cx — 4 - 62_ 2 b
(Va+vex?) /ﬁElliPticF (2 tan™ (%) : %) (— Vet i;Bd”ACd ) _ aBe? + 2 Acde + Bcdz) e (va + yex
a++/cx a
- +

4a3/4c71A\a + cxt

[Out] (x*(A*c*d™2 - 2%a*Bxdxe - a*Axe”2 + (Bkc*d™2 + 2kA*xckdxe - a*Bxe™2)*x72))/(
2xaxc*Sqrt[a + c*xx”4]) + (Bxe 2*xxSqrtla + c*x~4])/(c”(3/2)*(Sqrt[a] + Sqrt
[c]*x72)) - ((Bxc*d™2 + 2xAxc*d*e - axBxe”2)*x*Sqrtl[a + cxx"4])/(2*a*xc”(3/2
)*(Sqrt[al + Sqrtlcl*x~2)) - (a~(1/4)*Bxe”2%x(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a
+ c*x74)/(Sqrt[a]l + Sqrtlcl*x~2) 2]*EllipticE[2*xArcTan[(c~(1/4)*x)/a~(1/4)
1, 1/2]1)/(c™(7/4)*Sqrt[a + c*xx"4]) + ((Bxc*d™2 + 2xAxckdxe - a*xBkxe”2)*(Sqrt
[a] + Sqrtlc]*x"2)*Sqrt[(a + cxx"4)/(Sqrtl[al + Sqrtlcl*x~2) 2]*EllipticE[2x*
ArcTan[(c™(1/4)*x)/a~(1/4)], 1/21)/(2*a~(3/4)*c~(7/4)*Sqrt[a + c*x~4]) + (a
~(1/4)*Bxe~2x(Sqrt[a] + Sqrtlc]*x~2)*Sqrt[(a + c*x74)/(Sqrt[al + Sqrtlcl*x"~
2)"2]*EllipticF[2*ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(2%c”(7/4)*Sqrt[a + cx
x74]) + (ex(2*Bxd + Axe)*(Sqrtla]l + Sqrtlcl*x"2)*Sqrt[(a + c*x74)/(Sqrt[al
+ Sqrt[c]*x72) "2]*EllipticF [2%ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2]1)/(2xa~(1/4)
xc~(5/4)*Sqrt[a + c*xx74]) - ((Bxc*d™2 + 2xAxckd*e - a*Bxe™2 - (Sqrtlcl*(Axc
*d"2 - 2*%axBxdxe - axAxe”2))/Sqrtlal)*(Sqrtl[al + Sqrtlc]*x~2)*Sqrt[(a + c*x
~4)/(Sqrtlal + Sqrtlcl*x~2) 2]*EllipticF[2*ArcTan[(c”(1/4)*x)/a~(1/4)]1, 1/2
1)/ (4xa”(3/4)*c~(7/4)*Sqrt[a + c*xx"4])

Rubi [A] time = 0.531518, antiderivative size = 694, normalized size of antiderivative =

1., number of steps used = 10, number of rules used = 6, integrand size = 28, Rumber of rules _

integrand size
0.214, Rules used = {1721, 1179, 1198, 220, 1196, 305}

c(-aAe?-2aBde+Acd? atc
(\/E + \/Exz) ﬁlf (2 tan™! (%) |%) (— Vo(-as j;d +AG) _ aBe? + 2 Acde + Bcdz) (\/E + \/Exz) ird
3 +

4a34c714N q + cxt

Antiderivative was successfully verified.

[In] Int[((A + Bxx"2)*(d + exx"2)"2)/(a + c*xx~4)~(3/2),x]

[Out] (xx(A*xc*xd”™2 - 2*xa*xBxd*e - a*xAxe”™2 + (Bkxc*d™2 + 2%A*ckxdxe - a*B*xe™2)*x"2))/(
2*xaxc*Sqrt[a + c*xx"4]) + (Bxe 2#x*Sqrtla + c*x74])/(c”(3/2)*(Sqrt[a]l] + Sqrt
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[c]*x72)) - ((B*c*xd™2 + 2xAxc*dxe - axBkxe”2)*xxSqrtla + cxx"4])/(2%axc™(3/2
)*(Sqrt[al] + Sqrtlcl*x"2)) - (a~(1/4)*Bxe~2x(Sqrtl[al + Sqrtl[cl*x~2)*Sqrt[(a
+ c*x74)/(Sqrtla] + Sqrtlcl*x"2) 2]*EllipticE[2*xArcTan[(c~(1/4)*x)/a~(1/4)
1, 1/21)/(c™(7/4)*Sqrt[a + c*xx~4]) + ((Bxc*d™2 + 2xAxckdxe - a*xB*xe”2)*(Sqrt
[a] + Sqrtlcl*x~2)*Sqrt[(a + cxx"4)/(Sqrtlal + Sqrtlcl*x"2) 2]*EllipticE[2x*
ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(2%a~(3/4)*c~(7/4)*Sqrtla + c*xx"4]) + (a
~(1/4)*#B*e~2*(Sqrt[a]l + Sqrtlcl*x~2)*Sqrt[(a + c*x74)/(Sqrt[a] + Sqrt[c]*x"
2)"2]*EllipticF [2*ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(2%c”(7/4)*Sqrt[a + c*
x74]) + (ex(2*Bxd + Axe)*(Sqrtla] + Sqrtlcl*x"2)*Sqrt[(a + c*x"4)/(Sqrt[al
+ Sqrt[c]*x72) 2] *EllipticF [2*%ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2])/(2xa~(1/4)
xc~(5/4)*Sqrt[a + c*xx"4]) - ((B*xc*d™2 + 2xAxckd*e - a*B*e”2 - (Sqrtlcl*(Axc
*d"2 - 2*axBxd*e - axAxe”2))/Sqrtl[al)*(Sqrtl[a] + Sqrtlc]*x"2)*Sqrt[(a + c*x
~4)/(Sqrtla] + Sqrtlcl*x~2)"2]*EllipticF[2*ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2
1)/ (4xa”(3/4)*c~(7/4)*Sqrt[a + c*xx~4])

Rule 1721

Int[(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*x(x_)"4)"(p_), x_Symbol]
:> Int[ExpandIntegrand[1/Sqrt[a + c*x~4], Pxx(d + exx"2) gx(a + c*xx~4)~(p
+ 1/2), x], x] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x~2] && NeQ[c*d"2 + a

*xe~2, 0] && IntegerQ[p + 1/2] && IntegerQ[q]

Rule 1179

Int[((d_) + (e_.)*(x )"2)*x((a_) + (c_.)*x(x_)"4)"(p_), x_Symbol] :> -Simp[(x
x(d + exx”2)*x(a + c*xx”4)"(p + 1))/ (4xa*x(p + 1)), x] + Dist[1/(4xax(p + 1)),
Int [Simp[d*(4*p + 5) + ex(4*p + 7)*x"2, x]*(a + c*xx"4)~(p + 1), x], x] /;
FreeQ[{a, c, d, e}, x] && NeQ[c*d™2 + axe”2, 0] && LtQ[p, -1] && IntegerQ[2

*p]

Rule 1198

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtla + c*xx"4], x], x] - Distle/q, I
nt[(1 - g*x~2)/Sqrtla + c*x~4], x], x] /; NeQ[e + d*q, 0]] /; FreeQ[{a, c,
d, e}, x] && PosQ[c/al

Rule 220

Int[1/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rtl[b/a, 41}, Simp[(
(1 + g72*%x72)*Sqrt[(a + b*x"4)/(ax(1 + q72%x72)"2)]*E1llipticF [2*ArcTan[g*x]
, 1/2]1)/(2*xgxSqrt[a + b*x~4]), x]] /; FreeQ[{a, b}, x] &% PosQ[b/al

Rule 1196
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Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 4]}, -Simp[(d*x*Sqrtla + cxx"4])/(a*x(1 + q~2*x72)), x] + Simp[(d*(
1 + g72*%x72)*Sqrt[(a + c*x74)/(ax(1 + q72%x72)"2)]*E1llipticE[2*ArcTan[qg*x],
1/2]1)/(g*Sqrtla + c*xx~4]), x] /; EqQle + dxq~2, 0]] /; FreeQ[{a, c, d, e},
x] && PosQ[c/al

Rule 305

Int[(x_)"2/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol]l :> With[{q = Rt[b/a, 2]}, D
ist[1/q, Int[1/Sqrt[a + b*x~4], x], x] - Dist[1/q, Int[(1 - g*x~2)/Sqrtla +
bxx~4], x], x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rubi steps

2
f (A + sz) (d + exz) f Acd? — 2aBde — aAe? + (Bcd2 + 2Acde — aBez) x> ¢(2Bd + Ae) Be2x2 ] ;
X = + + x

(a + cx4)3/2 c (g + cx4)3/2 cVa+cext  cVa+cxt
i Acd?-2aBde-aAe®+(Bcd?+2 Acde—aBe? ) x? I ) 2 .
_ (u+cx4)3/2 . (Be ) f T dx . (e(2Bd + Ae)) f I dx
c c c
e(2Bd + Ae) (\/E + \/Exz) -

X (Acd2 — 2aBde — aAeé? + (Bcd2 + 2Acde — aBez) xz) (Va+
= +

2acVa + cx* 23fac54\a
VaBe? (\/E 4

x (Acal2 — 2aBde — aAeé® + (Bcal2 +2Acde - aBez) xz) Be2x\Va + ot

+ —_
2acVa + cxt 32 (\/E + \/Exz)

x (Acd2 — 2aBde — aAe® + (Bcd2 + 2Acde - aBez) xz) Be2x\Va + ot (Bcd2 +2Ac

= + —
2acVa + cx* 32 (\/E + \/Exz) 2ac3/

Mathematica [C] time = 0.178408, size = 166, normalized size = 0.24

x4 337 4 x4 115 4
234 = +1,F (Z' > Z;—%) (-3aBe? + 2Acde + Bed?) + 3x,/c7 +1,F; (Z' > Z;‘%) (aAe? + 2aBde + Acd?) + 3A
6acVa + cx*

Antiderivative was successfully verified.
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[In] Integrate[((A + Bxx"2)*(d + e*x"2)72)/(a + c*x74)7(3/2),x]

[Out] (3*Ax(c*d™2 - a*e”2)*x + 6xa*Bkexxx(-d + e*xx”™2) + 3*x(A*ckd™2 + 2*a*xBkd*e +
axAxe”2)*xxSqrt[1 + (c*x74)/al*Hypergeometric2F1[1/4, 1/2, 5/4, -((c*x"4)/a

)] + 2% (Bxc*xd™2 + 2xAxcxd*e - 3xaxBxe”2)*x73*%Sqrt[1 + (c*x~4)/al*Hypergeome
tric2F1[3/4, 3/2, 7/4, -((c*x"4)/a)])/(6*a*xcxSqrt[a + c*xx~4])

Maple [C] time = 0.006, size = 458, normalized size = 0.7

x3 1 3i 1 1 1 1
B | - ——— + —\/E\/1 — ix2\Jo—= [1 + ix2\Jc— [EllipticF [x i\/E—,i]—EHipticE [x i\/E—,i])c
2¢ /(x4 +9)c 2 Va Va \/ Va N " Va

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x"2+A)*(exx~2+d) "2/ (c*x"4+a)~(3/2),x)

[Out] Bxe™2x(-1/2/c*x"3/((x"4+a/c)*c)~(1/2)+3/2%1/c~(3/2)*a~(1/2)/(I/a~(1/2)*c~ (1
/2))"(1/2)*x(1-I/a~ (1/2) *c~(1/2)*x~2) ~(1/2)*x(1+I/a~ (1/2) *c~(1/2)*x~2) " (1/2)/
(c*x~4+a) " (1/2)*(E1lipticF (x*(I/a”~(1/2)*c~(1/2))~(1/2) ,I)-EllipticE(x*(I/a"~
(1/2)*c~(1/2))"(1/2),1)) ) +(Axe~2+2xBxd*e) * (-1/2/c*x/ ((x"4+a/c)*c) ~(1/2)+1/2
/c/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~ (1/2)*c~ (1/2)*x~2) ~(1/2)* (1+I/a~ (1/2) *c
“(1/2)*x72)7(1/2) / (cxx~4+a) " (1/2)*E1llipticF (x*x (I/a~ (1/2)*c~(1/2))~(1/2),1))
+(2xAxd*xe+B*xd"2) *(1/2/axx"3/ ((x"4+a/c)*c) " (1/2)-1/2xI/a"~(1/2) /(I/a~ (1/2) *c~
(1/2))~"(1/2)*x(1-I/a~ (1/2)*xc~ (1/2)*x~2) ~(1/2) * (1+I/a~ (1/2) *c~ (1/2)*x~2) ~(1/2
)/ (c*x~4+a)~(1/2)/c~(1/2)*(EllipticF (x*(I/a~(1/2)*c~(1/2))~(1/2) ,I)-Ellipti
cE(x*(I/a~(1/2)*c”(1/2))~(1/2),1)))+A*d"2%(1/2/a*xx/ ((x"4+a/c)*c) ~(1/2)+1/2/
a/(I/a~(1/2)*c™(1/2))~(1/2)*(1-I/a~ (1/2)*c~(1/2)*x~2) ~(1/2) *(1+I/a~ (1/2) *c~
(1/2)*x72)~(1/2) / (c*x"4+a) " (1/2)*E1llipticF (xx(I/a~ (1/2)*c~(1/2))~(1/2),1))

Maxima [F] time = 0., size = 0, normalized size = 0.

3

(B2 + A)(ex? +d)’ N
f (cx4 + a)E

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((B*x"2+A)*(e*x”2+d) "2/ (c*x"4+a)~(3/2),x, algorithm="maxima")

[Out] integrate((B*x~2 + A)x(exx”2 + d)~2/(c*xx"4 + a)~(3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Bezx6 + (2 Bde + Aez)x4 + Ad? + (de +2 Ade)xz)\/cx4 +a

X
c2x8 + 2 acx* + a? !

integral
Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((Bxx~2+A)*(exx~2+d) "2/ (c*x"4+a)~(3/2),x, algorithm="fricas")

[Out] integral((B*xe~2*x~6 + (2xBxd*e + Axe”2)*x"4 + A*d"2 + (Bxd"2 + 2*xAxdxe)*x"2
)*xsqrt(c*x”4 + a)/(c”2*%x™8 + 2%a*xc*x™4 + a~2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

3 dx

(u + cx4)2

f (A+B?) (d+ex?)”

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bkx**2+A)* (exx**2+d)**2/ (ckx**4+a)**(3/2) ,x)

[Out] Integral((A + Bkxx**2)x(d + exx**2)x*2/(a + cxx*x4)**x(3/2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

X

[ (B2 + A)(ex? +d)’ ,

3
(cx4 + a)z

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((B*x"2+A)*(e*x"2+d) "2/ (c*x"4+a)~(3/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)x(exx”2 + d)~2/(c*x"4 + a)~(3/2), x)
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(A+Bx2) (d +ex2)
)3/2

3.10 dx

(a+cx4

Optimal. Leaf size=395

(\/E + \/Exz) arert >EllipticF (2 tan™! (@) , %) (—\/E\/E(Ae + Bd) — aBe + Acd) Be (\/E + \/Exz) oot

(Va+ye?) Va (Va+yer?)”
+
4545 a + cxt 2+/ac5/4+

[Out] (x*x(Axc*d - a*Bxe + cx(Bxd + Axe)*x72))/(2*axc*Sqrt[a + cxx"4]) - ((Bxd + A
xe)xx*Sqrt[a + cxx"4])/(2*a*xSqrt[c]*(Sqrtlal + Sqrtlcl*x72)) + ((Bxd + Axe)
*x(Sqrt[a] + Sqrtlcl*x"2)*Sqrtl[(a + c*x"4)/(Sqrtla] + Sqrtlc]l*x~2) 2]*Ellipt
icE[2*ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(2%a~(3/4)*c~(3/4)*Sqrt[a + c*xx"4]

) + (Bxex(Sqrtl[al + Sqrtlcl*x"2)*Sqrt[(a + c*x74)/(Sqrtla] + Sqrtlc]*x72)"2
1*EllipticF[2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2]1)/(2xa~(1/4)*c~(5/4)*Sqrt[a

+ c*xx74]) + ((A*cxd - axBxe - Sqrtl[al*Sqrt[c]l*(Bxd + Axe))*(Sqrtl[al + Sqrtl
cl*x"2)*Sqrt[(a + cxx~4)/(Sqrt[a] + Sqrtlcl*x~2)"2]*EllipticF[2*ArcTan[(c™(
1/4)*x)/a~(1/4)], 1/2])/(4*a”(5/4)*c”(5/4)*Sqrt[a + c*x"4])

Rubi [A] time = 0.327119, antiderivative size = 395, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 5, integrand size = 26, e o e

0.192, Rules used = {1721, 1179, 1198, 220, 1196}

integrand size

(\/E + \/Exz) et p (2 tan™! (@) |§) (—\/E\/E(Ae + Bd) — aBe + Acd) (\/E + \/Exz) ”+Cx42)2 (Ae + Bd)E

Va+yex? 2 Va a++/cx
(
+
45454 a + ext 2a%4c3 4 a + cxt

Antiderivative was successfully verified.

[In] Int[((A + Bxx"2)*(d + exx"2))/(a + c*xx~4)~(3/2) ,x]

[Out] (x*x(A*c*d - a*Bke + c*x(Bxd + Axe)*x72))/(2xaxcxSqrt[a + c*x"4]) - ((Bxd + A
xe) *xxSqrt[a + c*xx"4])/(2xa*xSqrt[c]*(Sqrt[a] + Sqrtlc]*x72)) + ((Bxd + Axe)
x(Sqrtla] + Sqrtlcl*x"2)*Sqrt[(a + c*xx"4)/(Sqrtlal + Sqrtlcl*x~2) 2]*Ellipt
icE[2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2]1)/(2*a~(3/4)*c~(3/4)*Sqrtla + c*x"4]
) + (Bxex(Sqrtl[al + Sqrtlcl*x~2)*Sqrt[(a + c*x74)/(Sqrtl[al + Sqrtlcl*x~2)"2
1*EllipticF[2xArcTan[(c™(1/4)*x)/a~(1/4)], 1/2])/(2*a~(1/4)*c~(5/4)*Sqrt[a
+ c*x~4]) + ((A*cxd - axBxe - Sqrtlal*Sqrt[c]*(Bxd + Axe))*(Sqrtl[a] + Sqrtl[
c]*x"2)*Sqrt[(a + cxx"4)/(Sqrtl[al + Sqrtlcl*x~2) 2]*EllipticF[2*ArcTan[(c™(
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1/4)*x)/a~(1/4)], 1/2]1)/(4xa~(5/4)*c”(5/4)*Sqrt[a + c*x"4])

Rule 1721

Int [(Px_)*((d_) + (e_.)*x(x_)"2)"(q_.)*x((a_) + (c_.)*x(x_)"4)"(p_), x_Symbol]
:> Int[ExpandIntegrand[1/Sqrt[a + c*x"4], Pxx(d + exx"2) gx(a + c*xx"4) " (p
+1/2), x], x] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x~2] && NeQ[c*d"2 + a

xe”2, 0] && IntegerQ[p + 1/2] && IntegerQ[ql

Rule 1179

Int[((d)) + (e_)*x(x_)"2)*((a_) + (c_.)*(x_)"4)"(p_), x_Symbol] :> -Simp[(x
x(d + exx"2)*x(a + c*xx74)7(p + 1))/ (4xax(p + 1)), x] + Dist[1/(4*xax(p + 1)),
Int [Simp[d*(4*p + 5) + ex(4*p + 7)*x72, x]*(a + cxx~4)~(p + 1), x], x] /;
FreeQ[{a, c, d, e}, x] && NeQ[c*d~2 + axe”2, 0] && LtQ[p, -1] && IntegerQ[2

*p]

Rule 1198

Int[((d_) + (e_.)*(x_)~"2)/Sqrt[(a_) + (c_.)*(x_)~"4], x_Symbol] :> With[{q =
Rt[c/a, 2]}, Dist[(e + dxq)/q, Int[1/Sqrt[a + cxx~4], x], x] - Distl[e/q, I
nt[(1 - g*x~2)/Sqrtla + c*x~4], x], x] /; NeQl[e + dxq, 0]] /; FreeQ[{a, c,
d, e}, x] && PosQ[c/a]

Rule 220

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rtl[b/a, 41}, Simp[(
(1 + q"2*%x72)*Sqrt[(a + b*x"4)/(a*x(1 + q~2*x72)72)]*EllipticF [2*ArcTan [q*x]
, 1/2]1)/(2*xg*Sqrt[a + b*x~4]), x]] /; FreeQ[{a, b}, x] && PosQ[b/al

Rule 1196

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 4]}, -Simp[(d*x*Sqrtla + cxx"4])/(a*x(1 + q~2*x72)), x] + Simp[(d*(
1 + q72*%x72)*Sqrt[(a + c*x74)/(ax(1 + q72%x"2)"2)]*EllipticE[2*ArcTan[qg*x],
1/2]1)/(g*Sqrtla + c*xx~4]), x] /; EqQle + dxq~2, 0]] /; FreeQ[{a, c, d, e},
x] && PosQ[c/al

Rubi steps
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f (A + sz) (d + exz) ~ f Acd — aBe + c(Bd + Ae)x? . Be i
(a + cx4)3/2 ) c (a + cx4)3/2 cVa +cxt

fAcd—aBe+c(Bz7l+Ae)x2 dx 1
N Gl e

c c
B 2 a+cxt r(2tan-! @ 1 »
x (Acd — aBe + c(Bd + Ae)xz) ‘ (\/E - Ver ) (Va+ver2)” ( an ( i ) lz) A

+
2acVa + cx* 2+/ac™4vVa + cxt

B > a+cx? r(2 -1 @ 1
x (Acd —aBe + c¢(Bd + Ae)xz) ‘ (\/E - Ver ) (Va+ cx2)2 ( tan ( \a ) |2) (Bd +
= + +

2acVa + cx* 2+/ac54Va + cxt

(Bd + Ae) (v + yex?) | —=
X (Acd —aBe + c¢(Bd + Ae)xz) (Bd + Ae)xVa + cx* (Va+/ex
- +

2acVa + cxt 2a+/c (\/E + \/Exz) 2a3/4c34Na +

Mathematica [C] time = 0.113368, size = 126, normalized size = 0.32

4 4 4 4
2635 +1,F, (Z 2 Z;—%) (Ae + Bd) + 33 +1,F, (i L —%) (aBe + Acd) + 3x(Acd — aBe)
6acVa + cx*

Antiderivative was successfully verified.

[In] Integrate[((A + Bxx"2)*(d + e*x”"2))/(a + c*x74)7(3/2),x]

[Out] (3*(Axc*d - a*Bxe)*x + 3x(Axckd + a*Bxe)*x*Sqrt[l + (cxx"4)/al*Hypergeometr
ic2F1[1/4, 1/2, 5/4, -((c*x74)/a)] + 2%c*(Bxd + Axe)*x"3xSqrt[1 + (c*x74)/a
1*Hypergeometric2F1[3/4, 3/2, 7/4, -((c*x74)/a)])/(6*xaxc*Sqrt[a + c*xx"4])

Maple [C] time = 0.006, size = 320, normalized size = 0.8

X 1 1 1 1 1 1 1 X
Be| ——— ————=+ =, [1 —ix?yc—=4 [1 + ix2yc—=EllipticF | x, /i\/E—,i + (Ae + Bd) | —
2¢ /(x4+§)c 2c\/ \a \a Va \/i\/E%\/CXM_a 2

a
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x"2+A)*(exx~2+d)/(c*x"4+a)~(3/2),x)

[Out] Bxex(-1/2/c*x/((x74+a/c)*c)~(1/2)+1/2/c/(I/a~(1/2)*c™(1/2))~(1/2)*(1-I/a" (1
/2)*xc”(1/2)*x72) " (1/2) *(1+I/a~ (1/2) *c~ (1/2)*x~2) = (1/2) / (c*x~4+a) " (1/2)*E11li
pticF(x*(I/a~(1/2)*c~(1/2))~(1/2),1I))+(Axe+B*d) *(1/2/a*x~3/ ((x~4+a/c)*c)~ (1
/2)-1/2%1/a~(1/2)/(I/a~(1/2)*c™(1/2))~(1/2)*(1-I/a~ (1/2)*c™ (1/2)*x~2)~(1/2)
*x(1+I/a”(1/2)*xc™(1/2)*x~2)~(1/2) / (c*x"4+a) ~(1/2) /c~(1/2) *(EllipticF (x*(I/a"
(1/2)%c~(1/2))~(1/2) ,I)-EllipticE(x*(I/a~(1/2)*c~(1/2))~(1/2),I)))+A*d*(1/2
/axx/((x"4+a/c)*c)~(1/2)+1/2/a/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~ (1/2)*c~(1/
2)*x72) " (1/2)* (1+I/a”~ (1/2) *c~ (1/2)*x72) ~(1/2) / (c*x"4+a) " (1/2) *E1lipticF (x*(
I/a~(1/2)*c~(1/2))~(1/2),1))

Maxima [F] time = 0., size = 0, normalized size = 0.

(Bx2 -+ A) (ex2 + d) N
f (cx4 + a)i

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)*(exx~2+d)/(c*x"4+a)~(3/2),x, algorithm="maxima"

[Out] integrate((Bxx"2 + A)*(exx"2 + d)/(cxx"4 + a)~(3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Bex4 + (Bd + Ae)x?® + Ad)\/cx4 +a

c2x® + 2 acx* + a2

integral ,X

Verification of antiderivative is not currently implemented for this CAS.
[In] integrate((B*x~2+A)*(exx~2+d)/(c*xx~4+a)~(3/2),x, algorithm="fricas")

[Out] integral ((Bkxe*x~™4 + (Bxd + Axe)*x”2 + A*xd)*sqrt(c*x”4 + a)/(c™2%x78 + 2xaxc
*x"4 + a”2), x)



82

Sympy [C] time = 15.8711, size = 167, normalized size = 0.42
13 33 33 s 2,2 catein
Adxr( )21:‘1 [4%2 AEXSF(Z)zﬂ (4%2 cx’e ) Bdx3T (Z) ,F; (4'22 cx*e ] BexT (Z)ZFl [4/22 Cx:
4 + i 74 + i 74 + , 4
4a21"(i) 4a5F(Z) 4a5F(Z) 45151"(;)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bxx**2+A)* (exx**2+d)/(c*x**4+a)**(3/2),x)

cxx*x4dxexp_polar(I*pi)/a)/(4*axx*

[Out] Axd*x*gamma(1/4)*hyper((1/4, 3/2), (5/4,),
ckxx**4d*xex

(3/2) *gamma (5/4)) + Axexx*x3*gamma(3/4)*hyper((3/4, 3/2), (7/4,),
p_polar(I*pi)/a)/(4*xax*x(3/2)*gamma(7/4)) + Bxd*x**3*gamma(3/4)*hyper((3/4,

3/2), (7/4,), ckxxx*xdxexp_polar (I*pi)/a)/(4*ax*(3/2)*gamma(7/4)) + Bkexx**5x
gamma (5/4) *hyper ((5/4, 3/2), (9/4,), cxx*xdxexp_polar(I*pi)/a)/(4*xax*(3/2)*

gamma (9/4))

Giac [F] time = 0., size = 0, normalized size = 0.

f (Bx2 -+ A) (ex2 + d)

dx

3
(cx4 + a)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)*(exx~2+d)/(c*x"4+a)~(3/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)x(exx”2 + d)/(c*x"4 + a)~(3/2), x)
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311 [Py

(a+cx4)3/2

Optimal. Leaf size=262

(\/E + \/Exz) ared (\/EB - A\/E) EllipticF (2 tan™! (%) , %) B (\/E + \/Exz) wred sE (2 tan™! (%]

(Varverd)’ g (Varver2)
- +
405434\ g + cxt 2a34c3 AN a + x4

[Out] (xx(A + B*x"2))/(2xaxSqrt[a + cxx"4]) - (B*xxxSqrtla + c*x"4])/(2xa*xSqrt[c]x*
(Sqgrtla] + Sqrtlcl*x72)) + (Bx(Sqrtla] + Sqrtlcl*x"2)*Sqrt[(a + c*x74)/(Sqr

tla] + Sqrtlcl*x"2)"2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2])/(2*a”
(3/4)*c~(3/4)*Sqrt[a + cxx"4]) - ((Sqrt[al*B - AxSqrt[c])*(Sqrtla] + Sqrtlc
1xx72)*Sqrt[(a + c*x~4)/(Sqrtlal + Sqrtlcl*x"2) 2]*EllipticF[2*ArcTan[(c™(1
/4)*x)/a~(1/4)], 1/2]1)/(4*a”(5/4)*c™(3/4)*Sqrt[a + c*x74])

Rubi [A] time = 0.0964995, antiderivative size = 262, normalized size of antiderivative =

. . b f rul
1., number of steps used = 4, number of rules used = 4, integrand size = 19, o e e

0.21, Rules used = {1179, 1198, 220, 1196}

integrand size

(va+ e ((H (Vb - AvE) F (2tan (2)13) B (va+\ER) (\/;:;;)ZE (2tan (42)13)
. N W

4ab4c¥4Na + cxt 2a%4c¥4Na + cxt 2

Antiderivative was successfully verified.

[In] Int[(A + Bxx"2)/(a + c*x~4)~(3/2) ,x]

[Out] (x*x(A + B*x72))/(2xaxSqrt[a + c*x74]) - (B*x*Sqrtla + c*x74])/(2*a*Sqrt[c]*
(Sqgrtla] + Sqrtlcl*x72)) + (Bx(Sqrtla] + Sqrtlc]*x"2)*Sqrt[(a + c*x74)/(Sqr

tla] + Sqrtlcl*x72)72]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2])/(2*a”
(3/4)*c~(3/4)*Sqrt[a + c*x~4]) - ((Sqrtlal*B - AxSqrtlc]l)=*(Sqrtl[al + Sqrtlc
1*x72)xSqrt[(a + cxx~4)/(Sqrtla]l + Sqrtlcl*x~2) 2]*EllipticF[2*ArcTan[(c™ (1
/8)*x)/a~(1/4)], 1/2]1)/(4*a”(5/4)*c™(3/4)*Sqrt[a + c*x74])

Rule 1179

Int[((d) + (e_)*(x_)"2)*((a_) + (c_.)*(x_)"4)"(p_), x_Symbol] :> -Simp[(x
x(d + exx”2)*x(a + c*xx74)"(p + 1))/ (4xax(p + 1)), x] + Dist[1/(4*ax(p + 1)),
Int [Simp[d*(4*p + 5) + ex(4*p + 7)*x72, x]*x(a + cxx"4)~(p + 1), x], x] /;
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FreeQ[{a, c, d, e}, x] && NeQ[c*d™2 + axe”2, 0] && LtQ[p, -1] && IntegerQ[2
*p]

Rule 1198

Int[((d_) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 2]}, Dist[(e + dxq)/q, Int[1/Sqrt[a + cxx~4], x], x] - Distle/q, I
nt[(1 - q*x"2)/Sqrtla + cxx74], x], x] /; NeQl[e + dxq, 0]] /; FreeQ[{a, c,
d, e}, x] && PosQ[c/al

Rule 220

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 4]}, Simp[(
(1 + g72*%x72)*Sqrt[(a + b*x"4)/(ax(1 + q72%x72)72)]*E1llipticF [2*ArcTan [g*x]
, 1/2]1)/(2*%q*xSqrt[a + b*x~4]), x]] /; FreeQ[{a, b}, x] && PosQ[b/al

Rule 1196

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)~"4], x_Symbol] :> With[{q =
Rtlc/a, 41}, -Simp[(d*x*Sqrtla + c*x~4]1)/(a*(1 + q~2%x72)), x] + Simp[(d*(
1 + g 2*xx"2)*Sqrt[(a + c*x~4)/(a*x(1 + q~2%x"2)"2)]*EllipticE[2*%ArcTan[g*x],
1/2]1)/(g*Sqrtla + c*x"4]), x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e},
x] && PosQ[c/al

Rubi steps

» f -A+Bx?
f A + Bx? dx:x(A+Bx) W
(11 + cx4)3/2 2aVa + cx* 2a

B2
d(avnd) (A=) o Bfm
2aVa + cx* 2a 2+/farJc
2 a+cx* -1 @ 1 _ @
(AB2) e B (va + vex?) e CxZ)ZE(ztan (%)lz) (A vz)
= - +
2aVa+cxt  2ave (Va+yox?) ’ 283434 1 ot

Mathematica [C] time = 0.0417099, size = 99, normalized size = 0.38

4 4
3Ax ‘/_”21;1(1 T )+2Bx «/ 12F1(i o )+3Ax

6aVa + cx*
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Antiderivative was successfully verified.

[In] Integrate[(A + B*x"2)/(a + c*x74)7(3/2),x]

[Out] (3*Axx + 3xAxxxSqrt[1 + (cxx~4)/al*Hypergeometric2F1[1/4, 1/2, 5/4, -((c*x~
4)/a)] + 2%Bxx~3*Sqrt[1 + (c*x~4)/al*Hypergeometric2F1[3/4, 3/2, 7/4, -((c*
x"4)/a)])/(6xa*xSqrt[a + c*x"4])

Maple [C] time = 0.004, size = 217, normalized size = 0.8

X3 1 i 1 1 1 1 1 1
Bl ———— — = 1 —ix®2\Je— [1 + ix2\Jc— | EllipticF 1/\/’—,'—Eu‘ ticE ,/'\f—,' S
25! (x4+§)c 2\/ X \/E\/E 1x \/E\/E[ lp 1C [x 1 C\/E Z) lp 1C [x 1 C\/E Z]]\/E\/;j

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x"2+A)/(c*x"4+a)~(3/2),x)

[Out] Bx(1/2/a*x~3/((x"4+a/c)*c)~(1/2)-1/2%I/a~(1/2)/(1/a~(1/2)*c~(1/2))~(1/2)*x(1
-I/a”(1/2)*c™(1/2)*x72) " (1/2)*(1+I/a~(1/2)*c~ (1/2)*x~2) ~(1/2) / (c*x"4+a) ~(1/
2)/c”(1/2)*(EllipticF (x*(I/a~(1/2)*c~(1/2))~(1/2),I1)-EllipticE(x*(I/a~(1/2)
*c™(1/2))7(1/2) ,1)) ) +Ax(1/2/a*x/ ((x"4+a/c) *c)~(1/2)+1/2/a/(1/a~ (1/2) *c™ (1/2

)~ (1/2)*(1-T/a~ (1/2) *c™(1/2) *x72) ~(1/2) *(1+I/a~ (1/2) *c~ (1/2) *x~2) " (1/2) / (c
*x"4+a) " (1/2)*E1lipticF (xx(I/a"(1/2)*c™(1/2))"(1/2),1))

Maxima [F] time = 0., size = 0, normalized size = 0.

Bx?+ A
3
(cx4 + a)E

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)/(c*x"4+a)~(3/2),x, algorithm="maxima")

[Out] integrate((B*x~2 + A)/(cxx~4 + a)~(3/2), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

Vext + a(sz + A) ]

X
c2x8 + 2acxt + a2’

integral [

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x"2+A)/(c*x"4+a)~(3/2),x, algorithm="fricas")

[Out] integral(sqrt(c*x™4 + a)*(B*x"2 + A)/(c72%x™8 + 2*axc*x"4 + a”2), x)

Sympy [C] time = 8.42081, size = 78, normalized size = 0.3

13 3 3 4
1 ~, = 17T 3 ~, = 17T
Axr(Z)ZFl (452 Cx; ) BXSF(Z)ZFl (422 Cxae )
4 4
3 (5 * 3 (7
4a21"(1) 4a2r(—)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x*x2+A)/(cxxx*4+a)**(3/2),%)

[Out] Axx*gamma(1/4)*hyper((1/4, 3/2), (5/4,), ckxxx*d*xexp_polar(Ixpi)/a)/(4*xax*(3
/2)*gamma (5/4)) + Bxx**3*xgamma(3/4)*hyper((3/4, 3/2), (7/4,), ckxx**x4*xexp_po
lar(Ix*pi)/a)/(4*ax*(3/2)*gamma(7/4))

Giac [F] time = 0., size = 0, normalized size = 0.

Bx* + A
(cx4 + a)g

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(c*x~4+a)~(3/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)/(c*x"4 + a)~(3/2), x)
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A+Bx?

(d+ex2)(a+cx4)

Optimal. Leaf size=732

3.12 dx

3/2

(\/E + \/Exz) Al >EllipticF (2 tan™! (@) , %) (—\/E\/E(Bd — Ae) + aBe + Acd) e (\/E + \/Exz) et

NANCT Va (Vases
4a%4JcVa + cxt (ae2 + cdz) 2+/avVa + ca

[Out] (x*x(Axc*d + a*Bxe + cx(Bxd - Axe)*x72))/(2*ax(cxd"2 + a*xe”2)x*Sqrtl[a + c*xx~4
1) - (Sqrtlc]*(B*d - Axe)*xxSqrtl[a + c*x~4])/(2xa*x(c*d”2 + axe”2)*(Sqrt[al
+ Sqrt[cl*x72)) - (e~ (3/2)*(B*d - Axe)*ArcTan[(Sqrtlc*d™2 + axe”2]#*x)/(Sqrt
[d]*Sqrt [e]*Sqrtla + c*x74])])/(2+Sqrt[d]*(cxd~2 + a*e”~2)7(3/2)) + (c~(1/4)
*x(Bxd - Axe)*(Sqrtl[al + Sqrtlcl*x~2)*Sqrt[(a + c*x74)/(Sqrtla] + Sqrt[c]*x"
2)"2]*EllipticE[2xArcTan[(c~(1/4)*x)/a~(1/4)], 1/2]1)/(2*a~(3/4)*(cxd"2 + ax*
e"2)*xSqrtla + c*x74]) - (c~(1/4)*ex(Bxd - Axe)*(Sqrtla] + Sqrtlc]*x7"2)*Sqrt
[(a + cxx"4)/(Sqrt[a]l + Sqrtlcl*x~2)~2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a~(1
/4)], 1/2]1)/(2*a~(1/4)*(Sqrt[cl*d - Sqrtl[al*e)*(cxd™2 + a*e”2)*Sqrtl[a + c*x
~4]) + ((Axcxd + a*Bxe - Sqrt[al*Sqrt[c]l*(B*d - Axe))*(Sqrtl[al + Sqrtlcl*x"
2)*Sqrt[(a + c*x74)/(Sqrtlal + Sqrtlcl*x~2) 2]*EllipticF[2*ArcTan[(c~(1/4)*
x)/a~(1/4)], 1/2]1)/(4xa~(5/4)*c~(1/4)*(c*d™2 + axe”2)*Sqrtla + cxx"4]) + (a
~(3/4)*ex((Sqrtlcl*d)/Sqrtla] + e) 2x(Bxd - Axe)*(Sqrtl[al + Sqrt[c]l*x~2)*Sq
rt[(a + c*x74)/(Sqrtlal + Sqrtlcl*x~2) "2]*EllipticPi[-(Sqrtlcl*d - Sqrt[al*
e) "2/ (4xSqrt[al*Sqrt [c]l*d*e), 2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2]1)/(4xc~(1/
4)*d*x(c”2*d"4 - a"2xe"4)*Sqrtla + c*xx"4])

Rubi [A] time = 0.781061, antiderivative size = 732, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 9, number of rules used = 7, integrand size = 28, e

integrand size
0.25, Rules used = {1721, 1179, 1198, 220, 1196, 1217, 1707}

2
a¥lte (\/E + \/Exz) arext (\/Ed )2 (Bd — Ae)I1 (— (Vet-ae) :2tan”! (@)

e 1 > a+cx*
(e ¢ e ” va |2] Ve V&) Nined] ;
+
4rJedVa + cxt (c2d4 - a234) 445/

Antiderivative was successfully verified.

[In] Int[(A + B*x~2)/((d + exx~2)*(a + c*xx~4)~(3/2)),x]

[Out] (x*(Axc*d + a*Bxe + cx(Bxd - Axe)*x72))/(2*a*x(c*d”2 + axe”2)*Sqrtla + c*xx"4
1) - (Sqrtlcl*(B*d - Axe)*x*Sqrtla + c*xx~4])/(2*xa*x(c*d™2 + axe”2)*(Sqrt[al
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+ 8qrt[c]*x72)) - (e~ (3/2)*(B*d - Axe)*ArcTan[(Sqrt[c*d™2 + axe”2]*x)/(Sqrt
[d] *Sqrt [e]*Sqrt[a + c*x74])])/(2%Sqrt[d]*(cxd~2 + a*e”™2)7(3/2)) + (c~(1/4)
x(Bxd - Axe)*(Sqrtl[al + Sqrtlcl*x~2)*Sqrt[(a + c*x74)/(Sqrtla] + Sqrtlcl*x"
2)"2]*EllipticE[2*ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(2%a~(3/4)*(cxd~2 + ax
e"2)*Sqrtla + cxx"4]) - (c~(1/4)*ex(Bxd - Axe)*(Sqrtl[al + Sqrtlcl*x72)*Sqrt
[(a + c*x74)/(Sqrt[a]l + Sqrtlcl*x~2)~2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a" (1
/4)], 1/2]1)/(2*xa~(1/4)*(Sqrtcl*d - Sqrtlal*e)*x(cxd™2 + axe”2)*Sqrtl[a + c*x
~4]) + ((Axc*d + a*Bxe - Sqrtla]*Sqrtlcl*(Bxd - Axe))*(Sqrtla] + Sqrtlc]*x"
2)*Sqrt[(a + c*x~4)/(Sqrtlal + Sqrtlcl*x~2)"2]*EllipticF[2*ArcTan[(c~(1/4)*
x)/a~(1/4)]1, 1/2]1)/(4xa~(5/4)*c~(1/4)*(c*d"2 + axe”2)*Sqrtla + cxx"4]) + (a
~(3/4)*ex((Sqrt[c]l*d)/Sqrt[a] + e)~2x(Bxd - A*xe)*(Sqrt[al + Sqrt[c]l*x~2)*Sq
rt[(a + c*x74)/(Sqrt[a] + Sqrtlc]l*x72)"2]*EllipticPi[-(Sqrt[c]*d - Sqrt[al*
e) "2/ (4xSqrt[al *Sqrt [c]*d*e), 2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2])/(4xc~(1/
4)*d*(c”2*d"4 - a"2*xe"4)xSqrtla + c*xx~4])

Rule 1721

Int[(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*x(x_)"4)"(p_), x_Symbol]
:> Int[ExpandIntegrand[1/Sqrt[a + c*x~4], Pxx(d + exx"2) gx(a + c*xx~4)~(p
+ 1/2), x], x] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x72] && NeQ[c*d"2 + a

*xe”2, 0] && IntegerQ[p + 1/2] && IntegerQ[q]

Rule 1179

Int[((d_) + (e_.)*(x )"2)*x((a_) + (c_.)*x(x_)"4)"(p_), x_Symbol] :> -Simp[(x
x(d + exx”2)*x(a + c*xx74)"(p + 1))/ (4xax(p + 1)), x] + Dist[1/(4*xax(p + 1)),
Int [Simp[d*(4*p + 5) + ex(4*p + 7)*x"2, x]*(a + c*xx"4)~(p + 1), x], x] /;
FreeQ[{a, c, d, e}, x] && NeQ[c*d™2 + axe”2, 0] && LtQ[p, -1] && IntegerQ[2

*p]

Rule 1198

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtla + c*xx~4], x], x] - Distle/q, I
nt[(1 - g*x~2)/Sqrtla + c*x~4], x], x] /; NeQ[e + d*q, 0]] /; FreeQ[{a, c,
d, e}, x] && PosQ[c/al

Rule 220

Int[1/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simp[(
(1 + g72*%x72)*Sqrt[(a + b*x"4)/(ax(1 + q~2%x72)72)]*E1lipticF [2*ArcTan [qg*x]
, 1/2]1)/(2*xgxSqrt[a + b*x~4]), x]] /; FreeQ[{a, b}, x] &% PosQ[b/al

Rule 1196



89

Int[((d_) + (e_.)*x(x_)"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 4]}, -Simp[(d*x*Sqrtla + cxx~4])/(a*x(1 + q~2*x72)), x] + Simp[(d*(
1 + q72*%x72)*Sqrt[(a + c*x74)/(ax(1 + q72%x"2)"2)]*EllipticE[2*ArcTan[qg*x],
1/2]1)/(g*Sqrtla + c*x~4]), x] /; EqQle + dxq~2, 0]] /; FreeQ[{a, c, d, e},
x] && PosQ[c/al

Rule 1217

Int[1/(((d_ ) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]), x_Symbol] :> With[
{q = Rtlc/a, 2]}, Dist[(c*d + a*xexq)/(c*xd"2 - a*e”2), Int[1/Sqrtla + c*x~4]
, x], x] - Dist[(axex(e + d*q))/(c*d”2 - a*xe”2), Int[(1 + g*x~2)/((d + e*xx”
2)*Sqrt[a + c*x~4]), x], x]] /; FreeQ[{a, c, d, e}, x] && NeQ[c*d"2 + axe”2
, 0] && NeQ[c*d™2 - axe™2, 0] && PosQ[c/al

Rule 1707

Int[(C(AL) + (B_.)*(x_)"2)/(((d_) + (e_.)*x(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]1)
, x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - Axe)*ArcTan[(Rt[(cx*d)/e
+ (axe)/d, 2]*x)/Sqrtla + c*x"4]])/(2+d*exRt[(cxd)/e + (axe)/d, 2]), x] +
Simp[((Bxd + Axe)x(A + Bxx"2)*Sqrt[(A™2*(a + c*x74))/(a*x(A + B*xx"2)72)]*E1ll
ipticPi[Cancel [-((Bxd - Axe)~2/(4*xdxexA*B))], 2*ArcTan[q*x], 1/2])/(4*xdxex*A
xq*Sqrt[a + cxx~4]), x]] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*xd™2 + ax*e
72, 0] && NeQ[c*d™2 - axe”2, 0] && PosQ[c/al && EqQ[c*A~2 - axB~2, 0]

Rubi steps
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f A + Bx? _ f Acd + aBe + ¢(Bd — Ae)x? .\ e(~Bd + Ae) i
(d + ex2) (a + cx4)3/2 (cd2 + aez) (u + cx4)3/2 (cd2 + aez) (d + exz) Va + cx*
fAcd+11Be+c(Bd—Ae)x2 dx Bd— A f J
B (a+cx4)3/2 (e ) d+ex2 \/a+cx4 *
B cd? + ae? cd? + ae?
—Acd—aBe+c(Bd—Ae)x? 1
X (Acd + aBe + c(Bd - Ae)xz) f : a\/% — dx (\/Ee(Bd a Ae)) f Varod dx
2a (cd2 + aez) Va + cx* 2a (cd2 + aez) (\/Ed — \/Ee) (cd2 + aez)
32 B 1 Ved?+ae?x (I/Ee(Bd — Ae) \/E +
x (Acd + aBe + c(Bd - Ae)xz) e¥*(Bd - Ae)tan (Vg\/g\/a+cx4 (
2a (cd2 + aez) Va + cxt i (cd2 + ae2)3/2 2+/a (\/Ea

X (Acd + aBe + c(Bd - Ae)xz) \o(Bd — Ae)xVa + cxt

¢32(Bd — Ae) tan™" (

Ve
Ve

2a (cd2 + aez) Va + cx* 24 (Cd2 + aez) (\/E + \/Exz) B 2/d (cdz + aez)3/2

Mathematica [C] time = 0.80458, size = 432, normalized size = 0.59

1 (V7B - iA9) (Vi - ) Eipti (sinh™ (v £). 1) - Vo= 108 - o (s 24

Antiderivative was successfully verified.

[In] Integrate[(A + B*x"2)/((d + e*x"2)*(a + c*x74)7(3/2)),x]

[Out] (A*Sqrt[(I*Sqrtlc]l)/Sqrtlall*c*d™2xx + a*xBxSqrt[(I*Sqrtlc])/Sqrt[all*d*ex*x

+ B*Sqrt [(I*Sqrt[c])/Sqrtlal]*cxd~2*x~3 - AxSqrt[(I*Sqrt[c])/Sqrt[al]*c*xdxe
*xx~3 - Sqrtlal*Sqrt[c]*d*(Bxd - Axe)*Sqrt[1l + (c*x74)/al*EllipticE[I*ArcSin
h[Sqrt [(I*Sqrt[c])/Sqrtlall*x], -1] + (Sqrtl[al*B - I*AxSqrt[c])*d*(Sqrt[c]l*
d - IxSqrtlal*e)*Sqrt[1 + (c*x~4)/al*EllipticF[I*ArcSinh[Sqrt[(I*Sqrt[c])/S
grtlall=*x], -1] + (2%I)*a*Bxd*exSqrt[l + (c*x"4)/al*EllipticPi[((-I)*Sqrtl[a
1xe)/(Sqrtlc]*d), I*ArcSinh[Sqrt[(I*Sqrt(lc])/Sqrtlall=*x], -1]1 - (2xI)*a*xAxe
~2%Sqrt[1 + (c*x~4)/a]*EllipticPi[((-I)*Sqrt[al*e)/(Sqrtlcl*d), I*ArcSinh[S
qrt [(IxSqrt[c])/Sqrtlall*x], -11)/(2*a*Sqrt [(I*Sqrt[c]l)/Sqrtlall*d*(c*xd~2 +
axe”2)xSqrt[a + c*xx"4])
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Maple [C] time = 0.023, size = 564, normalized size = 0.8

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*xx"2+A)/(e*xx~2+d)/(c*xx"4+a)”~(3/2),x)

[Out] B/ex(1/2/axx/((x"4+a/c)*c)~(1/2)+1/2/a/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/
2)*xc”(1/2)*x72) " (1/2) *(1+I/a~ (1/2) *c~ (1/2)*x~2) " (1/2) / (c*x"4+a) " (1/2) *E1lip
ticF(xx(I/a"~(1/2)*c”(1/2))"(1/2),1I))+(Axe-B*d) /ex(-2*xcx(1/4/a*xe/(a*xe”2+c*xd”
2)*x"3-1/4/a*xd/ (axe”2+c*xd~2) *x) / ((x"4+a/c)*c) " (1/2)+1/2/a*xc*d/ (a*xe™2+c*d"2)
/(I/a~(1/2)*c~(1/2))~(1/2)*x(1-I/a~ (1/2)*c~(1/2)*x~2) ~(1/2)* (1+I/a~ (1/2) *xc~(
1/2)*x72)7(1/2) / (cxx~4+a) " (1/2)*E1llipticF (x*(I/a~(1/2)*c~(1/2))~(1/2) ,I)+1/
2xI/a”~ (1/2)*c~(1/2) *e/ (axe™2+c*d"2) /(I/a~ (1/2)*c~(1/2)) " (1/2)*x(1-I/a~(1/2) *
c™(1/2)*x72) " (1/2)*(1+I/a~ (1/2)xc~(1/2)*x~2) " (1/2) / (cxx~4+a) ~(1/2)*Elliptic
F(xx(I/a~(1/2)*c~(1/2))~(1/2),I)-1/2%xI/a~(1/2)*c~(1/2)*xe/ (a*xe"2+c*xd~2) /(I/a
“(1/2)xc”(1/2)) " (1/2)*x(1-TI/a~ (1/2) *c~ (1/2)*x~2) ~(1/2) * (1+I/a~ (1/2) *c~ (1/2) *
x72)7(1/2) / (c*x~4+a) " (1/2) *E1lipticE(x*(I/a~ (1/2)*c~(1/2))~(1/2) ,1)+1/(a*xe”
2+cxd~2)*xe”"2/d/(I/a~(1/2)*c~(1/2)) " (1/2)*x(1-I/a~ (1/2)*c~ (1/2)*x"2)~(1/2)*(1
+I/a~(1/2)*c™(1/2)*x~2)~(1/2) / (c*x"4+a) " (1/2) *E1llipticPi (x*(I/a~(1/2)*c~(1/
2))~(1/2) ,Ixa~(1/2)/c~(1/2)*e/d, (-1/a~(1/2)*c~(1/2))~(1/2)/(I/a~ (1/2)*c~(1/
2))°(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

Bx?+ A
3
(cx4 + a)E (ex2 + d)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)/(exx”2+d)/(c*x"4+a)”(3/2),x, algorithm="maxima")

[Out] integrate((B*x~2 + A)/((c*x™4 + a)~(3/2)*(e*xx”2 + d)), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)/(exx~2+d)/(c*x~4+a)~(3/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bxx**2+A)/(exx**2+d)/(c*x**4+a)**(3/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

Bx*+ A
(cx4 + a); (ex2 + d)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)/(exx~2+d)/(c*x~4+a)~(3/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)/((c*x™4 + a)~(3/2)x(exx"2 + d)), x)
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313 [— 2P gy

(d+ex2)2(a+cx4)3/2
Optimal. Leaf size=1494

result too large to display

[Out] (c*x*x(A*c*d™2 + 2*a*xBkd*e - a*xA*e”™2 + (Bxcxd™2 - 2xAxckdxe - a*Bxe™2)*x72))
/(2%ax(c*d™2 + axe”2)72*xSqrt[a + c*x74]) + (Sqrtlcl*e”2*(Bxd - Axe)*x*Sqrt[
a + c*x74])/(2xd*(c*d”™2 + axe”2) "2x(Sqrt[a] + Sqrtlcl*x~2)) - (Sqrtlcl*(B*c
xd"2 - 2%Axckxdxe - axBxe”2)*xxSqrtla + cxx"4])/(2%a*x(cxd”2 + axe”2) 2x(Sqrt
[a]l] + Sqrtlcl*x~2)) - (e”3*%(B*d - Axe)*xxSqrtl[a + c*x74])/(2xd*x(cxd”2 + ax*e
"2)72x(d + exx"2)) - (e7(3/2)*x(Bxd - Axe)*(3xcxd”2 + axe”2)*ArcTan[(Sqrt[cx*
d"2 + axe”2]*x)/(Sqrt[d]*Sqrt[e]*Sqrtla + c*x~4])]1)/(4%d"(3/2)*(c*xd"2 + a*e
~2)7(5/2)) - (e7(3/2)*(Bxc*xd™2 - 2*xAxc*dxe - axBkxe”2)*ArcTan[(Sqrt[c*d™2 +
axe”2]*x) /(Sqrt [d] *Sqrt [e]*Sqrt[a + c*x~4])])/(2%Sqrt[d]*(cxd~2 + a*e”2)~ (5
/2)) - (@~ (1/4)*c™(1/4)*e"2x(Bxd - Axe)*(Sqrtl[al + Sqrtlcl*x"2)*Sqrt[(a + c
*x74)/(Sqrt[a] + Sqrtlcl*x"2) 2]*EllipticE[2*ArcTan[(c™(1/4)*x)/a~(1/4)], 1
/2])/(2xd*(c*d"2 + axe”2)"2*xSqrtla + c*x"4]) + (c~(1/4)*(Bxc*d™2 - 2kxA*xcxdx*
e - a*Bxe”2)*(Sqrt[al + Sqrtlcl*x~2)*Sqrt[(a + c*x74)/(Sqrtla] + Sqrtlc]*x~
2)"2]*EllipticE[2*ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(2%a~(3/4)*(cxd"2 + ax
e”2)72xSqrt[a + c*x"4]) - (c~(1/4)*ex(Bxd - Axe)*(Sqrtl[al + Sqrt[cl*x~2)*Sq
rt[(a + c*x74)/(Sqrt[al + Sqrtlcl*x~2) " 2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a"
(1/4)]1, 1/2]1)/(2*a~(1/4)*d*(Sqrt[cl*d - Sqrtlal*e)*(c*d~2 + axe”2)*Sqrt[a +
cxx”4]) - (c~(1/4)*ex(B*c*d™2 - 2%A*xckdxe - a*B*xe”2)*(Sqrt[a] + Sqrt([cl*x~
2)*Sqrt[(a + c*xx~4)/(Sqrtlal + Sqrtlcl*x~2)"2]*EllipticF[2*ArcTan[(c™(1/4)*
x)/a~(1/4)]1, 1/2]1)/(2xa~(1/4)*(Sqrt[cl*d - Sqrt[al*e)*(c*d"2 + a*e”2) 2*Sqr
tla + c*x74]) - (c™(1/4)*(B*xc*d™2 - 2%A*xckdxe - a*xBxe™2 - (Sqrtlcl*(Axc*xd™2
+ 2%a*xBxd*e - axAxe”2))/Sqrtlal)*(Sqrtlal + Sqrtlcl*x~2)*Sqrtl(a + c*x~4)/
(Sqrt[al + Sqrtlcl*x"2)"2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/21)/(
4xa” (3/4)*(cxd™2 + axe”2)72xSqrt[a + c*xx"4]) + (ex(Sqrtlcl*d + Sqrtl[alxe)*(
Bxd - Axe)*(3*cxd"2 + a*xe”2)*(Sqrtla] + Sqrtlc]*x"2)*Sqrt[(a + c*xx~4)/(Sqrt
[a] + Sqrtlcl*x~2)~2]*EllipticPi[-(Sqrtlcl*d - Sqrt[alx*e)~2/(4*Sqrt[al*Sqrt
[c]*d*e), 2xArcTan[(c~(1/4)*x)/a~(1/4)], 1/2]1)/(8*a~(1/4)*c~(1/4)*d~2*(Sqrt
[c]*d - Sqrtlal*e)*(cxd™2 + axe”2) " 2+Sqrtla + c*x~4]) + (a~(3/4)*ex((Sqrtlc
1xd)/Sqrt[al + e)"2*%(Bkcxd™2 - 2*Axckd*e - a*Bxe”2)*(Sqrtl[a] + Sqrtlcl*x"2)
xSqrt[(a + c*x74)/(Sqrtla]l + Sqrtlcl*x~2) 2]*EllipticPi[-(Sqrt[c]*d - Sqrt[
al*e) "2/ (4xSqrt[al *Sqrt [c]l*d*e), 2xArcTan[(c~(1/4)*x)/a~(1/4)], 1/2])/(4*c”
(1/4)*d*x(cxd™2 - a*e”2)*(c*xd”2 + axe”2) 2xSqrt[a + c*x74])

Rubi [A] time = 2.0065, antiderivative size = 1494, normalized size of antiderivative =

. . b f rul
1., number of steps used = 15, number of rules used = 10, integrand size = 28, fqumber o oes
integrand size
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= 0.357, Rules used = {1721, 1179, 1198, 220, 1196, 1224, 1715, 1709, 1707, 1217}

result too large to display

Antiderivative was successfully verified.

[In] Int[(A + B*x~2)/((d + exx~2)"2*x(a + c*x~4)~(3/2)),x]

[Out] (c*x*x(A*cxd™2 + 2+%axBkxd*e - axA*e”™2 + (Bkcxd™2 - 2%Axcxd*e - axBxe”2)*x72))
/(2xa*x(c*d™2 + axe”2) " 2xSqrtla + c*x"4]) + (Sqrtlcl*e”2x(Bxd - Axe)*x*Sqrt[
a + c*x74])/(2xd*(c*d"2 + axe”2) " 2x(Sqrt[a] + Sqrtl[c]*x72)) - (Sqrtlcl*(Bxc
*d"2 - 2kAxcxdxe - axBxe”2)*xxxSqrt[a + c*x"4])/(2xax(cxd”2 + a*xe”2) 2% (Sqrt
[a] + Sqrtlcl*x"2)) - (e”3*(B*d - Axe)*xxSqrtl[a + c*x74])/(2xdx(cxd~2 + a*e
"2)72%(d + e*xx72)) - (e7(3/2)*(B*xd - A*e)*(3*%cxd”"2 + axe”2)*ArcTan[(Sqrt [c*
d”2 + axe”2]*x)/(Sqrt[d]*Sqrtlel*Sqrtla + c*x"4]1)])/(4xd~(3/2)*(c*d"2 + axe
~2)7(5/2)) - (e7(3/2)*(Bxcxd™2 - 2*%Axc*d*e - axB*xe”2)*ArcTan[(Sqrt[c*d~2 +
axe”2]*x)/(Sqrt [d]*Sqrt[e]l*Sqrta + c*x~4])]1)/(2*Sqrt[d]*(cxd"2 + axe”2)" (5
/2)) - (a~(1/4)*c™(1/4)*e”2+(B*d - A*xe)*(Sqrtlal + Sqrtlcl*x"2)*Sqrtl[(a + c
*xx~4)/(Sqrt[al + Sqrtlcl*x~2) 2]*EllipticE[2*ArcTan[(c”™(1/4)*x)/a~(1/4)], 1
/2]1)/(2xd*(c*d”™2 + a*xe”2) 2xSqrtla + c*x74]) + (c~(1/4)*(B*cxd~2 - 2*Axc*dx
e - a*Bxe”2)*(Sqrt[al + Sqrtlcl*x~2)*Sqrt[(a + c*x74)/(Sqrtla] + Sqrtlcl*x"
2) 2] *EllipticE[2xArcTan[(c~(1/4)*x)/a~(1/4)], 1/2])/(2*a~(3/4)*(cxd"2 + ax
e”2)72xSqrt[a + c*x~4]) - (c~(1/4)*ex(Bxd - Axe)*(Sqrtl[al + Sqrtlcl*x~2)*Sq
rt[(a + c*x74)/(Sqrt[a] + Sqrtlc]l*x72) " 2]*EllipticF[2xArcTan[(c~(1/4)*x)/a"~
(1/4)]1, 1/2]1)/(2xa~(1/4)*d*(Sqrtlc]*d - Sqrtlal*e)*(cxd~2 + a*e”2)*Sqrt[a +
cxx~4]) - (c”(1/4)*ex(Bxc*d™2 - 2xAxckdxe - axBxe”2)x(Sqrtla] + Sqrtlc]*x~
2)xSqrt[(a + c*x"4)/(Sqrtlal + Sqrtlcl*x"2) 2]*EllipticF[2*ArcTan[(c™(1/4)*
x)/a~(1/4)]1, 1/2]1)/(2xa~(1/4)*(Sqrt[cl*d - Sqrt[al*e)*(c*d”2 + axe”2) 2*Sqr
tla + c*x74]) - (c™(1/4)*(B*xc*d™2 - 2%A*xcxd*e - a*Bxe”2 - (Sqrt[c]*(A*xcxd™2
+ 2%a*xBxd*e - axAxe”2))/Sqrtlal)*(Sqrtl[al + Sqrtlcl*x~2)*Sqrt[(a + c*x~4)/
(Sqrtlal + Sqrtlcl*x~2)~2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/21)/(
4xa~(3/4)*(c*d™2 + axe”2) 2#Sqrtla + c*xx"4]) + (ex(Sqrtlcl*d + Sqrt[al*e)x*(
Bxd - A*e)*(3xc*d”2 + axe”2)x(Sqrtl[al + Sqrtlcl*x~2)*Sqrt[(a + c*x74)/(Sqrt
[a]l + Sqrtlcl*x~2)72]*EllipticPi[-(Sqrtlcl*d - Sqrt([al*e)”~2/(4xSqrt[a]*Sqrt
[cl*d*e), 2*¥ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(8*a~(1/4)*c~(1/4)*d~2*(Sqrt
[c]*d - Sqrtlal*e)*(cxd™2 + a*xe”2)724Sqrtla + c*xx"4]) + (a~(3/4)*ex((Sqrtlc
1xd) /Sqrtal + e)~2*(B*cxd™2 - 2*Axckd*e - a*Bxe”2)*(Sqrtl[a] + Sqrtlcl*x"2)
xSqrt[(a + c*xx"4)/(Sqrtl[al + Sqrtlcl*x~2) 2]*EllipticPi[-(Sqrtlc]l*d - Sqrtl
al*e) "2/ (4xSqrt [a]l *Sqrt[cl*d*e), 2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2]1)/(4xc”
(1/4) *d*x(cxd™2 - a*xe”™2)*(cxd”2 + a*e”2)72xSqrt[a + c*xx"4])

Rule 1721

Int[(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (c_.)*x(x_)"4)"(p_), x_Symbol]
:> Int[ExpandIntegrand[1/Sqrt[a + c*x~4], Pxx(d + exx"2) gx(a + c*xx~4)~(p
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+1/2), x], x] /; FreeQl[{a, c, 4, e}, x] && PolyQ[Px, x72] && NeQ[cxd"2 + a
xe”2, 0] && IntegerQ[p + 1/2] && IntegerQ[ql

Rule 1179

Int[((d_) + (e_.)*x(x_)"2)*((a_) + (c_.)*x(x_)"4)"(p_), x_Symbol] :> -Simp[(x
x(d + exx"2)*x(a + c*xx74) " (p + 1))/ (4xa*x(p + 1)), x] + Dist[1/(4*xax(p + 1)),
Int [Simp[d*(4*p + 5) + ex(4*p + 7)*x72, x]*x(a + cxx"4)~(p + 1), x], x] /;
FreeQ[{a, c, d, e}, x] && NeQ[cxd~2 + axe”2, 0] && LtQ[p, -1] && IntegerQ[2

*p]

Rule 1198

Int[((d_) + (e_.)*(x_)~"2)/Sqrt[(a_) + (c_.)*(x_)~"4], x_Symbol] :> With[{q =
Rt[c/a, 2]}, Dist[(e + dxq)/q, Int[1/Sqrtla + cxx~4], x], x] - Distle/q, I
nt[(1 - g*x~2)/Sqrtla + c*x~4], x], x] /; NeQl[e + dxq, 0]] /; FreeQ[{a, c,
d, e}, x] && PosQ[c/al

Rule 220

Int[1/Sqrtl(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simp[(
(1 + q"2*x72)*Sqrt[(a + b*x"4)/(a*x(1 + q~2*x72)72)]*EllipticF [2*ArcTan [q*x]
» 1/2]1)/(2xq*Sqrta + b*x~4]), x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 1196

Int[((d_) + (e_.)*(x_)"2)/Sqrtl[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 4]}, -Simp[(d*x*Sqrtla + cxx~4])/(a*x(1 + q~2*x"2)), x] + Simp[(d*(
1 + gq72*%x72)*Sqrt[(a + c*x74)/(ax(1 + q72%x72)"2)]*EllipticE[2*ArcTan[qg*x],
1/2]1)/(g*Sqrt[a + c*x~4]), x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e},
x] && PosQ[c/a]

Rule 1224

Int[((d_) + (e_.)*(x_)"2)"(q_)/Sqrtl(a_) + (c_.)*(x_)"4], x_Symbol] :> -Sim
pl(e~2*xxx(d + exx"2)"(q + 1)*Sqrtla + c*x"4])/(2xd*(q + 1)*(cxd”2 + a*xe”2))
, x] + Dist[1/(2xd*(q + 1)*(cxd”2 + a*e”2)), Int[((d + exx"2)"(q + 1)*Simp[
axe”™2x(2%q + 3) + 2%cxd"2x(q + 1) - 2%excxd*(q + 1)*x”2 + c*e”2%(2xq + 5)*x
~4, x])/Sqrtla + cxx~4], x], x] /; FreeQ[{a, c, d, e}, x] && ILtQ[q, -1]

Rule 1715

Int[(P4x_)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]), x_Symbol] :>
With[{q = Rtlc/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff
[P4x, x, 4]}, -Dist[C/(exq), Int[(1 - g*x72)/Sqrtla + c*x74], x], x] + Dist
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[1/(c*xe), Int[(Axcke + a*Cxdxq + (B*xcxe - Cx(cxd - axexq))*x"2)/((d + exx"2
)*Sqrtla + c*xx”4]), x], x]] /; FreeQ[{a, c, d, e}, x] && PolyQ[P4x, x72, 2]
&% NeQ[c*xd™2 + axe”2, 0] && NeQ[cxd™2 - a*xe”2, 0] && PosQ[c/al

Rule 1709

Int[(CA_.) + (B_.)*(x_)"2)/(((d_) + (e_.)*x(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]
), x_Symbol] :> With[{q = Rtlc/a, 2]}, Dist[(Ax(cxd + axe*q) - a*Bx(e + dxq
))/(c*xd™2 - axe”2), Int[1/Sqrtl[a + c*x~4], x], x] + Dist[(ax(Bxd - Axe)*(e

+ d*xq))/(c*xd”™2 - a*e”2), Int[(1 + g*x~2)/((d + e*xx"2)xSqrtl[a + c*x~4]), x],
x]] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*d"2 + a*xe™2, 0] && NeQ[c*d"2

- axe”™2, 0] && PosQ[c/al && NeQ[c*A~2 - axB~2, 0]

Rule 1707

Int[((A) + (B_.)*(x_)"2)/(((d_) + (e_.)*x(x_)"2)*Sqrtl[(a_) + (c_.)*(x_)"4])
, x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - Axe)*ArcTan[(Rt[(cxd)/e
+ (axe)/d, 2]1*x)/Sqrtla + cxx"4]])/(2xd*exRt[(cxd)/e + (a*xe)/d, 2]), x] +
Simp[((Bxd + Axe)x(A + Bxx"2)*Sqrt[(A™2*(a + c*x74))/(a*x(A + B*xx"2)72)]*E1ll
ipticPi[Cancel [-((Bxd - Axe)~2/(4*xdxe*A*B))], 2*ArcTan[q*x], 1/2])/(4*xdxex*A
xq*Sqrt[a + cxx~4]), x]] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[cxd™2 + axe
=2, 0] && NeQ[cxd™2 - a*xe”2, 0] && PosQ[c/al && EqQ[c*A~2 - axB~2, 0]

Rule 1217

Int[1/(((d_ ) + (e_.)*(x_)~2)*Sqrtl(a_) + (c_.)*(x_)"4]), x_Symbol] :> With[
{q = Rtlc/a, 2]}, Dist[(cxd + axe*xq)/(c*d”2 - a*e”2), Int[1/Sqrtla + c*x74]
, x], x] - Dist[(axex(e + d*q))/(cxd”2 - a*e”2), Int[(1 + g*x72)/((d + e*x”
2)*Sqrt[a + cxx~4]), x], x]] /; FreeQ[{a, c, d, e}, x] && NeQ[c*d~2 + axe”2
, 0] && NeQ[c*xd™2 - axe™2, 0] && PosQ[c/al

Rubi steps



97

A+ Bx? c (Acd2 + 2aBde — aAe* + (Bcd2 —2Acde - aBeZ) xz) e(~Bd + Ae)
f (d + ex2)2 (a + cx4)3/2 T f (cd2 + aez)2 (a + cx4)3/2 i (cd2 + aez) (d + exz)2 Va
Acd?+2aBde-a Ae?+(Bcd?-2 Acde—aBe? ) x? 1
cf - dx  (e(Bd - Ae)) [ N dx (e (Bed? -
B (cdz + aez)z cd? + ae?

cx (Acd2 +2aBde — aAe? + (Bcd2 —2Acde - aBeZ) xz) A(Bd - AeyxVa+cxt €
2a (cd2 + aez)z Va + cxt 2d (cd2 + aez)z (d + exz)

cx (Acd2 +2aBde — aAe? + (Bcd2 — 2Acde - aBez) xz) e3(Bd — Ae)xVa + cx*
2a (cd2 + aez)z Va + cx* 2d (cd2 + aez)z (d + exz)

cx (Acd2 +2aBde — aAe? + (Bcal2 — 2Acde - aBeZ) xz) \ce2(Bd - Ae)xVa + cx?
+

2a (cd2 + aez)z Va + cxt 2d (cd2 + 1162)2 (\/E + \/Exz)

cx (Acd2 +2aBde — aAé? + (Bccl2 —2Acde - aBez) xz) \ce2(Bd — Ae)xVa + cx*
+

2a (cd2 + aez)z Va + cx* 2d (cd2 + aez)z (\/E + \/Exz)

Mathematica [C] time = 1.62582, size = 427, normalized size = 0.29

d\/% (cdx (d + exz) (—aAez + aBe (Zd - exz) + Acd (d - Zexz) + Bcdzxz) + aedx (a + cx4) (Ae - Bd)) — 4/ % +1 (d -

Antiderivative was successfully verified.

[In] Integrate[(A + B*x"2)/((d + e*x"2)"2*(a + c*x~4)~(3/2)),x]

[Out] (Sqrt[(IxSqrtlcl)/Sqrtlall*d*(axe”3x(-(Bxd) + Axe)x*x*(a + c*x"4) + c*xdxx*(d
+ exx”2)*(-(a*xA*e”2) + Bxcxd™2xx72 + Axcxdx(d - 2%e*x"2) + axBkex(2xd - ex
x72))) - (d + exx"2)*Sqrt[1 + (c*x74)/al*(-(Sqrt[al*Sqrt[c]*d*(-(B*c*d~3) +
2xAxc*xd"2%e + 2%axBkdxe”2 - axAxe”3)*EllipticE[I*ArcSinh[Sqrt[(I*Sqrt(c])/
Sqrtlall*x], -1]) + Ix(Sqrtlcl*d*(Sqrtlcl*d - IxSqrt[al*e)*(Axcxd™2 + I*Sqr
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t[al*Sqrt [c]*d*(Bxd - Axe) + axex(2*Bxd - Axe))*EllipticF[IxArcSinh[Sqrt[(I
*xSqrt[c])/Sqrtlall*x], -1] + akxex(-5*B*xc*d™3 + 7*A*c*d 2xe + a*Bkxd*e™2 + ax

Axe~3)*E1lipticPi [((-I)*Sqrt[al*e)/(Sqrtlcl*d), I*ArcSinh[Sqrt[(I*Sqrt[c])/
Sqrtlall*x], -11)))/(2*axSqrt[(I*Sqrtlc])/Sqrtlall*(c*d~3 + axd*xe”2) 2x(d +
exx~2)*Sqrt[a + cxx"4])

Maple [C] time = 0.033, size = 1384, normalized size = 0.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x"2+A)/(e*x"2+d) "2/ (c*x"4+a)~(3/2) ,x)

[Out] (Axe-Bx*d)/ex(1/2*e~4/(axe”2+c*d~2) " 2/d*x* (c*xx~4+a) " (1/2)/(exx”2+d)-2*xc*x(1/2
/axcxd*e/ (a*xe ™ 2+c*xd”~2) "2xx"3+1/4/a*x (a*e”2-c*d"2) / (a*xe™2+cxd~2) "2x*x) / ((x"4+a
/c)*c)~(1/2)-1/(1/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~ (1/2) *c~(1/2)*x~2)~(1/2)* (1
+I/a~(1/2)*c™(1/2)*x~2)~(1/2) / (c*x"4+a) " (1/2) *E1llipticF (x*(I/a~(1/2)*c~(1/2
))~(1/2) ,I)*e”2*c/ (axe™2+cxd"2) "2+1/2/(I/a~ (1/2)*xc~(1/2))~(1/2)*(1-I/a~(1/2
)*xc”(1/2)*x72) " (1/2)* (1+I/a” (1/2) *c™ (1/2)*x~2) ~(1/2) / (c*x"4+a) " (1/2) *E1lipt
icF(x*(I/a~(1/2)*c~(1/2))"(1/2),I)/axc”2/(a*xe™2+c*xd~2) "2*%d~2-1/2*xI*a~(1/2)/
(I/7a~(1/2)*c™(1/2))~(1/2)*(1-I/a~ (1/2) *c~(1/2)*x~2) ~(1/2)*(1+I/a~ (1/2) *c~ (1
/2)*x72)7(1/2) / (cxx~4+a) ~(1/2)*c~(1/2) *e~3/ (a*e™2+c*d"2) "2/d*E1llipticF (x* (I
/a”~(1/2)*c~(1/2))~(1/2) ,I1)+1/2xI*xa~(1/2)/(I/a~(1/2)*xc~(1/2))~(1/2)*x(1-I/a"(
1/2)*%c™(1/2)*x"2) " (1/2)*(1+I/a~ (1/2) *c~(1/2)*x~2) ~(1/2) / (c*xx"4+a) ~(1/2) *c~(
1/2)*e”3/(a*xe”2+c*d”~2) "2/d*E1llipticE(x*x(I/a~ (1/2)*c~(1/2))~(1/2),I)+I/a~(1/
2)/(I/a~(1/2)*xc~(1/2))~(1/2)*x(1-I/a~ (1/2)*c~(1/2)*x~2) " (1/2)*(1+I/a~ (1/2) *c
“(1/2)*x72) " (1/2) / (cxx~4+a) ~(1/2) *c~ (3/2) *d*e/ (a*e ™ 2+cxd~2) "2+E1lipticF (x*(
I/a”(1/2)*c~(1/2))~(1/2),1)-I/a~(1/2)/(1/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2
)*xc”(1/2)*x72) ~(1/2) % (1+I/a” (1/2) *c™ (1/2)*x~2) " (1/2) / (c*x"4+a) ~(1/2) *c~(3/2
)*d*xe/ (a*xe™2+c*d"2) "2+E1lipticE(x*(I/a~(1/2)*c~(1/2))~(1/2),1)+1/2*e~4/ (ax*e
“2+c*xd”2)72/d72/(I/a” (1/2)*xc”(1/2))~(1/2)*(1-I/a~(1/2) *c~ (1/2) *x~2) ~ (1/2) *(
1+I/a~(1/2)*c~ (1/2)*x~2) ~(1/2) / (c*x~4+a) " (1/2) *E11lipticPi (x*(I/a~(1/2) *c~ (1
/2))~(1/2) ,Ixa~(1/2)/c~(1/2)*e/d, (-I/a~(1/2)*c~(1/2))~(1/2)/(I/a~(1/2)*c~ (1
/2))~(1/2)) *a+7/2xe~2/ (axe”2+c*xd~2) "2/ (I/a~ (1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2
Y*xc”(1/2)*x72) ~(1/2)* (1+I/a”~ (1/2) *c™ (1/2)*x~2) ~(1/2) / (c*x"4+a) " (1/2) *E1lipt
icPi(x*(I/a~(1/2)*c~(1/2))~(1/2) ,I*xa~(1/2)/c~(1/2)*e/d, (-I/a~(1/2)*c~(1/2))
~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2) ) *c)+B/ex(-2*xcx(1/4/axe/ (a*e™2+c*d"2) *x~3-1
/4/axd/ (a*xe”2+c*xd”~2) *x) / ((x~4+a/c)*c) " (1/2)+1/2/a*xc*xd/ (axe"2+cxd~2) /(I/a~ (1
/2)*%c™(1/2))"(1/2)*(1-I/a~(1/2)*xc” (1/2)*x~2) " (1/2) * (1+I/a~ (1/2)*c~ (1/2) *x~2
)~ (1/2)/ (c*x~4+a) " (1/2)*E1llipticF (x*x(I/a~ (1/2)*c~(1/2))~(1/2) ,I)+1/2xI/a" (1
/2)*c”(1/2)*e/(a*xe”2+c*d”2) /(I/a~(1/2)*c~(1/2) )~ (1/2)*(1-I/a~ (1/2)*c~(1/2) *
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x"2)7(1/2) % (1+I/a~(1/2)*xc”(1/2)*x~2) ~(1/2) / (c*x~4+a) " (1/2)*EllipticF (x*(I/a
“(1/2)*c”(1/2))~(1/2) ,I)-1/2*%I/a~(1/2) *c~(1/2)*e/ (a*e™2+c*xd~2) / (I/a~ (1/2) *c
~(1/2))°(1/2)*(1-I/a~ (1/2)*xc~ (1/2)*x~2) ~(1/2) * (1+I/a~ (1/2)*c~ (1/2)*x~2) ~(1/
2)/(c*x~4+a) " (1/2)*E1llipticE(x*(I/a~(1/2)*c~(1/2))~(1/2),1)+1/(a*e”~2+c*d"2)
xe~2/d/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2)*c”~(1/2)*x~2) ~(1/2)*(1+I/a~(1/
2)*xc™(1/2)*x72) 7 (1/2) / (c*x~4+a) " (1/2)*E11lipticPi (x* (I/a~ (1/2)*c~(1/2))~(1/2
), Ixa~(1/2)/c~(1/2)*e/d, (-I/a~(1/2)*xc~(1/2))~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2
)))

Maxima [F] time = 0., size = 0, normalized size = 0.

Bx2+ A
3
(cx4 + a)i(exz + d)2

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)/(exx~2+d) "2/ (c*x"4+a)~(3/2),x, algorithm="maxima"

[Out] integrate((B*x~2 + A)/((c*x"4 + a)~(3/2)*(e*xx”2 + d)~2), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx"2+A)/(exx~2+d) "2/ (c*x"4+a)~(3/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.
Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((B*x**2+A)/ (exx**2+d)**2/ (ckx**4+a)**(3/2) ,x)
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[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

Bx* + A
(cx4 + a)%(exz + d)2

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)/(exx~2+d)~2/(c*x"4+a)~(3/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)/((c*x"4 + a)~(3/2)x(exx”2 + d)72), x)



101

314 [— 2 gy

(d+ex2)3(a+cx4)3/2
Optimal. Leaf size=2452

result too large to display

[Out] (c*x*(A*ckd*(cxd™2 - 3*axe”2) + a*Bke*x(3*cxd™2 - a*e™2) + c*(Bkckd™3 - 3*Ax
c*d"2%e - 3*axBxd*e”2 + axA*e”3)xx72))/(2%ax(cxd”2 + axe”2) " 3xSqrtl[a + c*xx”
4]) + (3*Sqrtlcl*e”2%(Bxd - Axe)*(3xcxd™2 + axe”2)*x*Sqrtla + cxx~4])/(8*d”
2% (c*d”2 + axe”2)73x(Sqrtl[al + Sqrtlcl*x72)) + (Sqrtlcl*e™2x(Bxcxd™2 - 2*Ax*
cxd*e - axBxe”2)*x*Sqrtla + c*xx74])/(2*dx(c*d”2 + a*xe”2) " 3*(Sqrtlal + Sqrtl
c]*x72)) - (c7(3/2)*(Bxc*d™3 - 3xA*xcxd~2%e - 3*xa*xBkdxe”2 + axAxe”3)*x*Sqrt[
a + c*x74])/(2xax(c*xd™2 + axe”2) 3*x(Sqrt[a] + Sqrtlcl*x~2)) - (e"3*(Bxd - A
xe)xx*Sqrt[a + cxx74])/(4*xd*x(cxd"2 + a*xe”™2)72x(d + exx"2)72) - (3*e”3*(Bxd
- Axe)*(3%c*xd”2 + axe”2)*x*xSqrtla + c*x74])/(8%d"2%(c*xd"2 + axe”2)73%(d + e
*xx72)) - (e73x(Bxc*d~2 - 2xA*xcxd*e - a*Bxe”2)*x*Sqrtla + c*x74])/(2*d*(c*d”
2 + a*e”2)73%(d + exx”2)) - (e7(3/2)*(3*xc*d”2 + axe”2)*(Bkcxd"2 - 2*Axcxdx*e
- axBxe”2)*ArcTan[(Sqrt [c*d™2 + axe”2]*x)/(Sqrt[d]*Sqrt[e]l*Sqrtla + c*x"4]
)1)/(4%d™(3/2) % (c*xd™2 + a*xe”2)7(7/2)) - (c*e”(3/2)*(Bxcxd™3 - 3*xAxckd 2%e -
3*xa*Bxd*e”2 + axAxe”3)*ArcTan[(Sqrt[c*d™2 + axe”2]*x)/(Sqrt[d]*Sqrt[e]*Sqr
tla + c*x74]1)])/(2xSqrt[d]*(c*d™2 + a*xe™2)~(7/2)) - (3*e”(3/2)*(Bxd - Axe)*
(5xc™2*%d™4 + 2%axc*d"2xe”2 + a"2xe"4)*ArcTan[(Sqrt[cxd™2 + a*e”2]*x)/(Sqrt[
d]*Sqrt[e]*Sqrt[a + cxx"4])]1)/(16%d”(5/2)*(cxd~2 + a*e”2)~(7/2)) - (3*xa~(1/
4)xc”(1/4)*e" 2+ (B*xd - Axe)*(3*%cxd"2 + a*e”2)*(Sqrtla] + Sqrtlc]*x"2)*Sqrt[(
a + c*x74)/(Sqrtl[a] + Sqrtlc]*x~2)"2]*EllipticE[2xArcTan[(c~(1/4)*x)/a~(1/4
)1, 1/2]1)/(8*d"2%(cxd"2 + a*e”2) 3*xSqrtla + c*x74]) - (a~(1/4)*c”(1/4)*e”2x%
(Bxc*d™2 - 2xAxcxd*e - axBxe”2)*(Sqrt[a] + Sqrtl[cl*x"2)*Sqrt[(a + c*x74)/(S
qrtlal + Sqrtlcl*x~2) 2]*EllipticE[2*ArcTan[(c™(1/4)*x)/a~(1/4)]1, 1/2]1)/ (2%
dx(cxd™2 + a*xe”2)73*Sqrtla + cxx"4]) + (c7(5/4)*(Bxc*d™3 - 3xAxc*xd"2%e - 3x
a*Bxd*e”2 + axAxe”3)*(Sqrtl[a] + Sqrtl[c]*x~2)*Sqrt[(a + c*x74)/(Sqrt[a]l + Sq
rt[c]*x~2)"2]*E1llipticE[2*ArcTan[(c™(1/4)*x)/a~(1/4)]1, 1/2]1)/(2xa~(3/4)* (c*
d”2 + axe”2)73xSqrtla + c*x"4]) - (c”(1/4)*ex(Bxd - Axe)*(4*c*xd”2 - Sqrtl[al
xSqrt [c]*dxe + 3xa*xe”2)*(Sqrtla] + Sqrtlc]*x"2)*Sqrtl[(a + c*xx"4)/(Sqrtlal +
Sqrt [c]*x72) "2]*EllipticF [2*ArcTan[(c™(1/4)*x)/a~(1/4)]1, 1/2])/(8*xa”~(1/4)*
d~2*(Sqrtlcl*d - Sqrtlal*e)*(cxd™2 + a*e”2) 2*Sqrt[a + c*x"4]) - (c~(1/4)*e
*(Bxcxd™2 - 2%Axcxdxe - axBxe”2)*(Sqrtlal + Sqrtlc]*x"2)*Sqrtl[(a + c*x74)/(
Sqrtlal + Sqrtlcl*x~2)"2]*EllipticF[2xArcTan[(c~(1/4)*x)/a~(1/4)], 1/2]1)/(2
*xa” (1/4)*d*x(Sqrt[c]*d - Sqrtlal*e)*(cxd™2 + a*e”2)72xSqrtla + c*xx"4]) - (c~
(6/4) *ex (Bxc*d~3 - 3xAxc*d"2%e - 3*axBxd*e”2 + axA*xe”3)x*(Sqrtla] + Sqrt[c]*
x"2)*Sqrt[(a + c*x74)/(Sqrtla] + Sqrtlc]*x72)"2]*EllipticF[2*ArcTan[(c~(1/4
)xx)/a~(1/4)]1, 1/2]1)/(2%a~(1/4)*(Sqrtlcl*d - Sqrtlal*e)*(c*d™2 + a*e”2)73%S
qrtla + c*x74]) + (c™(3/4)*(A*c™2*d"3 - a"2*Bxe~3 - Sqrt[a]l*c™(3/2)*d~2x*(Bx
d - 3%Axe) + 3xaxckdxex(Bxd - Axe) + a”~(3/2)*Sqrtlcl*e”2x(3*Bxd - Axe))*(Sq
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rt[a]l + Sqrtlcl*x~2)*Sqrt[(a + c*x74)/(Sqrtla] + Sqrtlc]*x2)72]*EllipticF[
2%ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2]1)/(4xa~(5/4)*(c*d"2 + a*xe”2) 3*Sqrt[a +

c*x74]) + (ex(Sqrtlcl*d + Sqrtlal*e)*(3xc*d™2 + axe”2)*(Bkcxd™2 - 2*Axcxdx*e
- axBxe”2)*(Sqrt[a] + Sqrtlcl*x"2)*Sqrtl[(a + c*x74)/(Sqrt[a] + Sqrtlcl*x~2
)"2]*EllipticPi[-(Sqrt[cl*d - Sqrt[al*e)~2/(4*Sqrt[a]*Sqrt[c]*d*e), 2*ArcTa
n[(c™(1/4)*x)/a~(1/4)]1, 1/2]1)/(8xa”~(1/4)*c”(1/4)*d"2x(Sqrt[c]*d - Sqrt[al*e
)*(c*d™2 + axe”2)73xSqrtla + c*xx"4]) + (a”(3/4)*c”(3/4)*e*x((Sqrtlc]*d)/Sqrt
[a] + e)72%(B*c*d™3 - 3%A*xcxd"2*%e — 3xa*Bkxd*e”2 + axAxe”3)*(Sqrtl[al + Sqrtl
c]*x"2)*Sqrt[(a + cxx"4)/(Sqrt[al + Sqrtlcl*x~2)~2]*E1llipticPi[-(Sqrt[c]l*d

- Sqrtl[al*e)~2/(4xSqrt[al*Sqrt[c]l*d*e), 2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2]
)/ (4xd*(cxd"2 - axe”2)*(c*d™2 + axe”2) 3*Sqrtla + cxx"4]) + (3*ex(Sqrtlclxd
+ Sqrtlal*e)*(B*d - A*e)*(5xc™2*d~4 + 2%axcxd"2*e”2 + a~2*xe”4)*(Sqrtl[al +
Sqrt [c]*x"2)*Sqrt[(a + c*xx"4)/(Sqrtl[al + Sqrtlcl*x~2)"2]*EllipticPi[-(Sqrt[
c]*d - Sqrtlal*e)”2/(4xSqrt[al*Sqrtc]*d*e), 2xArcTan[(c~(1/4)*x)/a~(1/4)],
1/2]1)/(32%a~(1/4)*c™(1/4)*d~3*%(Sqrt [c]*d - Sqrtlal*e)*(cxd”2 + a*e”2) 3%3q
rtla + cxx~4])

Rubi [A] time = 3.97126, antiderivative size = 2452, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 22, number of rules used = 11, integrand size = 28, e o e
integrand size

= 0.393, Rules used = {1721, 1179, 1198, 220, 1196, 1224, 1697, 1715, 1709, 1707, 1217}

result too large to display

Antiderivative was successfully verified.

[In] Int[(A + B*x"2)/((d + exx"2)"3x(a + c*xx~4)"(3/2)),x]

[Out] (cxx*x(Axcxd*(cxd™2 - 3*xaxe”2) + a*xBkex(3*c*d™2 - a*e”2) + cx(Bkckd™3 - 3*Ax
cxd"2%e - 3xa*Bkxdxe”2 + axA*e”3)*x72))/(2xax(cxd”2 + axe”2) " 3xSqrt[a + c*x”
4]) + (3xSqrtlcl*e”2+(Bxd - Axe)*(3*c*d”™2 + axe”2)*x*Sqrtla + c*xx~4])/(8%d"
2% (cxd™2 + axe”2)73x(Sqrtlal + Sqrtlcl*x72)) + (Sqrtlc]*e™2%(B*xc*d™2 - 2%Ax
ckdxe - axBkxe”2)xx*Sqrtla + cxx"4])/(2*d*(cxd"2 + axe”2) " 3*(Sqrt[al + Sqrt[
c]*x72)) - (c7(3/2)*(Bxc*d~3 - 3xA*xcxd~2%e - 3*xaxBkdxe”2 + axAxe”3)*x*Sqrt[
a + cxx"4])/(2%a*x(c*xd”2 + axe”2)73x(Sqrtl[al + Sqrtlcl*x72)) - (e”3*x(Bxd - A
xe) *xxSqrt[a + c*xx"4])/(4xd*x(c*xd™2 + a*e”2)72x(d + e*xx"2)72) - (3*xe”3*(Bxd
- Axe)*(3*c*d"2 + axe”2)*xxSqrtla + c*xx"4])/(8%d"2x(cxd"2 + a*e”2)73x(d + e
*xx72)) - (e73x(Bxc*d"2 - 2xA*xcxd*e - a*Bxe”2)*x*Sqrtla + c*x74])/(2*xd*(c*xd”
2 + axe”2)73x(d + exx"2)) - (e7(3/2)*(3xc*xd”2 + axe”2)*x(Bkcxd™2 - 2%Axcxdxe
- axBxe”2)xArcTan[(Sqrt[cxd~2 + a*xe”2]*x)/(Sqrt[d]*Sqrt[e]l*Sqrt[a + cxx"4]
)1)/(4%d”~ (3/2)*(c*d™2 + axe™2)7(7/2)) - (c*e”(3/2)*(B*c*d™3 - 3*A*xcxd™2xe -
3xaxBxdxe”2 + axAxe”3)*ArcTan[(Sqrt[cxd~2 + a*e”2]*x)/(Sqrt[d]*Sqrt[e]*Sqr
tla + c*xx74])])/(2xSqrt [d] *(c*d™2 + a*xe”2)7(7/2)) - (3xe”(3/2)*(Bxd - Axe)x*
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(5xc™2%d™4 + 2%axc*d"2*xe”2 + a"2xe"4)*ArcTan[(Sqrt[cxd™2 + a*e”™2]*x)/(Sqrt[
d]*Sqrt [e]*Sqrt[a + c*x74]1)]1)/(16%d~(5/2)*(c*d"2 + a*e™2)~(7/2)) - (3xa~(1/
4)xc”(1/4)*e" 2+ (B*xd - Axe)*(3*%cxd”2 + a*e”2)*(Sqrtla] + Sqrtlc]*x"2)*Sqrt[(
a + c*x74)/(Sqrtla] + Sqrtlcl*x"2)"2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4
)1, 1/2]1)/(8*%d"2*(cxd"2 + axe”2) 3*Sqrtla + c*x"4]) - (a~(1/4)*c”(1/4)*e"2x
(Bxc*xd™2 - 2xAxc*d*e - axBxe”2)*(Sqrt[a]l + Sqrtlcl*x~2)*Sqrt[(a + c*x"4)/(S
qrtlal + Sqrtlcl*x~2)"2]*EllipticE[2*ArcTan[(c™(1/4)*x)/a~(1/4)]1, 1/2]1)/ (2%
dx(cxd"2 + a*xe”2)73*Sqrtla + cxx"4]) + (c7(5/4)*(Bxc*d™3 - 3xAxckd™2%e - 3%
a*Bxd*e”2 + axA*xe”3)*(Sqrt[a] + Sqrt[cl*x~2)*Sqrt[(a + c*x~4)/(Sqrtl[al + Sq
rt[c]*x~2) 2] *EllipticE[2*ArcTan[(c™(1/4)*x)/a~(1/4)]1, 1/2]1)/(2xa~(3/4)*(c*
d™2 + axe”2)73*Sqrtla + cxx"4]) - (c"(1/4)*ex(Bxd - Axe)*(4*c*d”2 - Sqrtl[al
*Sqrt [c]*dxe + 3*axe”2)*(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + cxx~4)/(Sqrtl[a] +
Sqrt [c]*x72) "2]*EllipticF [2*ArcTan[(c™(1/4)*x)/a~(1/4)], 1/2])/(8*xa~(1/4)*
d"2*(Sqrt[cl*d - Sqrtlal*e)*(cxd™2 + a*xe”2) 2*Sqrtla + c*x"4]) - (c~(1/4)*e
*(Bxcxd™2 - 2*%Axcxdxe - axBxe”2)*(Sqrtl[al + Sqrtlcl*x"2)*Sqrtl(a + c*x74)/(
Sqrt[al + Sqrtlc]*x~2) 2]*EllipticF[2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, 1/2]1)/(2
*a~ (1/4)*d*(Sqrt[c]*d - Sqrtl[al*e)*(c*xd~2 + axe”2) 2*Sqrt[a + cxx"4]) - (c~
(6/4) *ex (Bxc*d™3 - 3kxAxc*d"2%e - 3*axBxd*e”2 + axA*xe”3)*(Sqrtla] + Sqrtlc]*
x"2)*Sqrt[(a + c*x74)/(Sqrtla] + Sqrtlc]*x72)72]*EllipticF[2*ArcTan[(c~(1/4
)*x)/a~(1/4)], 1/2]1)/(2xa~(1/4)*(Sqrtcl*d - Sqrt[al*e)*(c*d™2 + a*xe”2) ~3%S
qrtla + c*x74]) + (c~(3/4)*(A*c”2*d"3 - a~2*Bxe~3 - Sqrt[a]l*c™(3/2)*d~2x*(Bx
d - 3xA*e) + 3kakxckdxex(Bxd - A*xe) + a”~(3/2)*Sqrt[c]lxe 2% (3*B*xd - Axe))*(Sq
rtla] + Sqrtlcl*x~2)*Sqrtl[(a + c*x~4)/(Sqrtlal + Sqrtlcl*x2) 2]*EllipticF[
2xArcTan[(c™(1/4)*x)/a~(1/4)], 1/2])/(4*a~(5/4)*(cxd"2 + a*e”2) " 3*Sqrtla +

c*x74]) + (ex(Sqrtlcl*d + Sqrtlal*e)*(3xc*d™2 + axe”2)*(Bkcxd~2 - 2*Axcxdx*e
- a*Bxe”2)*(Sqrt[a]l + Sqrtlcl*x~2)*Sqrt[(a + c*x74)/(Sqrt[a]l + Sqrtlc]l*x"2
)"2]*E1lipticPi[-(Sqrt[c]l*d - Sqrt[al*e)”2/(4xSqrt[al*Sqrt[c]*d*e), 2*xArcTa
n[(c™(1/4)*x)/a~(1/4)], 1/21)/(8*a~(1/4)*c~(1/4)*d"2*(Sqrt[c]*d - Sqrt[a]xe
)*(c*d™2 + axe”2)73xSqrtla + c*xx"4]) + (2~ (3/4)*c”(3/4)*e*x((Sqrt[c]*d)/Sqrt
[a] + e)72x(B*c*d™3 - 3%A*xcxd"2*%e — 3xa*Bkxdxe”2 + axAxe”3)*(Sqrtl[al + Sqrtl
cl*x~2)*Sqrt[(a + cxx~4)/(Sqrtlal + Sqrtlcl*x~2) 2]*EllipticPi[-(Sqrt[c]*d
- Sqrtlal*e)~2/(4xSqrt[al*Sqrt[c]l*d*e), 2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2]
)/ (4xd*x(cxd™2 - a*e”2)*(cxd™2 + axe”2) 3xSqrt[a + c*xx"4]) + (3*ex(Sqrtlc]l*d
+ Sqrtlal*e)*(Bxd - Axe)*(5xc™2xd"4 + 2%akxcxd"2xe”2 + a~2*xe”4)*(Sqrt[al +
Sqrt [c]*x"2)*Sqrt[(a + c*xx~4)/(Sqrtl[al + Sqrtlcl*x~2)~2]*EllipticPi[-(Sqrtl[
cl*d - Sqrtlal*xe)”2/(4*Sqrt[al*Sqrtlc]l*d*e), 2xArcTan[(c™(1/4)*x)/a~(1/4)],
1/21)/(32*%a~(1/4)*c~ (1/4)*d"3*(Sqrt [c]*d - Sqrt[a]*e)*(c*d”2 + axe”2)73%xSq
rtla + c*x74])

Rule 1721

Int [(Px_)*((d_) + (e_.)*x(x_)"2)"(q_.)*x((a_) + (c_.)*x(x_)"4)"(p_), x_Symbol]
:> Int[ExpandIntegrand[1/Sqrt[a + c*x~4], Pxx(d + exx"2) gx(a + c*xx"4)~(p
+1/2), x1, x] /; FreeQ[{a, c, d, e}, x] && PolyQ[Px, x~2] && NeQ[c*d"2 + a

xe”2, 0] && IntegerQ[p + 1/2] && IntegerQ[ql
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Rule 1179

Int[((d_) + (e_.)*(x )"2)*x((a_) + (c_.)*x(x_)"4)"(p_), x_Symbol] :> -Simp[(x
x(d + exx”2)*x(a + c*xx”4)"(p + 1))/ (4xa*x(p + 1)), x] + Dist[1/(4xax(p + 1)),
Int [Simp[d*(4*p + 5) + ex(4*p + 7)*x"2, x]*(a + c*xx"4)"(p + 1), x], x] /;
FreeQ[{a, c, d, e}, x] && NeQ[c*d™2 + axe”2, 0] && LtQ[p, -1] && IntegerQ[2

*p]

Rule 1198

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (c_.)*(x_)"4], x_Symbol] :> With[{q =
Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtla + c*x~4], x], x] - Distle/q, I
nt[(1 - g*x~2)/Sqrtla + c*x~4], x], x] /; NeQ[e + d*q, 0]] /; FreeQ[{a, c,
d, e}, x] && PosQ[c/al

Rule 220

Int[1/Sqrt[(a_) + (b_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b/a, 41}, Simp[(
(1 + g72*%x72)*Sqrt[(a + b*x"4)/(ax(1 + q72%x72)72)]*E1llipticF [2*ArcTan[qg*x]
, 1/2]1)/(2*xgxSqrt[a + b*x~4]), x]] /; FreeQ[{a, b}, x] && PosQ[b/a]

Rule 1196

Int[((d_) + (e_.)*(x_)~"2)/Sqrt[(a_) + (c_.)*(x_)~"4], x_Symbol] :> With[{q =
Rt[c/a, 4]}, -Simp[(d*x*Sqrtla + cxx~4])/(a*x(1 + q~2*x"2)), x] + Simp[(d*(
1 + gq72*%x72)*Sqrt[(a + c*x74)/(ax(1 + q72%x72)"2)]*EllipticE[2*ArcTan[qg*x],
1/2]1)/(q*Sqrt[a + c*x74]), x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, c, d, e},
x] && PosQ[c/al

Rule 1224

Int[((d_ ) + (e_.)*x(x_)"2)"(q_)/Sqrtl(a_) + (c_.)*(x_)"4], x_Symbol] :> -Sim
pl(e~2*xxx(d + exx"2)"(q + 1)*Sqrtla + c*x"4])/(2xd*(q + 1)*(cxd”2 + a*xe”™2))
, x] + Dist[1/(2xd*(q + 1)*(cxd"2 + a*e”2)), Int[((d + e*x"2)"(q + 1)*Simp[
axe”2%(2*%q + 3) + 2xc*xd"2%(q + 1) - 2kexckdx(q + 1)*x72 + cxe”2x(2xq + 5)*x
~4, x]1)/Sqrtla + cxx~4], x], x] /; FreeQ[{a, c, d, e}, x] && ILtQ[q, -1]

Rule 1697

Int [((P4x_)*((d_) + (e_.)*(x_)"2)"(q_))/Sqrtl(a_) + (c_.)*(x_)"4], x_Symbol
] :> With[{A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff[P4x, x, 4]
}, -Simp[((C*d~2 - Bkxd*e + Axe"2)*x*(d + e*x”2)7(q + 1)*Sqrtla + c*x~4])/(2
xd*(q + 1)*x(cxd™2 + a*e”2)), x] + Dist[1/(2xd*(q + 1)*(cxd"2 + a*e”2)), Int
[((d + exx"2)"(q + 1)*Simp[axd*(Cxd - Bxe) + Ax(a*xe™2x(2%q + 3) + 2xc*xd™2x(
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q + 1)) + 2xd*(Bxcxd - Axcxe + axCxe)*(q + 1)*x72 + c*(Cxd™2 - Bkxd*e + Axe”
2)*(2*q + 5)*x"4, x])/Sqrtla + c*x74], x], x]] /; FreeQ[{a, c, d, e}, x] &&
PolyQ[P4x, x~2] && LeQ[Expon[P4x, x], 4] && NeQ[c*d™2 + axe”2, 0] && ILtQ[
9, -1]

Rule 1715

Int[(P4x_)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]), x_Symbol] :>
With[{q = Rtlc/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C = Coeff
[P4x, x, 4]}, -Dist[C/(exq), Int[(1 - g*x~2)/Sqrtla + c*x74], x], x] + Dist
[1/(cxe), Int[(A*cxe + a*Ckxdxq + (Bxcxe - Ckx(c*d - axexq))*x~2)/((d + e*x"2
)*Sqrtla + cxx~4]1), x], x]] /; FreeQ[{a, c, d, e}, x] && PolyQ[P4x, x72, 2]
&& NeQ[c*xd™2 + axe”2, 0] && NeQ[c*xd"2 - axe”2, 0] && PosQ[c/a]

Rule 1709

Int[(CA_.) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (c_.)*(x_)"4]
), x_Symbol] :> With[{q = Rtlc/a, 2]}, Dist[(Ax(cxd + axe*q) - a*Bx(e + dxq
))/(c*xd™2 - axe”2), Int[1/Sqrtl[a + c*x~4], x], x] + Dist[(ax(Bxd - Axe)x(e

+ d*q))/(cxd”™2 - a*e”2), Int[(1 + gq*x~2)/((d + e*x~2)xSqrtla + c*x~4]), x],
x]] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[c*d"2 + axe™2, 0] && NeQ[c*d"2

- axe”2, 0] && PosQ[c/al] && NeQ[c*A~2 - axB~2, 0]

Rule 1707

Int[(CAD) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)xSqrtl(a_) + (c_.)*(x_)"4]1)
, x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - Axe)*ArcTan[(Rt[(cx*d)/e
+ (axe)/d, 2]1*x)/Sqrtla + c*xx~4]])/(2xd*exRt[(cxd)/e + (axe)/d, 2]), x] +
Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A™2*(a + c*x74))/(a*x(A + B*xx"2)72)]*E1ll
ipticPi[Cancel [-((Bxd - Axe)~2/(4*xdxe*A*B))], 2*ArcTan[q*x], 1/2])/(4*xdxex*A
xq*Sqrt[a + cxx~4]), x]] /; FreeQ[{a, c, d, e, A, B}, x] && NeQ[cxd™2 + axe
~2, 0] && NeQ[c*d™2 - axe”2, 0] && PosQ[c/al && EqQ[c*A~2 - axB~2, 0]

Rule 1217

Int[1/(((d_ ) + (e_.)*(x_)"2)*Sqrtl(a_) + (c_.)*(x_)"4]), x_Symbol] :> With[
{q = Rtlc/a, 2]}, Dist[(c*d + a*xexq)/(c*xd"2 - a*e”2), Int[1/Sqrtl[a + c*x~4]
, x], x] - Dist[(a*xex(e + dxq))/(c*d™2 - axe”2), Int[(1 + g*x~2)/((d + exx”
2)*Sqrtla + cxx~4]), x], x]] /; FreeQ[{a, c, d, e}, x] && NeQ[cxd™2 + axe”2
, 0] && NeQ[c*xd™2 - axe”2, 0] && PosQ[c/al

Rubi steps
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f A + Bx? e f c (Acd (cd2 - 3an) +aBe (3cd2 - aez) +c (Bcd3 — 3Acd?e — 3aBde? + aAe3) x2)
( )"

(ccl2 + aez)3 (a + cx4)3/2

f Acd (cd2—3uez) +aBe (3cd2—ue2) +C(Bcd3 —3Acd?e-3aBde?+aAe® )x2
C

d+ exz)3 (a +cxt

(a+cx4)3 2

. dx  (e(Bd - Ae)) [ (

K
1
3

d+ex2) Va+cxt

(cd2 + aez)3

cd? + ae?

cx (Acd (cd2 - 31182) + aBe (3cd2 - aez) +c (Bcd3 — 3Acd?e — 3aBde® + aAe3) xz) &3

2a (cd2 + (162)3 Va +cx?*

4d (

cx (Acd (cd2 - 3an) + aBe (3cd2 - aez) +c (Bcd3 — 3Acd?e — 3aBde? + aAe3) xz) &3

2a (cd2 + aez)3 Va + cxt

cx (Acd (ccl2 - 36162) +aBe (3cd2 - aez) +c (Bccl3 — 3Acd?e - 3aBde? + aAe3) xz) (e

2a (cd2 + uez)3 Va + cx*

cx (Acd (cd2 - 3ae2) +aBe (3cd2 - aez) +c (Bcd3 — 3Acd?e — 3aBde? + uAe3) xz) 34/

2a (cd2 + a62)3 Va + cx*

cx (Acd (cd2 - 3an) +aBe (3cd2 - aez) +c (Bcd3 — 3Acd?e — 3aBde? + aAe3) xz) 34/

2a (cd2 + aez)3 Va + cxt

Mathematica [C] time = 3.03304, size = 630, normalized size = 0.26

dx\/% (4cd2 (d + ex2)2 (B (—uze3 + 3acde (d - exz) + czd3x2) + Ac (aez (ex2 - 3d) + cd? (d - 3ex2))) — 2ade® (a + cx4)

Antiderivative was successfully verified.

[In] Integrate[(A + B*xx"2)/((d + exx"2)"3*(a + c*x74)7(3/2)),x]
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[Out] (Sqrt[(I*Sqrtlcl)/Sqrtlal]x*d*x*(-2xa*xd*e 3% (B*d - Axe)*(c*d™2 + axe”2)*(a +
c*x74) + axe”3%(-13%B*xc*d”™3 + 17*xAxc*xd”2%e + axBxd*e”™2 + 3xaxA*e”3)*(d + e
xx"2)*%(a + c*x74) + 4dxcxd"2x(d + exx"2) 2% (Bkx(-(a"2%e”3) + c72%d"3*xx"2 + 3%
axcxdxex(d - e*xx"2)) + Axcx(cxd™2x(d - 3*%exx”2) + a*xe”2x(-3xd + exx"2)))) -

(d + exx72)"2*Sqrt[1 + (c*x74)/al*(Sqrt[al*Sqrt[c]*d* (3*xA*xe*(-4xc~2*xd"4 +
Txaxc*d"2%e”2 + a"2%e”4) + Bx(4*c72*%d"5 - 2b5k%axcxd"3*e”2 + a"2xd*xe”4))*Elli
pticE[I*ArcSinh[Sqrt [(I*Sqrt[c])/Sqrtlall*x], -1]1 + I*(Sqrt[c]l*d*(Sqrt[c]*d
- IxSqrtlal*e)*(4xA*xc™2xd"4 + (4*I)*Sqrtlal*c”(3/2)*d"3*(Bxd - 2*xAxe) + 19
xaxckxd"2*%ex (Bxd - Axe) - (2xI)*a~(3/2)*Sqrt[cl*d*e”2%(3*Bxd - Axe) - a"2xe”
3% (Bxd + 3xAxe))*EllipticF[I*ArcSinh[Sqrt[(I*Sqrtlc])/Sqrtlall*x], -1] + ax
ex(3*xAxe* (21*c™2xd"4 + 2%axc*d"2*xe”2 + a"2*xe”4) + Bx(-35xc”2xd"5 + 26*axcxd
“3%e”2 + a"2+d*e”4))*EllipticPi[((-I)*Sqrt[a]l*e)/(Sqrt[c]l*d), I*ArcSinh[Sqr
t [(I*Sqrtlc])/Sqrtlall*x], -11)))/(8*axSqrt[(I*Sqrt[c])/Sqrtla]l*(c*xd”3 + a
xd*e”2)"3%(d + exx"2) 2xSqrtla + c*x"4])

Maple [C] time = 0.035, size = 2326, normalized size = 1.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x"2+A)/(exx~2+d) "3/ (c*x"4+a)~(3/2),x)

[Out] B/ex(1/2*e”4/(axe”2+c*d"2) "2/d*x* (c*xx"4+a) " (1/2)/ (exx~2+d) -2*c* (1/2/a*xc*xd*e
/(axe™2+c*d"2) "2*x"3+1/4/a*x (axe”2-c*d"2) / (a*xe”2+c*xd”2) "2*x) / ((x~4+a/c) *c) " (
1/2)-1/(1/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~ (1/2)*c~ (1/2)*x~2) ~(1/2)*(1+I/a~ (1/
2)*c™(1/2)*x72) " (1/2) / (c*x~4+a) " (1/2)*E1lipticF (xx(I/a~ (1/2)*c~(1/2))~(1/2)
,I)*e"2xc/(axe™2+c*d~2) "2+1/2/(I/a~(1/2)*c~(1/2)) " (1/2)*(1-I/a~ (1/2)*c~(1/2
)*¥x72) 7 (1/2)*(1+I/a~(1/2)*c™(1/2)*x~2) ~(1/2) / (c*x"4+a) " (1/2) *E1lipticF (x* (I
/a”~(1/2)*c™(1/2))"(1/2),I)/a*xc”2/ (a*xe™2+c*d™2) "2xd"2-1/2xI*xa~ (1/2)/(I/a"(1/
2)*c™(1/2))"(1/2)*x(1-I/a~ (1/2)*c~(1/2)*x~2) ~(1/2) * (1+I/a~ (1/2) *c~ (1/2) *x~2)
~(1/2)/ (c*x"4+a) " (1/2) *c” (1/2) *e~3/ (a*e™2+c*xd~2) "2/d*EllipticF (x*(I/a~(1/2)
xc~(1/2))°(1/2),1)+1/2*Ixa~(1/2) /(I/a~(1/2)*c~(1/2)) " (1/2)*(1-I/a~ (1/2) *xc~(
1/2)*x72) " (1/2)*(1+I/a~ (1/2)*c~(1/2)*x72) ~(1/2) / (c*x~4+a) " (1/2) *c~ (1/2) *e~3
/(axe”2+c*d~2)"2/d*EllipticE(x*(I/a~(1/2)*c~(1/2))~(1/2),1)+I/a~(1/2)/(I/a"~
(1/2)xc™(1/2))~(1/2)*x(1-I/a~ (1/2) *c~(1/2)*x~2) ~(1/2) * (1+I/a~ (1/2) *c~ (1/2) *x
~2)7(1/2) / (c*x"4+a) " (1/2) *c~ (3/2) *d*e/ (axe”2+cxd~2) "2*xE1llipticF (x*(I/a~ (1/2
)xc~(1/2))°(1/2),1)-1/a~(1/2)/(1/a~(1/2)*xc~(1/2))~(1/2)*(1-I/a~ (1/2) *c~(1/2
)*¥x72) " (1/2)*x(1+I/a~(1/2)*c™ (1/2)*x72) ~(1/2) / (c*x"4+a) " (1/2) *c~ (3/2) *d*e/ (a
xe”2+c*xd"2) "2xEllipticE(x*(I/a~(1/2)*c~(1/2))~(1/2) ,1)+1/2%e"4/ (a*xe”2+c*d"2
)"2/d72/(I/a~(1/2)*c~(1/2)) " (1/2)*(1-I/a~ (1/2)*c~(1/2)*x~2)~(1/2)*(1+I/a~ (1
/2)*%c”(1/2)*x72)7(1/2) / (c*x"4+a) " (1/2) *E1llipticPi(x*(I/a~(1/2)*c~(1/2))~(1/
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2),I*xa~(1/2)/c~(1/2)*e/d, (-I/a~(1/2)*c~(1/2))~(1/2)/(I/a~(1/2)*xc~(1/2))~(1/
2))*a+7/2%e”2/ (axe”2+c*xd~2) "2/ (I/a~ (1/2)*c~(1/2))~(1/2)*(1-I/a~(1/2) *c~(1/2
)*x72) 7 (1/2)*(1+I/a~(1/2)*c™ (1/2)*x~2) ~(1/2) / (c*x"4+a) " (1/2) *E1lipticPi (x*(
I/a~(1/2)*c~(1/2))~(1/2) ,I*xa~(1/2)/c~(1/2)*e/d, (-I1/a~ (1/2)*c~(1/2))~(1/2)/(
I/a”(1/2)*c~(1/2))~(1/2))*c)+(A*xe-B*xd) /e*x (1/4xe” 4/ (a*xe™2+cxd”2) ~2/d*x* (c*x™
4+a)~(1/2)/ (exx~2+d) "2+1/8*e " 4* (3*xaxe 2+17xc*xd"2) / (a*e™2+c*d”2) "3/d ™ 2xx* (c*
x"4+a) " (1/2) / (exx~2+d) -2xc* (-1/4*cxe* (axe”™2-3*c*d~2) /a/ (a*xe”2+c*d”~2) ~3*x"3+
1/4*cxd* (3*xaxe™2-c*xd~2) /a/(axe”2+c*xd~2) "3*xx) /((x~4+a/c)*c) " (1/2)-1/8/(I/a"(
1/2)*c™(1/2))~(1/2)*x(1-I/a~ (1/2) *c~(1/2)*x~2) " (1/2) * (1+I/a~ (1/2) *c~ (1/2) *x~
2)7(1/2)/ (c*x~4+a) " (1/2)*E1lipticF (x*(I/a~(1/2)*c~(1/2))~(1/2) ,I)*c*xe~4/d/(
axe”2+c*d"2) "3*a-27/8/(I/a~(1/2)*c~(1/2)) " (1/2)*(1-I/a~(1/2)*c~(1/2)*x~2) ~(
1/2)*(1+I/a~ (1/2)*c~(1/2)*x~2) " (1/2) / (c*xx"4+a) " (1/2) *E1lipticF (xx(I/a~(1/2)
*c7(1/2))7(1/2) ,I)*c"2xe"2xd/ (a*xe™2+c*d"2) "3+1/2/(I/a~(1/2)*c~(1/2))~(1/2) *
(1-I/a~(1/2)*c™(1/2)*x"2) "~ (1/2)*(1+I/a~ (1/2) *c~ (1/2)*x~2) ~(1/2) / (c*x~4+a) ~(
1/2)*E1lipticF (x*(I/a~(1/2)*c~(1/2))~(1/2),I1)*c~3*d"3/a/(axe”2+cxd~2) ~3-21/
8xI*xa~(1/2)/(I/a~(1/2)xc~(1/2))~(1/2)*x(1-I/a~ (1/2)*c~(1/2)*x~2) " (1/2) *(1+1/
a~(1/2)*c™(1/2)*x72)~(1/2) / (c*x~4+a) ~(1/2) *c~ (3/2) *e~3/ (axe™2+c*d~2) "3*E1li
pticF(x*(I/a~(1/2)*c~(1/2))~(1/2),1)+3/2xI/a~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2
Yx(1-TI/a~(1/2)*c™(1/2)*x72) " (1/2)*(1+I/a~ (1/2) *c~ (1/2)*x~2) ~(1/2) / (c*x~4+a)
~(1/2)*c”(5/2)*e/ (axe™2+c*d”~2) "3*xd"2xEllipticF (x*(I/a”~(1/2)*c~(1/2))~(1/2),
1)-3/2*%I/a~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~ (1/2)*xc~ (1/2) *x~2) " (1/2) *
(1+I/a~(1/2)*c”(1/2)*x~2) " (1/2) / (c*x"4+a) " (1/2) *c~ (5/2) *e/ (axe”2+c*d"2) ~3*d
’"2*EllipticE(x*(I/a‘(1/2)*c‘(1/2))A(1/2) ,I1)-3/8xI*a~(3/2)/(I/a~(1/2)*c~(1/2
)" (1/2)*(1-I/a"~ (1/2)*c~ (1/2)*x~2) ~(1/2)x(1+I/a~ (1/2) *c~(1/2)*x~2)~(1/2) / (c
*xx"4+a) " (1/2)*xc”(1/2)*e~5/ (a*e™2+c*d~2) "3/d"2+E1lipticF (x*(I/a~(1/2)*c~(1/2
))~(1/2),1)+3/8xI*a~(3/2)/(I/a~(1/2)*c~(1/2))~(1/2)*(1-I/a~ (1/2) *c~ (1/2) *x~
2)7(1/2)*(1+I/a~ (1/2)*c~(1/2)*x72) " (1/2) / (cxx~4+a) "~ (1/2) *c~(1/2) *e”~5/ (a*xe™2
+cxd™2)"3/d 2+E1lipticE(x*(I/a~ (1/2)*c~(1/2))~(1/2) ,1)+21/8*I*a~(1/2)/(I/a"
(1/2)xc™(1/2))~(1/2)*x(1-I/a~ (1/2) *c~(1/2)*x~2) ~(1/2) * (1+I/a~ (1/2) *c~ (1/2) *x
~2)7(1/2) / (c*x"4+a) ~(1/2) *c~ (3/2) *e~3/ (a*xe”2+c*xd~2) "3*EllipticE(x*(I/a~(1/2
Yxc~(1/2))°(1/2),1)+3/8*e”6/ (axe”2+c*d"2)~3/d"3/(I1/a"~(1/2)*c~(1/2) )~ (1/2) *(
1-I/a~(1/2)*c~(1/2)*x"2) " (1/2)*(1+I/a~(1/2)*c~(1/2) *x"2) ~(1/2) / (c*x"4+a) "~ (1
/2)*EllipticPi(x*(I/a~(1/2)*c~(1/2))~(1/2),I*xa~(1/2)/c~(1/2)*e/d, (-I/a~(1/2
Yxc~(1/2))7(1/2)/(I/a~(1/2)*c~(1/2) )~ (1/2) ) *a~2+3/4xe~4/ (a*xe~2+c*d~2) ~3/d/(
I/a~(1/2)*xc™(1/2))~(1/2)*(1-I/a~ (1/2) *c~(1/2)*x~2) ~(1/2)*(1+I/a~ (1/2) *c~ (1/
2)*x72)7(1/2) / (c*xx"4+a) ~(1/2)*E1llipticPi(x*x(I/a~ (1/2)*c~(1/2))~(1/2) ,I*a~ (1
/2)/c”(1/2)*xe/d, (-I/a~(1/2)*c~(1/2))~(1/2)/(I/a~(1/2)*c~(1/2))~(1/2) ) *a*xc+6
3/8*%e”2/ (axe~2+c*d”~2) ~3*xd/ (I/a~ (1/2)*c~(1/2))~(1/2)*x(1-I/a~(1/2)*c~ (1/2) *x~
2)7(1/2) % (1+I/a~(1/2)*c~(1/2)*x72) " (1/2) / (c*xx"4+a) " (1/2)*EllipticPi(x*(I/a”
(1/2)xc=(1/2))~(1/2) ,I*a~(1/2)/c~(1/2)*e/d, (-I/a~ (1/2)*c~(1/2))~(1/2)/(1/a"
(1/2)*c~(1/2))~(1/2))*c~2)
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Maxima [F] time = 0., size = 0, normalized size = 0.

Bx’+ A

3 3
(cx4 + a)z (ex2 + d)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(exx~2+d) 3/ (c*x"4+a)~(3/2),x, algorithm="maxima")

[Out] integrate((B*x~2 + A)/((c*x"4 + a)~(3/2)*(exx”"2 + d)~3), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)/(exx~2+d)~3/(c*x"4+a)~(3/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bxx**2+A)/(e*xx*x*2+d)**3/ (c*xx**4+a)**(3/2),x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

Bx’+ A

3 3
(cx4 + a)z (ex2 + d)

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx"2+A)/(exx~2+d) "3/ (c*x"4+a)~(3/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)/((c*x~4 + a)~(3/2)*(exx”2 + d)~3), x)
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x2 ex2 7
315 Ui

(1+C.X4

Optimal. Leaf size=169

—4B q 2 -q 2 2 —4B q 2 -q
x(A—ﬂ)(d+ex2) (£+1) Fl(%;l,—q;3 Yo —i) x(\/_a +A)(d+ex2) (%+1) Fl(%;l,—q;g;§

e d 2 = d N Ve

2a 2a

[Out] ((A - (Sqrt[-al*B)/Sqrtlcl)*xx(d + exx”2) g*AppellF1[1/2, 1, -q, 3/2, -((Sq

rt[c]*x72)/Sqrt[-al), -((e*x72)/d)])/(2*a*x(1 + (e*x72)/d)"q) + ((A + (Sqrtl
-a]*B)/Sqrt[c])*xx(d + exx"2) “q*AppellF1[1/2, 1, -q, 3/2, (Sqrtlc]*x~2)/Sqr
tl-al, -((exx™2)/d)1)/(2xa*x(1 + (exx”2)/d)"q)

Rubi [A] time = 0.218909, antiderivative size = 169, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 3, integrand size = 26, i L

integrand size
0.115, Rules used = {1693, 430, 429}

—a ex - cX ex —a ex -
x(A—Q) (d+ex2)q (—2 +1) Fy (%;1,—17;3 Ve ——2) x(‘/_B +A) (d+ex2)L7 (—2 +1) Fy (%;1,—17;
+

d PN =L N7 d

Ve

3
2

2a 2a

Antiderivative was successfully verified.

[In] Int[((A + B*x"2)*(d + e*xx"2)"q)/(a + c*xx74),x]

[Out] ((A - (Sqrtl[-al*B)/Sqrtlc])*xx(d + exx~2) g*AppellF1[1/2, 1, -q, 3/2, -((Sq

rt[cl*x~2)/Sqrt[-al), -((exx”2)/d)])/(2*%ax(1 + (exx”2)/d)"q) + ((A + (Sqrtl
-a]*B) /Sqrt[c])*x*(d + e*xx~2) q*AppellF1[1/2, 1, -q, 3/2, (Sqrtlcl*x~2)/Sqr
tl-al, -((exx~2)/d)])/(2*xax(1 + (e*x72)/d)"q)

Rule 1693

Int [(Px_)*((d_) + (e_)*x(x_)"2)"(q_.)*((a_) + (c_.)*(x_)"4)"(p_.), x_Symbol
1 :> Int[ExpandIntegrand[Px*(d + e*x"2) g*(a + c*x74)7p, x], x] /; FreeQ[{a
, ¢, d, e, g}, x] && PolyQ[Px, x~2] && NeQ[c*d~™2 + a*e”2, 0] &% IntegerQl[p]

Rule 430

Int[((a_) + (b_)*x(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> Dist[(a"IntPart[p]*(a + b*x"n) FracPart[p])/(1 + (b*x"n)/a) FracPart[p],
Int[(1 + (b*x"n)/a) px(c + d*x"n)"q, x], x] /; FreeQ[{a, b, ¢, d, n, p, q}
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, x] && NeQ[b*c - axd, 0] && NeQ[n, -1] && !(IntegerQ[p] || GtQ[a, 0])
Rule 429
Int[((a_) + (b_)*x(x_)"(n_)) " (p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symboll]
:> Simp[a~p*c g*x*AppellF1[1/n, -p, -q, 1 + 1/n, -((b*x"n)/a), -((d*x"n)/c)

1, x] /; FreeQ[{a, b, ¢, d, n, p, q}, x] && NeQ[b*c - a*d, 0] && NeQ[n, -1]
&& (IntegerQp] || GtQla, 0]) && (IntegerQlql || GtQlc, 01)

Rubi steps

f (A + sz) (d+ex

a+cxt

2VEaVE (Vo e) | 2ymane (ya  Nee)
d+ex

i +ex
(T— f)fv——ﬁxzd]“( oy )fvd—

[ \/_B+A\/_ (d+ex)q+(\/—_uB—A\/E)(d+ex2)q)dx
1
2

[ o) ) e

B

Ve

)(d+

(A—@B)x(d+ex2)q(l+£) F1(2,1 q,z, ‘/Ex;, ?) (\/A_ 5_) (d+ex )q

2a

Mathematica [F] time = 0.395585, size = 0, normalized size = 0.

f (A + sz) (d + exz)q N

a+cxt
Verification is Not applicable to the result.

[In] Integrate[((A + B*x"2)x(d + exx"2)7q)/(a + c*x74),x]

[Out] Integrate[((A + Bxx"2)*(d + exx"2)7q)/(a + c*xx"4), x]

Maple [F] time = 0.066, size = 0, normalized size = 0.

f (sz + A) (ex2 + d)q n

cxt+a



Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)*(exx~2+d) "q/(c*xx"4+a),x)

[Out] int((B*x~2+A)*(exx~2+d) ~q/(c*x"4+a) ,x)
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Maxima [F] time = 0., size = 0, normalized size = 0.

dx

f (Bx2 + A) (exz + d)q

cxt+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)*(exx~2+d) ~q/(c*x"4+a),x, algorithm="maxima")

[Out] integrate((B*x~2 + A)*x(exx”2 + d)~q/(c*x”4 + a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(B2 + A)(ex® + d)q’xJ

integral
& [ cxt+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)*(exx~2+d) "q/(c*x"4+a),x, algorithm="fricas")

[Out] integral((Bxx"2 + A)*(e*xx”2 + d)~q/(c*x"4 + a), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bxx**2+A)* (e*xx*x*2+d)*xq/ (c*kx**4+a) ,x)
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[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

f (Bx2 + A)(ex2 + d)q

cxt+a

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)*(e*xx~2+d) "q/(c*x"4+a),x, algorithm="giac")
g q g g

[Out] integrate((B*x~2 + A)x(exx”2 + d)~q/(c*x"4 + a), x)
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2+x2
316 g™

Optimal. Leaf size=48

V2 (x2 + 2) E (tan_l(x)lé)
x§+2 Vxt +3x% +2

x4+1

[Out] (Sqrt[2]1*(2 + x"2)*EllipticE[ArcTan([x], 1/2])/(Sqrt[(2 + x72)/(1 + x"2)]1%Sq
rt[2 + 3*xx72 + x74])

Rubi [A] time = 0.0290589, antiderivative size = 48, normalized size of antiderivative =
1., number of steps used = 2, number of rules used = 2, integrand size = 27, number of rules

integrand size
0.074, Rules used = {1456, 411}
V2 (xz + 2) E (tan_l(x)lé)
i?z Vxt +3x2 +2

+1

Antiderivative was successfully verified.

[In] Int[(2 + x2)/((1 + x~2)*Sqrt[2 + 3*x~2 + x74]),x]

[Out] (Sqrt[2]*(2 + x"2)*EllipticE[ArcTan([x], 1/2])/(Sqrt[(2 + x72)/(1 + x72)]1%*Sq
rt[2 + 3*x72 + x74])

Rule 1456

Int[((d_) + (e_.)*(x_)"(m_))"(q_)*x((£f_) + (g_)*(x_)"(n_)) " (r_.)*((a_) + (
b_D)*(x_)"(n) + (c_.)*x(x_)"(n2_))"(p_), x_Symbol] :> Dist[(a + b*x"n + c*x
~(2x*n)) “FracPart[p]/((d + e*xx"n) FracPart[pl*(a/d + (c*x"n)/e) FracPart[p])
, Int[(d + exx™n) " (p + @)*(f + gxx"n) rx(a/d + (c*x"n)/e)"p, x], x] /; Free
Ql{a, b, ¢, d, e, f, g, n, p, q, r}, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4x*axc,
0] && EqQlc*d™2 - bxd*e + axe”2, 0] && !'IntegerQ[p]

Rule 411

Int[Sqrtl(a_) + (b_.)*(x_)"21/((c_) + (d_.)*(x_)"2)"(3/2), x_Symbol] :> Sim
pl(Sqrtla + b*x"2]*EllipticE[ArcTan[Rt[d/c, 2]*x], 1 - (b*c)/(axd)]1)/(c*Rtl
d/c, 2]*Sqrtlc + d*x~2]*Sqrt[(cx(a + b*x~2))/(ax(c + d*x~2))]), x] /; FreeQ
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[{a, b, c, d}, x] && PosQ[b/al && PosQ[d/c]

Rubi steps

(Vieevzea) f V_)/ dx

f 2+ x2 J (1+x2
x =
(1+x2)\/2+3x2+x4 V2 + 3x2 4+ x4
V2 (2 + xz) E (tan_l(x)lé)
20 V2 4 3x2 4 x*

1+x2

Mathematica [C] time = 0.135588, size = 94, normalized size = 1.96

_iVxZ + 1Y% + 2EllipticF (i sinh™ (%) ,2) £33+ iVx2 1 1VA2 1 2E (isinh_l (%)| 2) £ 2x

Vaxt +3x2 4+ 2

Antiderivative was successfully verified.

[In] Integratel[(2 + x72)/((1 + x"2)*Sqrt[2 + 3*x"2 + x74]),x]

[Out] (2*x + x73 + IxSqrt[l + x72]*Sqrt[2 + x"2]*EllipticE[I*ArcSinh[x/Sqrt([2]],
2] - IxSqrt[1 + x"2]*Sqrt[2 + x"2]*EllipticF[I*ArcSinh[x/Sqrt[2]], 2])/Sqrt
[2 + 3*xx72 + x74]

Maple [C] time = 0.028, size = 81, normalized size = 1.7

1

Vaxt +3x2 4+

(¥ +2)x \/(xZ - 11) 2 - %«/E (EllipticF (%x\/i \/5) — EllipticE (éx\/i \/E)) V2x2 + 4V +1

Verification of antiderivative is not currently implemented for this CAS.

[In] int((x72+2)/(x"2+1)/(x"4+3*xx"2+2)"(1/2) ,x)

[Out] (x72+2)*x/((x72+1)*(x72+2)) ~(1/2)-1/2*I*27 (1/2) * (2%x~2+4) ~(1/2) * (x~2+1) " (1/
2) / (x74+3%x72+2) " (1/2)* (E1lipticF (1/2%I*x*27(1/2),27(1/2))-E1llipticE(1/2*Ix*
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x*27(1/2),27(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

X2 +2

V324 2(2 +1)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+2)/(x72+1)/(x"4+3*x"2+2)"(1/2),x, algorithm="maxima"

[Out] integrate((x”2 + 2)/(sqrt(x™4 + 3*x72 + 2)*(x"2 + 1)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

Vxt +3x242 ]

integral | ——————, x
Htesra ( xt+2x2+1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x~2+2)/(x72+1)/(x"4+3*x"2+2)"(1/2),x, algorithm="fricas")

[Out] integral(sqrt(x”™4 + 3*x72 + 2)/(x74 + 2*x"2 + 1), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

X2 +2

J JE ) (2+2) (2 +1) ”

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((xx*2+2)/(x**2+1)/(x**4+3xx**x2+2)**(1/2) ,x)

[Out] Integral((xx*2 + 2)/(sqrt((x**2 + 1)*(x**2 + 2))*(x*x*2 + 1)), x)
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Giac [F] time = 0., size = 0, normalized size = 0.

x2+2
f dx
Vxt +3x2 + x2 + 1)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((x72+2)/(x72+1)/(x74+3*x"2+2)"(1/2),x, algorithm="giac")

[Out] integrate((x”2 + 2)/(sqrt(x™4 + 3*x72 + 2)*(x"2 + 1)), x)
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x2 €x23
317 [,

Va+bx2+cx?

Optimal. Leaf size=755

4 ’ a+b2+oxd L. 1 @ 1 B b ) \/E(7AC(411b€3—15{1Cd€2+1562d3)—HBC(—C€(25a€+84bd)+24b262
\/E(\/E+\/Ex) /—(\/E+\/Ex2)2E1hpt1CF (Ztan (% 712 N 7

210c15/41

[Out] (ex(7xAxcxex(15*%cxd - 4xb*e) + Bx(105*%c™2xd"2 + 24%b"2*%e”2 - c*xe*(84xbxd +
26*axe) ) ) *x*Sqrta + b*x"2 + c*x"4])/(105%c”3) + (e”2x(21*Bxc*d - 6%b*Bxe +
TxAxckxe)*x~3*%Sqrt[a + b*x"2 + c*xx"4])/(35%c”2) + (Bxe~3*x"bxSqrtl[a + b*x"2
+ c*xx74])/(7T*xc) + ((TxAxckxex(45xc™2xd"2 + 8%b~2%e”2 - 3kcxe* (10%b*xd + 3*ax
e)) + Bx(105%c™3%d"3 - 48%b~3xe”3 - 21*c”2xd*ex(10*bxd + 9*a*xe) + 8*bkxcxe”2
*(21%b*d + 13%axe)))*xxSqrtla + b*x"2 + c*x74])/(105*c~(7/2)*(Sqrt[a] + Sqr
tlcl*x72)) - (@~ (1/4)*(T*Axcxex(45*%c™2xd"2 + 8*b~2xe”2 - 3*kcxex(10*b*xd + 3%
axe)) + Bx(105%c™3*d"3 - 48%b~3%e”3 - 21kc”2*d*e* (10*b*d + O9*axe) + 8xbxcxke
“2%(21%b*d + 13*axe)))*(Sqrtlal + Sqrtlcl*x"2)*Sqrt[(a + b*x"2 + c*x~4)/(Sq
rtla] + Sqrtlcl*x~2)"2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(Sq
rt[al*Sqrt[c]))/4])/(105*c~(15/4)*Sqrt[a + b*x~2 + c*x”4]) + (a~(1/4)*(7*Ax
ckex(45%c™2*%d"2 + 8xb"2%e”2 - 3kckxex(10*b*d + 3*axe)) + B*(105xc”3*d"3 - 438
*b~3%e”3 - 21xc”2xd*e*x (10*¥b*xd + 9*axe) + 8xbkcxe 2x(21*bxd + 13%axe)) + (Sq
rt[c]* (7TxA*xckx (15%c™2+%d"3 - 1b*axc*xd*e”2 + 4xaxbxe”3) - a*xBkex(105*%c~2*d~2 +
24%b"2%e”2 - c*e*(84xbkxd + 25%axe))))/Sqrtlal)*(Sqrtla]l + Sqrtlcl*x2)*Sqr
t[(a + b*x"2 + c*x74)/(Sqrt[a] + Sqrtlc]l*x~2)"2]*EllipticF[2*ArcTan[(c"(1/4
)*x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/4]1)/(210%c~(15/4)*Sqrt[a + b*x"2 +
cxx~4])

Rubi [A] time = 1.35688, antiderivative size = 755, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 4, integrand size = 33, e S

0.121, Rules used = {1679, 1197, 1103, 1195}

integrand size

exVa + bx? + cxt (B (—ce(25ae + 84bd) + 24b%e? + 10502d2) + 7 Ace(15cd - 4be)) xVa + bx? + cx* (7Ace (—3ce(3ae
+
105¢3

Antiderivative was successfully verified.

[In] Int[((A + B*x"2)*(d + exx"2)73)/Sqrt[a + b*xx"2 + c*x"4],x]
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[Out] (ex(7*Axcxex(16*c*d - 4xb*xe) + Bx(105*%c™2+%d"2 + 24%b"2xe”2 - c*e*(84*xb*xd +
26*axe) ) ) *x*Sqrta + b*x"2 + c*xx"4])/(105%c”3) + (e”2x(21*Bxc*d - 6%bxBxe +
TxAxckxe)*x~3*%Sqrt[a + b*x"2 + c*xx"4])/(35%c”2) + (Bxe~3*x"b*Sqrtl[a + b*x"2
+ c*xx74])/(7T*c) + ((TxA*xcxex(45*xc™2+%d"2 + 8*b~2%e”2 - 3*cke* (10xbxd + 3*ax
e)) + Bx(105%c™3*d"3 - 48xb~3*e”3 - 21xc”2*xd*ex (10*bxd + 9*axe) + 8*b*cxe”2
*(21%b*d + 13*axe)))*xxSqrtla + b*x"2 + c*x74])/(105*c~(7/2)*(Sqrt[a] + Sqr
tlc]*x72)) - (@~ (1/4)*(TxA*xcxe*x (45*xc™2xd"2 + 8*b~2*e”2 - 3xckxex (10*bxd + 3%
axe)) + B*x(105*%c”™3*d"3 - 48*b~3*e”3 - 21*c”2*d*ex(10*b*d + O9xaxe) + 8xbxcxe
“2%(21%b*d + 13*axe)))*(Sqrtlal + Sqrtlcl*x"2)*Sqrt[(a + b*x"2 + c*x~4)/(Sq
rtla] + Sqrtlcl*x~2)"2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(Sq
rt[al*Sqrt[c]))/4])/(105*c~(15/4)*Sqrt[a + b*x~2 + c*x”4]) + (a~(1/4)*(7*Ax
ckxex (45%c72xd”"2 + 8%b72xe”2 - 3*cxex(10*b*d + 3*axe)) + Bx(105%c~3*%d"3 - 48
*b~3%e”3 - 21xc”2xd*e*x (10*¥b*xd + 9*axe) + 8xbkcxe 2% (21*bxd + 13%axe)) + (Sq
rt [c]*(7T*A*xc* (15xc™2*d"3 - 15*axc*d*e”2 + 4*xaxb*e”3) - a*Bxex(105*xc™2*d"2 +
24%b"2%e”2 - c*xex(84xbxd + 25%axe))))/Sqrtl[al)*(Sqrt[a]l + Sqrtlcl*x~2)*Sqr
t[(a + b*x"2 + c*x74)/(Sqrt[a] + Sqrtlcl*x~2) 2]*EllipticF[2*ArcTan[(c”(1/4
)*x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/4]1)/(210%c~(15/4)*Sqrt[a + b*x"2 +
c*x~4])

Rule 1679

Int[(Pq )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{q =

Expon[Pq, x72], e = Coeff[Pq, x72, Expon[Pq, x72]]}, Simp[(exx~(2*q - 3)*(
a + b*x"2 + cxx74)"(p + 1))/(cx(2%xq + 4%p + 1)), x] + Dist[1/(cx(2xq + 4*p
+ 1)), Int[(a + b*xx"2 + c*x~4) p*ExpandToSum[c*(2%q + 4*p + 1)*Pq - axe*(2x*
q - 3)*x7(2%q - 4) - bxex(2xq + 2%p - 1)*x"(2%q - 2) - c*xe*x(2%q + 4*xp + 1)x
x~(2xq), x], x], x1] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x~2] && Expon[P
q, x°2] > 1 && NeQ[b~2 - 4*akc, 0] && 'LtQlp, -1]

Rule 1197

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtla + b*x"2 + cxx74
1, x], x] - Distle/q, Int[(1 - g*x72)/Sqrtla + bxx"2 + c*x~4], x], x] /; Ne
Qe + dxq, 011 /; FreeQ[{a, b, c, d, e}, x] & NeQ[b~2 - 4xaxc, 0] && PosQI
c/al

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g 2*xx"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2%x72)72)]*
EllipticF[2*ArcTan[q*x], 1/2 - (bxq~2)/(4*c)])/(2*q*Sqrt[a + b*xx"2 + c*xx~4]
), x1] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/a]
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Rule 1195

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, -Simp[(d*x*Sqrtl[a + b*x~2 + c*x74])/(ax(1 + q~
2xx72)), x] + Simp[(d*(1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2*x"
2)"2)]1*EllipticE[2*ArcTan[qg*x], 1/2 - (b*q~2)/(4*c)])/(g*Sqrtla + b*x"2 + c
*x~4]1), x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b"2 -
4xaxc, 0] && PosQ[c/al

Rubi steps
3 7Acd3+7cdz(Bd+3Ae)xz+e(21Bcd2+21Acde—SaBez)x4+62(2]Bcd—6bBe+7Ace)x6
f(A+Bx2) (@) pecvarberar | Vi
Varb o 7c 7c
35 Ac2d®+(21 Ace(5c
¢%(21Bcd — 6bBe + 7 Ace)x®Va + bx? + cx* s Be3x®Va + bx? + cx* . J—/—————

35¢2 7c

e (7Ace(15cd —4be) + B (10502512 + 24b%e? — ce(84bd + 25ae))) xVa+bx? +cxt @221
+
105¢3

e (7Ace(15cd — 4be) + B (105c2d? + 24b%e* — ce(84bd + 25ae))) xVa + bx2 + cxt  ¢2(21
( (
+
105¢3

e (7Ace(15¢cd — 4be) + B (105242 + 24b%e? — ce(84bd + 25ae))) xVa + bx2 + cxt (21
+
105¢3

Mathematica [C] time = 6.50581, size = 4473, normalized size = 5.92

Result too large to show

Antiderivative was successfully verified.

[In] Integrate[((A + B*x"2)*(d + e*x72)73)/Sqrtla + b*x"2 + c*x74],x]

[Out] Sqrtla + b*x72 + c*xx"4]*(-(ex(-1056%xB*c™2%d"2 + 84*b*Bxckdxe - 105%Axc~2xd*e
- 24%b72*B*e”2 + 28xAxbxcxe”2 + 25*a*Bkc*e”2)*x)/(105%c”3) + (e”2%(21*B*c*
d - 6*b*Bxe + 7xAxcxe)*x73)/(35*%c”2) + (Bxe"3*x75)/(7*c)) + ((((105*%I)/2)*B
*C72%(-b + Sqrt[b~2 - 4*axc])*d~3*Sqrt[1 - (2*c*x"2)/(-b - Sqrt[b~2 - 4xaxc
1)I1*Sqrt[1 - (2*%c*xx"2)/(-b + Sqrt[b~2 - 4*axc])]*(EllipticE[I*ArcSinh[Sqrt[
2]*Sqrt[-(c/(-b - Sqrt[b~2 - 4*axc]))]*x], (-b - Sqrt[b~2 - 4xaxc])/(-b + S
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qrt[b~2 - 4*axc])] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[-(c/(-b - Sqrt[b~2 -
4xaxc]))I*x], (-b - Sqrt[b~2 - 4xaxc])/(-b + Sqrt[b™2 - 4*a*c])]))/(Sqrt[2]
xSqrt [-(c/(-b - Sqrt[b~2 - 4*axc]))]x*Sqrtla + b*x"2 + c*x74]) - ((105%I)*bx
Bxck(-b + Sqrt[b~2 - 4*axc])*d"2*xexSqrt[1 - (2*c*x"2)/(-b - Sqrt[b~2 - 4x*ax
c])I*Sqrt[1 - (2%c*x72)/(-b + Sqrt[b~2 - 4*axc])]*(EllipticE[I*ArcSinh[Sqrt
[2]*Sqrt[-(c/(-b - Sqrt[b~2 - 4xaxc]))]*x], (-b - Sqrt[b~2 - 4xaxc])/(-b +
Sqrt[b~2 - 4*axc])] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[-(c/(-b - Sqrt[b~2 -
4xaxc]))]*x], (-b - Sqrt[b~2 - 4*axc])/(-b + Sqrt[b~2 - 4xaxc])]))/(Sqrt[2
1xSqrt[-(c/(-b - Sqrt[b~2 - 4x*axc]))]*Sqrtla + b*x"2 + c*xx"4]) + (((315*I)/
2)*%A*xc”2%(-b + Sqrt[b~2 - 4xaxc])*d"2xexSqrt[1 - (2%c*x72)/(-b - Sqrt[b~2 -
4xaxc])]*Sqrt[1 - (2%c*x"2)/(-b + Sqrt[b~2 - 4x*axc])]*(EllipticE[I*ArcSinh
[Sqrt[2]*Sqrt[-(c/(-b - Sqrt[b~2 - 4xaxc]))]*x], (-b - Sqrt[b~2 - 4xaxc])/(
-b + Sqrt[b”2 - 4xaxc])] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[-(c/(-b - Sqrt[
b~2 - 4xaxc]))]*x], (b - Sqrt[b~2 - 4xaxc])/(-b + Sqrt[b~2 - 4x*axc])]))/(S
qrt [2]*Sqrt[-(c/(-b - Sqrt[b~2 - 4*axc]))]*Sqrtla + bxx"2 + c*x~4]) + ((42%
I)*Sqrt [2] *b~2*Bx(~b + Sqrt[b~2 - 4xa*c])*d*e”2*Sqrt[1 - (2*xc*x”2)/(-b - Sq
rt[b72 - 4xaxc])]*Sqrt[1 - (2%c*x72)/(-b + Sqrt[b~2 - 4*axc])]*(EllipticE[I
xArcSinh [Sqrt [2]*Sqrt [-(c/(-b - Sqrt[b~2 - 4*axc]))]*x], (-b - Sqrt[b™2 - 4
xaxc])/(-b + Sqrt[b~2 - 4x*axc])] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[-(c/(-b
- Sqrt[b~2 - 4xaxc]))]*x], (-b - Sqrt[b~2 - 4*axc])/(-b + Sqrt[b~2 - 4xaxc
1)1))/(Sqrt[-(c/(-b - Sqrt[b~2 - 4*axc]))]*Sqrtla + bxx"2 + cxx~4]) - ((105
*xI)*Axbxc*(-b + Sqrt[b™2 - 4*axc])*dxe”2xSqrt[l - (2xc*x~2)/(-b - Sqrt[b~2
- 4xaxc])]*Sqrt[1 - (2xc*x"2)/(-b + Sqrt[b™2 - 4*a*xc])]*(EllipticE[I*ArcSin
h[Sqrt[2]*Sqrt[-(c/(-b - Sqrt[b~2 - 4xa*xc]))]*x], (-b - Sqrt[b~2 - 4xaxc])/
(-b + Sqrt[b~2 - 4x*axc])] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[-(c/(-b - Sqrt
[b72 - 4*axc]))]*x], (-b - Sqrt[b~2 - 4xa*c])/(-b + Sqrt[b~2 - 4*axc])]))/(
Sqrt[2]*Sqrt[-(c/(-b - Sqrt[b~2 - 4x*axc]))]*Sqrtla + b*x"2 + cxx"4]) - (((1
89%1) /2)*axB*c*(-b + Sqrt[b~2 - 4*axc])*d*e”2xSqrt[1 - (2xc*x~2)/(-b - Sqrt
[b72 - 4xaxc])]*Sqrt[l - (2xc*x72)/(-b + Sqrt[b~2 - 4xa*xc])]*(EllipticE[I*A
rcSinh [Sqrt [2]1*Sqrt[-(c/(-b - Sqrt[b~2 - 4*axc]))]*x], (-b - Sqrt[b~2 - 4xa
xc])/(-b + Sqrt[b~2 - 4*axc])] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[-(c/(-b -
Sqrt[b™2 - 4xaxc]))]*x], (-b - Sqrt[b~2 - 4*axc])/(-b + Sqrt[b~2 - 4x*axc])
1))/ (Sqrt[2]*Sqrt [-(c/(-b - Sqrt[b~2 - 4*a*xc]))]*Sqrtla + b*x~2 + c*x~4]) +
((14*I)*Sqrt [2]*A*b~2*(-b + Sqrt[b~2 - 4*axc])*e”3*Sqrt[l - (2xc*x”2)/(-b
- Sqrt[b~2 - 4*axc])]*Sqrt[l - (2xc*x72)/(-b + Sqrt[b~2 - 4xa*xc])]*(Ellipti
cE[I*ArcSinh[Sqrt[2]*Sqrt[-(c/(-b - Sqrt[b~2 - 4xa*xc]))]*x], (-b - Sqrt[b~2
- 4xaxc])/(-b + Sqrt[b~2 - 4*axc])] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[-(c
/(-b - Sqrt[b~2 - 4xa*c]))]*x], (-b - Sqrt[b~2 - 4*axc])/(-b + Sqrt[b~2 - 4
xaxc])]))/(Sqrt[-(c/(-b - Sqrt[b~2 - 4x*axc]))]*Sqrtla + b*x"2 + c*xx74]) + (
(26%I)*Sqrt [2] xaxb*Bx(~b + Sqrt[b~2 - 4xa*xc])*e”3xSqrt[1 - (2*c*x~2)/(-b -
Sqrt[b~2 - 4*axc])]*Sqrt[l - (2*c*x”2)/(-b + Sqrt[b~2 - 4xaxc])]*(EllipticE
[I*xArcSinh[Sqrt[2]*Sqrt[-(c/(-b - Sqrt[b~2 - 4*axc]))]*x], (-b - Sqrt[b~2 -
4dxaxc])/(-b + Sqrt[b~2 - 4*axc])] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[-(c/(
-b - Sqrt[b~2 - 4xaxc]))]*x], (-b - Sqrt[b~2 - 4x*axc])/(-b + Sqrt[b~2 - 4xa
xc])]1))/(Sqrt[-(c/(-b - Sqrt[b™2 - 4xa*xc]))]*Sqrtla + b*x"2 + c*xx~4]) - ((1
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2*I1)*Sqrt [2] #*b"3*B* (-b + Sqrt[b~2 - 4*axc])*e”3*Sqrt[1l - (2xc*x”2)/(-b - Sq
rt[b72 - 4xaxc])]*Sqrt[1 - (2*c*x"2)/(-b + Sqrt[b~2 - 4*axc])]*(EllipticE[I
xArcSinh [Sqrt [2]*Sqrt [-(c/(-b - Sqrt[b~2 - 4*axc]))]*x], (-b - Sqrt[b™2 - 4
xaxc])/(-b + Sqrt[b~2 - 4*axc])] - EllipticF[IxArcSinh[Sqrt[2]*Sqrt[-(c/(-b
- Sqrt[b~2 - 4xaxc]))]*x], (-b - Sqrt[b~2 - 4*axc])/(-b + Sqrt[b~2 - 4x*axc
1)1))/(cxSqrt[-(c/(-b - Sqrt[b~2 - 4xaxc]))]*Sqrtla + b*x"2 + c*xx"4]) - (((
63%1)/2) xaxAxc*x(-b + Sqrt[b~2 - 4*axc])*e”3*Sqrt[1 - (2*c*x~2)/(-b - Sqrt[b
72 - 4xaxc])]xSqrt[1 - (2%c*x"2)/(-b + Sqrt[b~2 - 4*axc])]*(EllipticE[I*Arc
Sinh[Sqrt[2]*Sqrt[-(c/(-b - Sqrt[b~2 - 4xa*xc]))]*x], (-b - Sqrt[b~2 - 4*axc
1)/(-b + Sqrt[b~2 - 4*axc])] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[-(c/(-b - S
qrt[b~2 - 4*axc]))]*x], (-b - Sqrt[b~2 - 4xaxc])/(-b + Sqrt[b~2 - 4xaxc])])
)/ (Sqrt[2]*Sqrt[-(c/(-b - Sqrt[b~2 - 4*a*xc]))]*Sqrtla + b*x"2 + cxx"4]) - (
(105%I)*A*xc~3*d~3*Sqrt[1 - (2xc*x72)/(-b - Sqrt[b~2 - 4xa*xc])]*Sqrt[1 - (2%
c*x72)/(~b + Sqrt[b~2 - 4xaxc])]*EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[-(c/(-b -
Sqrt[b™2 - 4xaxc]))]*x], (-b - Sqrt[b~2 - 4*axc])/(-b + Sqrt[b~2 - 4x*axc])
1)/(Sqrt[2]1*Sqrt[-(c/(-b - Sqrt[b~2 - 4*axc]))]*Sqrtla + b*x"2 + c*x~4]) +

((105*I)*a*Bxc~2xd"2xe*xSqrt [1 - (2*c*x”2)/(-b - Sqrt[b~2 - 4*axc])]*Sqrt[1

- (2xc*xx72)/(-b + Sqrt[b~2 - 4*axc])]*EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[-(c/
(-b - Sqrt[b~2 - 4x*axc]))]*x], (-b - Sqrt[b~2 - 4xaxc])/(-b + Sqrt[b~2 - 4%
axc])])/(Sqrt[2]*Sqrt[-(c/(-b - Sqrt[b~2 - 4*axc]))]*Sqrtla + b*x"2 + c*x"4
1) - ((42*I)*Sqrt[2] xaxb*Bxckxd*xe~24Sqrt[1 - (2*c*x"2)/(-b - Sqrt[b~2 - 4*ax
c])I*Sqrt[1 - (2%c*x72)/(~b + Sqrt[b~2 - 4*a*xc])]*EllipticF[I*ArcSinh[Sqrt[
2]*Sqrt[-(c/(-b - Sqrt[b~2 - 4*axc]))]1*x], (-b - Sqrt[b~2 - 4xaxc])/(-b + S
qrt[b™2 - 4xaxc])])/(Sqrt[-(c/(-b - Sqrt[b~2 - 4*axc]))]x*Sqrtl[a + b*x"2 + ¢
xx"4]) + ((105%I)*axA*c~2*xd*e”2*Sqrt[1 - (2*xc*x”2)/(-b - Sqrt[b~2 - 4xaxc])
1%Sqrt[1 - (2xc*xx"2)/(-b + Sqrt[b~2 - 4xa*xc])]*EllipticF[I*ArcSinh[Sqrt[2]*
Sqrt[-(c/(-b - Sqrt[b™2 - 4xaxc]))]*x], (-b - Sqrt[b~2 - 4x*axc])/(-b + Sqrt
[b"2 - 4xaxc])])/(Sqrt[2]*Sqrt[-(c/(-b - Sqrt[b~2 - 4*axc]))]*Sqrtla + b*x~
2 + c*x74]) + ((12*I)*Sqrt[2]*a*b~2*B*e~3*Sqrt[1 - (2*xc*x”2)/(-b - Sqrt[b~2
- 4xaxc])]*Sqrt[1 - (2%c*x"2)/(-b + Sqrt[b~2 - 4*axc])]*EllipticF[I*ArcSin
h[Sqrt[2]*Sqrt[-(c/(-b - Sqrt[b~2 - 4xa*xc]))]*x], (-b - Sqrt[b~2 - 4x*axc])/
(-b + Sqrt[b~2 - 4xa*xc])])/(Sqrt[-(c/(-b - Sqrt[b~2 - 4*axc]))]*Sqrtla + bx
X"2 + c*x74]) - ((14#I)*Sqrt[2]*axAxb*xc*e”3*Sqrt[1 - (2xc*x~2)/(-b - Sqrt[b
72 - 4xaxc])]xSqrt[1 - (2%c*x"2)/(-b + Sqrt[b~2 - 4*axc])]*EllipticF[I*ArcS
inh[Sqrt[2]*Sqrt[-(c/(-b - Sqrt[b~2 - 4*axc]))]*x], (-b - Sqrt[b~2 - 4x*axc]
)/(-b + Sqrt[b~2 - 4*a*xc])])/(Sqrt[-(c/(-b - Sqrt[b~2 - 4xa*c]))]*Sqrt[a +
b*xx"2 + c*xx"4]) - ((25*I)*a”2*Bkcxe~3*Sqrt[1 - (2*c*x"2)/(-b - Sqrt[b~2 - 4
xaxc])]*Sqrt[1 - (2%c*x"2)/(-b + Sqrt[b~2 - 4xa*xc])]*EllipticF[I*ArcSinh[Sq
rt[2]*Sqrt[-(c/(-b - Sqrt[b~2 - 4xa*xc]))]*x], (-b - Sqrt[b~2 - 4*axc])/(-b

+ Sqrt[b™2 - 4xaxc])])/(Sqrt[2]*Sqrt[-(c/(-b - Sqrt[b~2 - 4x*axc]))]*Sqrt[a

+ b*x72 + c*x74]))/(105%c”3)
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Maple [B] time = 0.021, size = 1708, normalized size = 2.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x"2+A)*(exx~2+d) "3/ (c*x"4+b*x"2+a) " (1/2) ,x)

[Out] B*e”~3%(1/7/c*x"5%(c*xx~4+b*xx"2+a) ~(1/2)-6/35%b/c " 2*xx"3* (c*xx~4+b*x"2+a) ~(1/2)
+1/3%(-5/7*xa/c+24/35%b"2/c”2) /c*xx* (cxx"4+bxx"2+a) ~(1/2)-1/12*(-5/7*a/c+24/3
5%¥b72/c”2) /cxax2”(1/2) / (((-4*a*xc+b~2) " (1/2)-b) /a) " (1/2) *(4-2x ((-4*a*xc+b~2) "
(1/2)-b) /a*xx"2) " (1/2) * (4+2*% (b+ (-4*a*xc+b~2) " (1/2)) /a*x"2) " (1/2) / (c*x~4+b*x"2
+a) " (1/2)*E1lipticF (1/2*x*27 (1/2) * (((-4*a*xc+b~2)~(1/2)-b) /a)~(1/2) ,1/2* (-4+
2xbx (b+(-4*axc+b”2) " (1/2))/a/c)~(1/2))-1/2*(18/35*b/c"2*a-2/3*(-5/7*a/c+24/
35*%b72/c”2) /cxb) *ax2~ (1/2) / (((-4*a*xc+b™2) " (1/2)-b)/a) "~ (1/2) * (4-2* ((-4*a*xc+b
~2)7(1/2)-b) /axx"2) " (1/2) * (4+2* (b+ (—4*a*xc+b™2) " (1/2)) /axx~2) " (1/2) / (c*x"4+b
*xx"2+a) " (1/2) / (b+(-4*a*xc+b~2) ~(1/2) ) * (E11lipticF (1/2*x*27(1/2) * (((-4*a*c+b~2
)7 (1/2)-b)/a) "~ (1/2) ,1/2% (-4+2xb* (b+ (-4*axc+b~2) " (1/2))/a/c)~(1/2))-Elliptic
E(1/2xx%27 (1/2)*(((-4*a*c+b~2) " (1/2)-b)/a)~(1/2) ,1/2% (-4+2xb* (b+(-4*a*xc+b~2
)7 (1/2))/a/c)~(1/2))))+(A*xe~3+3*Bxd*e”2) * (1/5/c*x"3* (c*x"4+b*x"2+a) ~(1/2)-4
/15%b/c”2*x* (cxx"4+bxx"2+a) " (1/2)+1/15*%b/c”2*a*x2”(1/2) / (((-4*a*xc+b~2) ~(1/2)
-b)/a) " (1/2) *(4-2*% ((-4d*axc+b~2) " (1/2)-b) /a*x"2) " (1/2) * (4+2* (b+ (-4*a*xc+b~2) "
(1/2))/a*xx~2) "~ (1/2) / (c*x~4+b*x"2+a) ~(1/2)*E1lipticF (1/2*x*2~ (1/2) * (((-4*ax*c
+b72) " (1/2)-b) /a)~(1/2) ,1/2x (=4+2xb* (b+(-4*a*xc+b~2) ~(1/2))/a/c)~(1/2))-1/2%
(-3/5%a/c+8/15*%b"2/c”2) *ax2~(1/2) / (((-4*a*xc+b~2) " (1/2)-b)/a) "~ (1/2)*(4-2% ((-
dxaxc+b~2) " (1/2)-b) /a*x"2) " (1/2) * (4+2*x (b+ (—4*a*xc+b~2) ~(1/2)) /a*xx~2)~(1/2) /(
c*x"4+b*x"2+a) " (1/2) / (b+(-4*axc+b”2) " (1/2) ) * (E1lipticF (1/2*x*27 (1/2) * (((-4*
axc+b™2) " (1/2)-b)/a)~(1/2) ,1/2* (-4+2%b* (b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/2))-E
1lipticE(1/2*%x*27(1/2)* (((-4*a*xc+b~2)~(1/2)-b)/a)~(1/2) ,1/2% (-4+2%b* (b+ (-4
axc+b”2) " (1/2))/a/c) " (1/2))) ) +(3*A*xd*xe~2+3*B*xd"2*e) * (1/3/cxx* (c*x~4+b*x"2+a
)" (1/2)-1/12*a/c*27(1/2) / (((=4*axc+b~2) " (1/2)-b) /a) " (1/2) * (4-2*x ((-4*a*xc+b”~2
)7 (1/2)-b) /a*xx"2) " (1/2) * (4+2* (b+ (—4*a*xc+b~2) " (1/2)) /a*xx"2) " (1/2) / (c*x~4+b*x
“2+a) " (1/2)*E1lipticF (1/2*%x*27(1/2)* (((-4*a*c+b~2)~(1/2)-b)/a)~(1/2) ,1/2* (-
442xb* (b+(—4*a*xc+b~2) " (1/2))/a/c)~(1/2))+1/3*b/c*a*x2~ (1/2) / (((-4*axc+b~2) "~ (
1/2)-b)/a) " (1/2) % (4-2x ((=4*a*xc+b~2) " (1/2)-b) /a*xx"2) " (1/2) * (4+2* (b+ (-4*a*xc+b
~2)7(1/2)) /a*xx”2) " (1/2) / (c*x"4+b*x"2+a) ~(1/2) / (b+(-4*a*c+b~2) " (1/2) ) *(Ellip
ticF(1/2*xx*27 (1/2) *(((=4*axc+b~2) " (1/2)-b)/a) " (1/2),1/2x (—4+2xb* (b+(—4*axc+
b~2)~(1/2))/a/c)~(1/2))-E1llipticE(1/2*x*27(1/2) * (((-4*a*xc+b~2)~(1/2)-b)/a)"~
(1/2) ,1/2% (=4+2%b* (b+ (=4*axc+b~2)~(1/2))/a/c)~(1/2))))-1/2* (3*A*d~2%e+B*d"~3
Y*ax27(1/2) / (((—4*xaxc+b™2) " (1/2)-b) /a) ~(1/2) * (4-2x ((-4*a*xc+b™2) " (1/2)-b) /ax
x72) 7 (1/2) * (4+2% (b+ (—4*a*xc+b™2) " (1/2) ) /axx"2) " (1/2) / (c*x"4+b*x"2+a) ~(1/2) / (
b+ (=4*a*xc+b~2) ~(1/2))*(E1lipticF (1/2*x*27(1/2) * (((-4*axc+b~2)~(1/2)-b)/a)~(
1/2) ,1/2% (-4+2%b* (b+(-4*axc+b™2) ~(1/2))/a/c)~(1/2))-EllipticE(1/2*x*2~(1/2)
*x(((-4*a*xc+b™2)~(1/2)-b)/a)~(1/2) ,1/2% (-4+2xb* (b+ (-4*a*c+b~2) " (1/2)) /a/c) " (
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1/2)))+1/4%Axd"3%27(1/2) / (((=4*a*xc+b~2) " (1/2)-b)/a) " (1/2) *(4-2* ((-4*a*c+b~2
)7 (1/2)-b) /axx~2) " (1/2) x (4+2* (b+(-4*a*xc+b™2) " (1/2)) /a*xx"2) ~(1/2) / (c*x"4+b*x
“2+a) " (1/2)*E1llipticF (1/2%x%27(1/2) * (((-4*a*xc+b~2) " (1/2)-b) /a)~(1/2) ,1/2* (-
4+2xb* (b+(—4*a*xc+b~2)~(1/2))/a/c)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

j43g+Axa2+@3d
Vext +bx2 +a

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(exx~2+d) "3/ (c*x~4+b*x"2+a)~(1/2),x, algorithm="maxima"
)

[Out] integrate((B*x~2 + A)x(exx"2 + d)~3/sqrt(c*x”4 + b*xx"2 + a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

Be3a8 + (3 Bde? + Ae3)x6 +3 (dee + Adez)x4 + Ad® + (Bd3 +3 Adze)x2

Vext +bx2 +a

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x"2+A)*(e*x~2+d) "3/ (c*x"4+b*x"2+a) " (1/2) ,x, algorithm="fricas"
)

[Out] integral((B*e~3*x~8 + (3*xBxd*e”2 + A*xe”3)*x76 + 3*(Bkd 2xe + A*xd*e”2)*x"4 +
Axd”3 + (B*d"3 + 3%A*d"2%e)*x72)/sqrt(c*x”4 + b*x"2 + a), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

j4A+Bﬁﬂd+wq3
Va + bx? + cx*

dx

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((B*x*x2+A)* (exxx*2+d) *x*3/ (cxx**4+b*x**2+a) ** (1/2) ,x)

[Out] Integral((A + Bxx**2)x(d + exx*x2)x*3/sqrt(a + b*x**2 + cxx**4), x)

Giac [F] time = 0., size = 0, normalized size = 0.

X

(B2 + A)(ex? +d)’
f d
Vext + bx2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)* (e*xx~2+d) "3/ (c*x"4+b*x"2+a)~(1/2),x, algorithm="giac")
g g g

[Out] integrate((B*x~2 + A)*x(exx"2 + d)~3/sqrt(c*x™4 + b*x"2 + a), x)
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(A+B22)(d+ex?)”
318 | VarbZrext

Optimal. Leaf size=528

4 c(2aBe(5cd—2be)-5 Ac(3cd?-ae?
\4/5(\/5 + \/Exz) /%EllipticF (2 tan™! (%) , i (2 - ‘/_b‘/_)) (— Ve{aabe(sed-2 J;A e ) +B (—ce(9ae +20
a++/cx a aye
30c4vVa + bx? + cxt

dx

[Out] (ex(10*Bxc*d - 4*b*Bxe + LkAxcke)*x*Sqrtla + b*x"2 + cxx"4])/(15%xc™2) + (Bx
e 2xx"3*3qrt[a + bxx"2 + c*x74])/(5xc) + ((10%A*xckex(3*cxd - b*e) + B*(15%c
T“2%d72 + 8xb72%e”2 - c*xex(20*%bxd + 9xaxe)))*x*Sqrtla + bxx"2 + c*x~4])/(15%
c™(5/2)*(Sqrt[a]l + Sqrtlcl*x~2)) - (a~(1/4)*(10*Axc*xe*x(3*xc*d - bxe) + Bx(15
*xC"2xd"2 + 8%b72xe”2 - ckxex(20%bxd + 9*axe)))*(Sqrtlal + Sqrtlcl*x"2)*Sqrt[
(a + b*xx"2 + c*x74)/(Sqrtla] + Sqrtlc]*x72)"2]*EllipticE[2*ArcTan[(c~(1/4)*
x)/a~(1/4)]1, (2 - b/(Sqrtlal*Sqrtlcl))/4]1)/(15*xc~(11/4)*Sqrtla + b*x"2 + cx*
x74]) + (a7 (1/4)*(10%Axcxex(3*%c*kd - bke) + Bx(15xc™2xd"2 + 8*b"2%e”2 - ckex
(20*%b*d + 9*axe)) - (Sqrtlcl*(2%a*Bkxex(5*xckd - 2%b*e) - BkAxcx(3kcxd™2 - ax
e”2)))/Sqrt[al)*(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + b*x"2 + cxx"4)/(Sqrtl[al +
Sqrt [c]*x72) "2]*EllipticF [2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(Sqrt[a]l*S
qrtlc]))/4]1)/(30%c™(11/4)*Sqrtla + b*x"2 + c*xx~4])

Rubi [A] time = 0.726367, antiderivative size = 528, normalized size of antiderivative

. . ber of rul
1., number of steps used = 5, number of rules used = 4, integrand size = 33, e -

0.121, Rules used = {1679, 1197, 1103, 1195}

integrand size

\a (\/E + \/Exz) MF (2 tan™!

xVa + bx? + cxt (B (—ce(9ae + 20bd) + 8b%e* + 15c2d2) +10Ace(3cd - be)) (Varyer2)”
+

15¢52 (\/E + \/Exz)

Antiderivative was successfully verified.

[In] Int[((A + B*x"2)*(d + exx"2)72)/Sqrt[a + b*xx"2 + c*x"4],x]

[Out] (ex(10*Bxc*d - 4*b*Bxe + bkAxcke)*x*Sqrtla + b*x"2 + c*xx"4])/(15%xc™2) + (Bx
e"2xx"3*xSqrt[a + b*x"2 + c*xx74])/(5*xc) + ((10*Axcxe*(3*cxd - bxe) + Bx(15*c
“2%d”72 + 8xb"2%e”2 - c*xex(20*%bxd + 9xaxe)))*x*Sqrtla + bxx"2 + c*xx~4])/(15%
c~(6/2)*(Sqrtla] + Sqrtlcl*x"2)) - (a~(1/4)*(10*Axcxex(3*xcxd - b*e) + B*(15
*C72%d"2 + 8*%b"2xe”2 - c*xex(20%bxd + 9*axe)))*(Sqrtlal + Sqrtlcl*x"2)*Sqrt[
(a + b*xx"2 + c*x"4)/(Sqrtla] + Sqrtlc]*x72)72]*EllipticE[2*ArcTan[(c~(1/4)*
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x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4]1)/(16*xc™(11/4)*Sqrtla + b*x"2 + cx*
x74]) + (a7 (1/4)*(10%Axc*ex(3*c*kd - b*e) + Bx(15xc™2xd"2 + 8*b"2%e™2 - ckex
(20%b*d + 9*axe)) - (Sqrtlc]*(2*a*xBxe*x(5kcxd - 2%bke) - bkAxc*(3*c*xd™2 - ax
e”2)))/Sqrt[al)*(Sqrt[a]l + Sqrtlcl*x~2)*Sqrt[(a + b*x"2 + cxx"4)/(Sqrtlal +
Sqrt [c]*x72) “2]*EllipticF [2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(Sqrt[al*S
qrtlc]))/4]1)/(30%c~(11/4)*Sqrt[a + b*x~2 + c*xx~4])

Rule 1679

Int[(Pq )*x((a_) + (b_.)*(x )72 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{q =
Expon[Pq, x"2], e = Coeff[Pq, x"2, Expon[Pq, x"2]1}, Simp[(exx”~(2xq - 3)x*(
a + bxx"2 + c*xx"4)"(p + 1))/(cx(2*%q + 4xp + 1)), x] + Dist[1/(c*x(2xq + 4*p
+ 1)), Int[(a + b*x"2 + c*x~4) p*ExpandToSum[c*(2%q + 4*p + 1)*Pq - axe*(2x
q - 3)*x7(2%xq - 4) - b*ex(2xq + 2%p - 1)*xx"(2%q - 2) - cxe*x(2*%q + 4*p + 1)*
x~(2%xq), x], x], x]] /; FreeQl[{a, b, c, p}, x] && PolyQ[Pq, x~2] && Expon[P
q, x°2] > 1 && NeQ[b~2 - 4xaxc, 0] && !'LtQlp, -1]

Rule 1197

Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtla + b*x"2 + c*xx~4
1, x], x] - Distle/q, Int[(1 - g*x~2)/Sqrtla + b*x"2 + c*x"4], x], x] /; Ne
Qle + d*q, 0]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*a*xc, 0] && PosQ[
c/al

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g™ 2*xx72)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q72%x72)72)]*
EllipticF[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*c)])/(2*g*Sqrtla + b*x"2 + cxx"4]
), x1]1 /; FreeQl[{a, b, c}, x] && NeQ[b~2 - 4xax*c, 0] && PosQ[c/al

Rule 1195

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, -Simp[(d*x*Sqrtla + b*x"2 + c*x"4])/(a*x(1 + g~
2¥x72)), x] + Simp[(d*(1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(a*x(1 + q~2*x"
2)"2)]1*EllipticE[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*c)])/(g*Sqrtla + b*xx"2 + ¢
*x~41), x] /; EqQle + dxq~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 -
dxaxc, 0] && PosQ[c/al

Rubi steps
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X

dx = " Va+bx2+cxt
Va + bx? + cx* 5¢ 5¢

e(10Bcd — 4bBe + 5Ace)xVa + bx? + cx4 Bezx3\/u + bx2 + cx? .

15¢2 5¢c

2 5Acd2+(SBcd2+10Acde—3uBez)x2+e(IOBcd—4bBe+5Ace)x4
f (A + sz) (d + exz) Be?x®Va + bx? + cx* J

f —~2aBe(5cd—2be)+5 Ac(:

e(10Bcd — 4bBe + 5Ace)xVa + bx? + cx* Bezx3\/a + bx? + cxt (\/E (10Ace(3cd — b

15¢2 5¢ -

e(10Bcd — 4bBe + 5Ace)xVa + bx? + cx* Bezx3\/ a+ bx? + cxt N (10AC€(3Cd —be) +

15¢2 5¢c

Mathematica [C] time = 4.57953, size = 674, normalized size = 1.28

Vb2—-dac+b+2cx? \/ ~2Vb2—4ac+2b+4cx® L. . .. —1( C ) Vb2-4ac+b ( ( ( (
EllipticF h 2 ) 10A VB —dae — )
\/ Vi sace b= Vb dac P (l o \/_x\/ﬁ b-Vb2—4ac ¢ (10Ac (e (3VE? - 4ac - ae

Antiderivative was successfully verified.

[In] Integrate[((A + B*xx"2)*(d + e*x72)72)/Sqrt[a + b*x"2 + c*x74],x]

[Out] (4xcxSqrtlc/(b + Sqrt[b~2 - 4*axc])]*exx*x(a + b*xx"2 + c*x~4)*(5xA*cxe + Bx(
10xc*d - 4*bxe + 3xc*kexx"2)) + Ix(-b + Sqrt[b~2 - 4xaxc])*(10xA*xcxex*(3*c*xd
- b*xe) + Bx(15%c™2*%d"2 + 8%b~2%e”2 - c*e*x(20xbxd + 9*axe)))*Sqrt[(b + Sqrtl
b~2 - 4*axc] + 2xcxx"2)/(b + Sqrt[b~2 - 4*axc])]*Sqrt[(2*b - 2xSqrt[b~2 - 4
xaxc] + 4xc*xx”2)/(b - Sqrt[b~2 - 4*axc])]*EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[
c/(b + Sqrt[b™2 - 4xaxc])]*x], (b + Sqrt[b~2 - 4xaxc])/(b - Sqrt[b™2 - 4xax
c])] - I*(-8%b~3*Bxe”2 + 2xb~2%ex(10*Bxc*d + 5xAxcke + 4*BxSqrt[b~2 - 4xa*c
1xe) - bxcx(15%B*xc*d™2 + B*xex(20*Sqrt[b~2 - 4*axclxd - 17*axe) + 10*xAxe* (3
cxd + Sqrt[b~2 - 4xaxcl*e)) + cx(Bx(-9*a*xSqrt[b~2 - 4xaxc]*e”2 + 5kxcxdx(3*S
grt[b72 - 4xaxc]xd - 4xaxe)) + 10*xA*xcx(3*cxd™2 + e*x(3*Sqrt[b~2 - 4xaxc]*d -
axe))))*xSqrt[(b + Sqrt[b™2 - 4xa*xc] + 2*c*xx"2)/(b + Sqrt[b~™2 - 4*axc])]*Sq
rt[(2%b - 2%Sqrt[b~2 - 4xaxc] + 4xc*x"2)/(b - Sqrt[b~2 - 4*axc])]*EllipticF
[I*ArcSinh[Sqrt [2]*Sqrt[c/(b + Sqrt[b~2 - 4xa*xc])]*x], (b + Sqrt[b~2 - 4xax
cl)/(d - Sqrt[b~2 - 4xaxc])])/(60*c~3*Sqrtlc/(b + Sqrt[b~2 - 4xaxc])]*Sqrt[
a + b*x"2 + cxx74])
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Maple [B] time = 0.009, size = 1201, normalized size = 2.3

result too large to display
Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)*(e*xx"2+d) "2/ (c*x~4+b*x"2+a) "~ (1/2),x)

[Out] B*xe™2*x(1/5/c*x”3*(c*xx~4+b*x"2+a) " (1/2)-4/15*%b/c”2*x* (c*x~4+b*x"2+a) " (1/2)+1
/15%b/c”2*ax2~(1/2) / (((-4xa*xc+b~2) " (1/2)-b)/a) ~(1/2) % (4-2x ((-4*axc+b~2) "~ (1/
2)-b) /a*xx"2) " (1/2) * (4+2* (b+ (-4*a*xc+b™2) ~(1/2)) /a*xx"2) ~(1/2) / (c*x"4+b*x"2+a)
~(1/2)*EllipticF (1/2%x*27 (1/2)*(((-4*a*c+b~2)~(1/2)-b)/a)~(1/2),1/2*%(-4+2%b
* (b+(-4*a*xc+b™2)"(1/2))/a/c)~(1/2))-1/2%(-3/5*%a/c+8/15xb~2/c~2) *a*x2~ (1/2) /(
((4*a*xc+b"2) " (1/2)-b)/a) " (1/2)*(4-2* ((-4*a*c+b~2) " (1/2)-b) /axx"2) "~ (1/2)* (4
+2% (b+(—4*a*xc+b™2)~(1/2)) /a*xx~2) " (1/2) / (cxx~4+b*x"2+a) "~ (1/2) / (b+ (-4*axc+b~2
)7 (1/2))*(EllipticF (1/2*x*27 (1/2) * (((-4*a*xc+b~2)~(1/2)-b)/a)~(1/2),1/2*(-4+
2*xb* (b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/2))-EllipticE(1/2*x*2~(1/2) * (((-4*a*xc+b”
2)7(1/2)-b)/a) "~ (1/2) ,1/2% (-4+2xb* (b+(-4*axc+b~2) " (1/2)) /a/c)~(1/2))) ) +(Axe”
2+2+B*xd*e) * (1/3/cxx* (cxx~4+b*xx"2+a) ~(1/2)-1/12*a/c*2”(1/2) / (((-4*a*c+b~2) ~(
1/2)-b)/a) " (1/2)*(4-2x ((—4*axc+b~2) ~(1/2)-b) /a*xx"2) " (1/2) * (4+2%* (b+(-4*ax*c+b
~2)7(1/2)) /axx”2) " (1/2) / (c*xx™4+b*x"2+a) ~(1/2) *E1lipticF (1/2xx*2~ (1/2)* (((-4
*a*xc+b”2) " (1/2)-b)/a) " (1/2) ,1/2% (-4+2*b* (b+(-4*axc+b~2)~(1/2))/a/c) ~(1/2))+
1/3*b/cxax2”(1/2) / (((-4*a*c+b”2)~(1/2)-b)/a) ~(1/2) *(4-2* ((-4*a*xc+b~2) " (1/2)
-b) /a*x"2) " (1/2) * (4+2*x (b+ (-4*a*xc+b~2) ~(1/2)) /a*xx"2) " (1/2) / (c*x~4+b*x"2+a) ~ (
1/2) / (b+(-4*a*xc+b~2)~(1/2))*(EllipticF (1/2*x*2~ (1/2) * (((-4*a*c+b~2)~(1/2)-b
)/a)~(1/2) ,1/2% (=4+2xb* (b+(-4*a*xc+b~2) ~(1/2))/a/c)~(1/2))-EllipticE(1/2*x*2
~“(1/2) % (((-4*a*xc+b™2) " (1/2)-b) /a) " (1/2) ,1/2% (-4+2xb* (b+(-4*a*xc+b~2) " (1/2))/
a/c)”(1/2))))-1/2x (2xAxd*xe+B*d~2) *xa*2~ (1/2) / (((-4d*a*xc+b~2)~(1/2)-b) /a) ~(1/2
)*x(4-2% ((—4*a*xc+b™2) " (1/2)-b) /axx"2) " (1/2) * (4+2* (b+ (—4*a*xc+b”2) " (1/2) ) /a*xx~
2)~(1/2) / (c*x~4+b*x"2+a) " (1/2) / (b+(=4*a*xc+b~2) ~(1/2) ) * (E11lipticF (1/2*x*2~ (1
/2)*(((-4*a*xc+b~2)~(1/2)-b)/a)~(1/2),1/2%x (-4+2xb* (b+(-4*a*xc+b~2) " (1/2))/a/c
)7 (1/2))-EllipticE(1/2*x*27 (1/2)* (((-4*a*xc+b~2) " (1/2)-b)/a)~(1/2) ,1/2x (-4+2
*b* (b+ (—4*axc+b”™2)~(1/2))/a/c)~(1/2)))+1/4xAxd"2x2"(1/2) / (((-4*a*xc+b~2) ~(1/
2)-b)/a) " (1/2) *(4-2x ((-4*xaxc+b~2) " (1/2)-b) /a*xx"2) " (1/2) * (4+2* (b+ (-4*a*c+b™2
)7(1/2)) /a*xx~2) " (1/2) / (c*x™4+b*x"2+a) " (1/2) *E11lipticF (1/2*x*27(1/2) * (((-4*a
*xc+b72) 7 (1/2)-b) /a) ~(1/2) ,1/2% (-4+2%b* (b+(-4*axc+b™2) " (1/2))/a/c)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

[ (B2 + A)(ex? +d)’
Vext +bx2 +a

dx
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)*(exx~2+d) "2/ (c*x"4+b*x~2+a)~(1/2),x, algorithm="maxima"
)

[Out] integrate((B*x~2 + A)*(exx”2 + d)~2/sqrt(c*x™4 + b*x"2 + a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

Be2x0 + (2 Bde + Ae?)x* + Ad? + (Bd? + 2 Ade)x?

Vext +bx2 +a

integral X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx"2+A)*(exx~2+d) "2/ (c*x"4+b*x~2+a)~(1/2),x, algorithm="fricas"
)

[Out] integral((Bxe~2*x"6 + (2*Bkxd*e + Axe”2)*x"4 + Axd™2 + (B*d™2 + 2xA*xd*e)*x"2
)/sqrt(c*x™4 + b*xx"2 + a), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

2
f (A + sz) (d + exz) N
Va + bx? + cx*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x**2+A)* (exxx*2+d) *x*2/ (cxxx*4+b*x**2+a)** (1/2) ,x)

[Out] Integral((A + Bxx**2)x(d + exx*x2)x*x2/sqrt(a + b*x**2 + cxx**4), Xx)

Giac [F] time = 0., size = 0, normalized size = 0.

dx

[ (B2 + A)(ex? +4)’
Vext +bx2 +a
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx"2+A)*(exx~2+d) "2/ (c*x"4+b*x"2+a)~(1/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)*(exx"2 + d)~2/sqrt(c*x”4 + b*x"2 + a), x)
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(A+Bx2)(d+ex2)
319 [ ——dx

Optimal. Leaf size=368

4
Va (va + Jex? fMElli ticF (2 tan™! (ﬂ) , E (2 _ ! )) (\/E(MCd_aBe) + 3Ace — 2bBe + 3Bcd)
\/_ (\/— \/— ) (\/E+\/Ex2)2 P (1/,; 4 \/E\/E \/E . x\/m
6c74Va + bx? + cx*

[Out] (Bxexxx*Sqrtl[a + b*x"2 + c*x74])/(3*c) + ((3*Bxc*d - 2%b*Bxe + 3xAxcxe)*x*Sq
rtla + bxx"2 + c*x74])/(3*xc~(3/2)*(Sqrt[a] + Sqrtlcl*x"2)) - (a~(1/4)*(3*Bx

ckd - 2%bxBke + 3kxAxcke)*(Sqrtl[al + Sqrtlcl*x"2)*Sqrt[(a + b*x"2 + c*xx"4)/(
Sqrt[a] + Sqrtlcl*x"2) 2]*EllipticE[2*xArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(
Sqrt[al*Sqrt[cl))/4])/(3xc~(7/4)*Sqrt[a + b*xx"2 + c*x~4]) + (a~(1/4)*(3*Bxc

xd - 2*b*Bxe + 3*Axcke + (Sqrtl[cl*(3*A*c*d - a*Bxe))/Sqrtlal)*(Sqrtl[al + Sq
rt[c]*x"2)*Sqrt[(a + b*x"2 + c*xx74)/(Sqrt[al + Sqrtlcl*x~2) 2]*EllipticF[2x*
ArcTan[(c™(1/4)*x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4])/(6xc~(7/4)*Sqrt[

a + b*x"2 + cxx74])

Rubi [A] time = 0.25398, antiderivative size = 368, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 31, number of rules_

0.129, Rules used = {1679, 1197, 1103, 1195}

i (Vi + o) [ (2 ! (@)&(2— o)) (e

integrand size

2 4
xVa +bx? + cx*(3Ace - 2bBe + 3Bed) | (Va+ver2) {a
3692 (Va + yex?) PN g

Antiderivative was successfully verified.

[In] Int[((A + B*xx"2)*(d + e*x"2))/Sqrtl[a + b*x"2 + c*x74],x]

[Out] (Bxexx*Sqrtla + b*x”2 + c*xx"4])/(3*c) + ((3*Bxcxd - 2%b*Bxe + 3*Axcxe)*x*Sq
rtla + b*x"2 + c*x74])/(3*%c”(3/2)*(Sqrtla] + Sqrtlcl*x72)) - (a~(1/4)*(3*Bx

cxd - 2xbxBxe + 3xAxcxe)*(Sqrtl[a] + Sqrtlcl*x"2)*Sqrt[(a + b*x"2 + cxx~4)/(
Sqrtlal + Sqrtlcl*x~2)"2]*EllipticE[2*xArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(
Sqrt[al*Sqrt[c]))/41)/(3*xc™(7/4)*Sqrta + b*x"2 + c*x74]) + (a~(1/4)*(3*Bx*c

xd - 2%b*Bxe + 3xAxckxe + (Sqrtl[c]l*(3xA*xcxd - axBxe))/Sqrt[al)*(Sqrtl[al + Sq
rt[c]*x"2)*Sqrt[(a + b*x"2 + cxx"4)/(Sqrtl[al + Sqrtlcl*x~2) 2]*EllipticF[2x*
ArcTan[(c™(1/4)*x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/41)/(6*xc™(7/4)*Sqrt[

a + bxx"2 + c*x74])
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Rule 1679

Int[(Pq )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{q =
Expon[Pq, x72], e = Coeff[Pq, x72, Expon[Pq, x"2]]}, Simp[(exx~(2*q - 3)*(
a + b*x"2 + cxx74)"(p + 1))/(cx(2xq + 4%p + 1)), x] + Dist[1/(cx(2xq + 4*p
+ 1)), Int[(a + b*x"2 + c*x~4) “pxExpandToSum[c*(2%q + 4*p + 1)*Pq - axex(2x
q - D*x7(2%q - 4) - bxex(2xq + 2xp - 1)*x"(2%q - 2) - ckxex(2%q + 4xp + 1)x*
x~(2xq), x], x], x]] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x~2] && Expon[P
q, x°2] > 1 && NeQ[b~2 - 4%a*c, 0] && !'LtQlp, -1]

Rule 1197

Int[((d_) + (e_.)*x(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*x(x_)"4], x_Symbo
1] :> With[{q = Rtl[c/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtl[a + b*x"2 + c*x"4
1, x], x] - Distle/q, Int[(1 - g*x~2)/Sqrtla + b*x"2 + c*xx"4], x], x] /; Ne
Qle + d*q, 011 /; FreeQ[{a, b, ¢, d, e}, x] && NeQ[b~2 - 4*axc, 0] && PosQ[
c/al

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2%x72)"2)]*
EllipticF[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*xc)])/(2*%q*Sqrta + b*x"2 + cxx"4]
), x1] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4x*axc, 0] && PosQ[c/al]

Rule 1195

Int[((d_) + (e_.)*x(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*x(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, -Simp[(d*x*Sqrt[a + b*x"2 + c*x74])/(ax(1 + q~
2xx72)), x] + Simp[(d*(1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2*x"
2)"2)]*EllipticE[2*ArcTan[qg*x], 1/2 - (b*q~2)/(4*c)])/(g*Sqrtla + b*x"2 + ¢
*x~4]), x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 -

4dxaxc, 0] && PosQ[c/al

Rubi steps
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2
f (A N sz) (d N exz) o Bexm . f 3Acd aBe+i3f;jszb)ie+3Ace)x dx
Va + bx? + cx* 3c 3c
1- ‘ﬁ"z
Bea T T red  (Va(aBad —20Be +34c) [ =L —Ldx (\/E (BBcd _2bBe+

3c 3372

\Ja(3Bcd - 2bBe + 3 Ace)
BexVa + bx? + cx* N (3Bcd — 2bBe + 3Ace)xVa + bx? + cx*

3¢ 3¢¥2 (ya + \ex?)

Mathematica [C] time = 2.23374, size = 521, normalized size = 1.42

\/Vbz 4ac+b+2cx2\/—2Vb2_4uc+2b+4cx2 ElliptiCF (i sinh™ (\/—x [—W b) \/b2—4ac+b) (b (ZBE‘ /bz —4ac + 3Ace + 3Bcd
—4ac+

Vb2—4ac+b b—Vb2—4ac b—Vb2—4ac

Antiderivative was successfully verified.

[In] Integrate[((A + B*x"2)*(d + exx"2))/Sqrtla + b*x"2 + c*x74],x]

[Out] (4xBxc*Sqrtlc/(b + Sqrt[b~™2 - 4xaxc])]*e*xx*x(a + b*x"2 + c*x"4) - Ix(-b + Sq
rt[b7™2 - 4xaxc])*(-3*%Bxc*d + 2%bxBxe - 3*Axckxe)*Sqrt[(b + Sqrt[b~2 - 4x*axc]
+ 2%c*xx72) /(b + Sqrt[b~2 - 4*axc])]*Sqrt[(2xb - 2*xSqrt[b~2 - 4xaxc] + 4x*cx
x72)/(b - Sqrt[b~2 - 4*axc])]*EllipticE[I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrtl[
b~2 - 4xaxc])]*x], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4xaxc])] + Ix(-2
*b"2%Bke - cx(6xAxcxd + 3*BxSqrt[b~2 - 4*axc]*d - 2%a*Bkxe + 3xAxSqrt[b”2 -
4xaxc]*e) + b*(3*%Bxckd + 3kAxcke + 2*BxSqrt[b~2 - 4xaxc]*e))*Sqrt[(b + Sqrt
[b72 - 4*axc] + 2xc*x72)/(b + Sqrt[b~2 - 4xaxc])]*Sqrt[(2xb - 2*Sqrt[b~2 -
4xaxc] + 4*xcxx"2)/(b - Sqrt[b~2 - 4*axc])]*EllipticF[I*ArcSinh[Sqrt[2]*Sqrt
[c/(b + Sqrt[b~2 - 4xa*xc])]*x], (b + Sqrt[b~2 - 4xa*xc])/(b - Sqrt[b~2 - 4xa
xc])]1)/(12xc™2+Sqrt[c/(b + Sqrt[b~2 - 4xaxc])]*Sqrtla + b*x"2 + c*x"4])

Maple [B] time = 0.007, size = 759, normalized size = 2.1

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] int((B*x"2+A)*(e*xx~2+d)/(c*xx"4+b*xx"2+a) " (1/2) ,x)

[Out] B*ex(1/3/cxx*(cxx~4+b*x"2+a) ~(1/2)-1/12*a/cx2~(1/2)/(((-4*xa*xc+b~2)~(1/2)-b)
/a) " (1/2) % (4-2*% ((-4d*axc+b~2) "~ (1/2)-b) /a*x"2) " (1/2) * (4+2* (b+ (-4*a*xc+b~2) ~(1/
2))/a*x~2)~(1/2) / (c*x"4+b*x"2+a) " (1/2) *E1lipticF (1/2*x*27(1/2) * (((-4*a*xc+b”
2)°(1/2)-b)/a) " (1/2),1/2x (-4+2*b* (b+ (-4*a*xc+b~2) " (1/2))/a/c)~(1/2))+1/3*b/c
*ax27 (1/2) / (((=4*xa*xc+b~2) " (1/2)-b) /a) " (1/2) * (4-2x ((-4d*a*xc+b~2) " (1/2)-b) /a*xx
~2)7(1/2) * (4+2*% (b+ (-4*axc+b~2) " (1/2)) /a*x™2) ~(1/2) / (c*x~4+b*x"2+a) " (1/2) /(b
+(=4xa*xc+b~2) " (1/2))*(EllipticF (1/2*x*x2~ (1/2) * (((-4*a*xc+b~2)~(1/2)-b)/a)~ (1
/2) ,1/2% (=4+2xb* (b+ (-4*a*xc+b™2) " (1/2))/a/c)~(1/2))-EllipticE(1/2*x*2~ (1/2)*
(((—4*axc+b™2) 7 (1/2)-b)/a)~(1/2) ,1/2x (-4+2%b* (b+(-4*a*xc+b”™2) " (1/2))/a/c)~ (1
/2))))-1/2x(Axe+Bxd)*a*x2~(1/2) / (((-4*a*xc+b™2) " (1/2)-b) /a) " (1/2) *(4-2% ((-4*a
*c+b~2) " (1/2)-b) /axx"2) ~(1/2) * (4+2* (b+ (—4*a*xc+b~2) ~(1/2) ) /a*x"2) ~(1/2) / (c*x
“4+b*xx"2+a) " (1/2) / (b+(=4*axc+b™2) " (1/2) ) * (E1lipticF (1/2*x*27 (1/2) * (((-4*ax*c
+b72) " (1/2)-b) /a)~(1/2) ,1/2x (=4+2xb* (b+(-4*a*xc+b~2) ~(1/2))/a/c)~(1/2))-El1li
pticE(1/2*xx*27(1/2)* (((-4*a*xc+b~2)7(1/2)-b)/a)~(1/2) ,1/2*% (-4+2%b* (b+(-4*a*c
+b~2)7(1/2))/a/c)~(1/2)))+1/4xAxd*2~ (1/2) / (((-4*a*xc+b~2) " (1/2)-b)/a) " (1/2) *
(4-2% ((=4*axc+b™2) " (1/2)-b) /axx"2) " (1/2) * (4+2* (b+(=4*a*xc+b~2) ~(1/2) ) /a*x"2)
~(1/2) / (c*x"4+b*x"2+a) " (1/2) *E1lipticF (1/2*x*27(1/2) * (((-4*a*xc+b~2)~(1/2)-b
)/a)~(1/2) ,1/2x (—4+2%b* (b+ (-4*axc+b™2) ~(1/2)) /a/c)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

f (Bx2 + A) (ex2 + d) ;
Vex* +bx2 +a *

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx"2+A)*(exx~2+d)/(c*xx~4+b*x~2+a)~(1/2),x, algorithm="maxima"

[Out] integrate((B*x~2 + A)*(exx"2 + d)/sqrt(c*x™4 + b*x"2 + a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

Bex* + (Bd + Ae)x* + Ad )
X

Vext +bx2 +a

integral (

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((B*x"2+A)* (e*x”2+d)/(c*x"4+b*x"2+a)~(1/2) ,x, algorithm="fricas")

[Out] integral((Bxe*x"4 + (Bxd + Axe)*x"2 + A*d)/sqrt(c*x”4 + b*x"2 + a), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f (A + sz) (d + exz) i

Va + bx? + cx*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bxx**2+A)* (exx*x*2+d) / (c*xx*x*4+b*x**2+a)**(1/2) ,x)

[Out] Integral((A + Bkx**2)*(d + exx*x2)/sqrt(a + b*x**2 + ckx**4), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f (sz + A) (ex2 + d)
Vext +bx2 +a

Verification of antiderivative is not currently implemented for this CAS.

dx

[In] integrate((Bxx~2+A)*(exx~2+d)/(c*xx~4+b*xx~2+a)~(1/2),x, algorithm="giac")

[Out] integrate((Bxx~2 + A)*(exx"2 + d)/sqrt(c*x™4 + b*x"2 + a), x)
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A+Bx?
3.20 f m dx

Optimal. Leaf size=283
4
85 45+ ) e o (). 3-8 069 [
a a++/cx a aye a++/cx’
2c34va + bx? + cx* ) A4Va + b2 +

[Out] (Bxx*Sqrtla + b*x~2 + c*x74])/(Sqrtlcl*(Sqrtla] + Sqrtlcl*x"2)) - (a~(1/4)*
Bx(Sqrt[a] + Sqrtlc]*x"2)*Sqrt[(a + b*x"2 + c*x~4)/(Sqrtlal + Sqrtlcl*x"2)"
2]*EllipticE[2*ArcTan[(c™(1/4)*x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/41)/(
c~(3/4)*Sqrt[a + b*x"2 + c*x74]) + (a~(1/4)*(B + (AxSqrt[c]l)/Sqrt[a]l)*(Sqrt

[a] + Sqrtlc]*x72)*Sqrt[(a + bxx"2 + c*x~4)/(Sqrtla] + Sqrtlc]*x~2)7"2]*Elli
pticF[2xArcTan[(c™(1/4)*x)/a~(1/4)]1, (2 - b/(Sqrtlal*Sqrtlcl))/4]1)/(2*xc~(3/
4)*xSqrtla + b*x"2 + c*xx"4])

Rubi [A] time = 0.0808877, antiderivative size = 283, normalized size of antiderivative =
. . f rul
1., number of steps used = 3, number of rules used = 3, integrand size = 24, number of rules _

0.125, Rules used = {1197, 1103, 1195}

{a (Va + ver?) (% N B) abdied p (2 fan™! (i) E (2 - ﬁ)) {YaB (Va + Ver?) [ p (2 fan™! (4‘—f

integrand size

(Va+yer?) a (Va+yer2) ¥
2c34a + bx? + cx* c4Va + bx? + cx*

Antiderivative was successfully verified.

[In] Int[(A + B*x~2)/Sqrtla + b*x~2 + c*x74],x]

[Out] (Bxx*Sqrtla + b*x~2 + c*x74])/(Sqrtc]*(Sqrtlal + Sqrtlcl*x72)) - (a~(1/4)*
Bx(Sqrt[a] + Sqrtlc]*x72)*Sqrt[(a + b*x"2 + c*x~4)/(Sqrt[al + Sqrtlcl*x"2)~
2]*EllipticE[2*ArcTan[(c™(1/4)*x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]l))/41)/(
c™(3/4)*Sqrta + b*x"2 + c*xx~4]) + (a~(1/4)*(B + (AxSqrtlc])/Sqrt[al])*(Sqrt

[a]l + Sqrtlcl*x"2)*Sqrt[(a + bxx"2 + c*xx"4)/(Sqrt[a] + Sqrtlcl*x~2) 2]1*E1li
pticF[2*ArcTan[(c”(1/4)*x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4]1)/(2%c~(3/
4)*Sqrt[a + bxx"2 + c*xx"4])

Rule 1197

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrt[a + b*x"2 + c*x"4



139

1, x], x] - Distl[e/q, Int[(1 - g*x~2)/Sqrtla + b*x"2 + c*x~4], x], x] /; Ne
Qle + d*q, 0]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*a*xc, 0] && PosQ[
c/al

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g 2*xx"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q72%x72)72)]*
EllipticF[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*xc)])/(2*g*Sqrtla + b*x"2 + cxx"4]
), x1]1 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/a]

Rule 1195

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtl[c/a, 4]}, -Simp[(d*x*Sqrtl[a + b*x~2 + c*x74])/(ax(1 + q~
2¥x72)), x] + Simp[(d*(1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2*x"
2)"2)]*EllipticE[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*c)])/(g*Sqrtla + b*xx"2 + ¢
*x~41), x] /; EqQle + dxq~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 -
4xaxc, 0] && PosQ[c/al

Rubi steps
2
f A + Bx? dx:(A+\/EB)f 1 dx_(\/EB)fmdx
Va + bx? + cx* Ve Va + bx? + cx* Ve
4
VaB (Va + vex? arbred E (2 tan™! (ﬂ) E ( - L)) aB -
BxVa + bx? + cx* Ve (\/_ Ve ) (Va+ sz)z Va £ Vave (\/—
= - +
e (\/E +yex?) 3AVa + bx? + cx*

Mathematica [C] time = 0.264608, size = 302, normalized size = 1.07

b2—4ac+b+2cx? 2cx? . . R | C b2—4ac+b
” 1((~BVIZ —4ac - 24 B)Ell ticF (isinh ( 2 ),“ B(
Vb2—4ac+b —Vb2—4ac * (( b i c+b phic (Z St \/_x Vh2—4ac+b/)  b-Vbh2—4ac * \/

242 ~——Va + bx? + cxt
‘Fc\lm%” v

Antiderivative was successfully verified.

[In] Integrate[(A + B*x"2)/Sqrtl[a + bxx"2 + c*x~4],x]
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[Out] ((I/2)*Sqrtl[(b + Sqrt[b~2 - 4*a*xc] + 2xc*xx~2)/(b + Sqrt[b~2 - 4xaxc])]*Sqrt

[1 + (2%c*x72)/(b - Sqrt[b~2 - 4*axc])]*(B*(-b + Sqrt[b~2 - 4*axc])*Ellipti
cE[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4xa*xc])]*x], (b + Sqrt[b~2 - 4x
axc])/(b - Sqrt[b”2 - 4xaxc])] + (b*B - 2%Axc - BxSqrt[b~2 - 4xaxc])*Ellipt
icF[I*ArcSinh[Sqrt[2]*Sqrtc/(b + Sqrt[b~2 - 4xaxc])]*x], (b + Sqrt[b”™2 - 4
xaxc])/(b - Sqrt[b”™2 - 4xaxc])]))/(Sqrt[2]*cxSqrtlc/(b + Sqrt[b~2 - 4*axc])
IxSgrtla + b*x"2 + c*x74])

Maple [A] time = 0.006, size = 362, normalized size = 1.3

e O i O O i

2 a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x"2+A)/(cxx~4+b*x"2+a)~(1/2),x)

x2
2 i
EllipticF %\/ : (\/—4 ot b2 — b),

N =

[
—4+2-

[Out] -1/2%Bxa*x2~(1/2)/(((-4*axc+b~2)"(1/2)-b)/a)~(1/2)*(4-2x ((-4*axc+b~2)~(1/2)-

b) /a*xx"2) " (1/2) * (4+2* (b+(-4*a*xc+b~2) " (1/2)) /a*xx"2) " (1/2) / (cxx"4+b*x"2+a) ~ (1
/2)/ (b+(-4*xaxc+b~2)~(1/2))*(E1llipticF (1/2%x%2~(1/2) * (((-4*axc+b~2)~(1/2)-Db)
/a) " (1/2) ,1/2% (=4+2%b* (b+ (-4*a*xc+b™2) ~(1/2))/a/c)~(1/2))-EllipticE(1/2*x*2"
(1/2)*(((~4*a*xc+b™2) " (1/2)-b)/a)~(1/2) ,1/2% (-4+2*xb* (b+(-4*a*xc+b~2)~(1/2))/a
/c)~(1/2)))+1/4%Ax27(1/2) / (((—4*axc+b™2) " (1/2)-b) /a) ~(1/2) * (4-2x ((-4*a*xc+b”
2)~(1/2)-b) /a*x"2) " (1/2) % (4+2% (b+(-4*a*xc+b~2) ~(1/2)) /a*xx"2) ~(1/2) / (c*x~4+bx
x"2+a) " (1/2)*E1lipticF (1/2%x*27(1/2) * (((-4*a*xc+b~2)~(1/2)-b)/a)~(1/2) ,1/2x%(
—4+2xb* (b+ (-4*a*c+b~2)~(1/2))/a/c)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.
B2+ A
[ A,
cxt+bx2+a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)/(cxx~4+b*xx~2+a)~(1/2),x, algorithm="maxima"

[Out] integrate((B*x"2 + A)/sqrt(c*x”4 + b*x"2 + a), x)
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Fricas [F] time = 0., size = 0, normalized size = 0.

B2+ A )
x

integral (—,
Vex# +bx? +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)/(cxx~4+b*xx~2+a)”~(1/2),x, algorithm="fricas")

[Out] integral((Bxx"2 + A)/sqrt(c*x”4 + b*x"2 + a), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

A + Bx?
[ LB,
Va + bx? + cx*
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bxx**2+A)/(ckx*x*x4+b*xx*x*2+a)**(1/2),x%)

[Out] Integral((A + B*x**2)/sqrt(a + bkx**2 + cxx**4), x)

Giac [F] time = 0., size = 0, normalized size = 0.

Bx’+ A

ext+bx?+a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x"2+A)/(c*x"4+b*x"2+a)”~(1/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)/sqrt(c*x”4 + b*x"2 + a), x)
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A+Bx?
3.21 f (d+ex2)\/a+bx2+cx4 ax

Optimal. Leaf size=436

(\/E + \/Exz) (\/EB - A\/E) a+bx2+cx42 EllipticF (2 tan~! (@) , }L (2 - \/Eb\/E)) a%* (\/E + \/Exz) wbved (%

(Varyer2) Va (Varyer2)’
- +
2+/avcVa + bx? + cx* (\/Ed - \/Ee) 4~/

[Out] -((B*d - Axe)*ArcTan[(Sqrt[c*d~2 - b*dxe + axe”2]*x)/(Sqrt[d]*Sqrt[e]l*Sqrt[
a + b*x"2 + cxx"4])])/(2*Sqrt [d] *Sqrt [e] *Sqrt [c*d"2 - bxd*e + axe”2]) - ((S
qrt[a]*B - AxSqrt[c])*(Sqrtl[a]l + Sqrtlcl*x~2)*Sqrt[(a + b*x"2 + c*x~4)/(Sqr
tlal + Sqrtlcl*x"2)72]*EllipticF[2*ArcTan[(c™(1/4)*x)/a~(1/4)], (2 - b/(Sqr
t[al*Sqrtlc]))/4])/(2xa~(1/4)*c™ (1/4)*(Sqrt [c]*d - Sqrt[al*e)*Sqrtla + b*x~
2 + c*x74]) + (a~(3/4)*((Sqrtlcl*d)/Sqrtlal + e)~2x(Bxd - Axe)*(Sqrtla] + S
grtlc]*x"2)*Sqrt[(a + b*x"2 + c*x~4)/(Sqrtlal + Sqrtlcl*x~2)"2]*EllipticPil
-(Sqrt[cl*d - Sqrtlal*e)~2/(4xSqrt[al*Sqrtlc]l*d*e), 2*ArcTan[(c~(1/4)*x)/a”
(1/4)]1, (2 - b/(Sqrtlal*Sqrtlcl))/4]1)/(4*xc~(1/4)*d*ex(cxd"2 - a*e~2)*Sqrt[a
+ b*x"2 + c*xx74])

Rubi [A] time = 0.408582, antiderivative size = 436, normalized size of antiderivative =

. . b f rul
1., number of steps used = 3, number of rules used = 3, integrand size = 33, e

0.091, Rules used = {1708, 1103, 1706}

integrand size

a+bx2+cxt [(fod 2 (\/Ed—\/ae)z ) 1 Vex\ 1 b
a¥t (\/E + \/Exz) (\/;Jr\/;xz)z (ﬁ " e) (Bd - Aol (_ 4/acde 2 tan (%) l‘z (2 - W) (Bd - Ae) tan™" (‘/—xT:j
4+JedeNa + bx2 + cx (ccl2 - aez) B 2VdvJeVae? - ba

Antiderivative was successfully verified.

[In] Int[(A + B*x"2)/((d + e*xx"2)xSqrtl[a + b*x"2 + c*x74]),x]

[Out] -((Bxd - Axe)*ArcTan[(Sqrt[c*d~2 - bxd*xe + axe”2]*x)/(Sqrt[d]*Sqrt[e]*Sqrt[
a + b*x"2 + c*x74])]1)/(2*Sqrt [d]*Sqrt [e]*Sqrt [c*d"2 - bxdxe + axe”2]) - ((S
grtlal*B - A*xSqrt([c])*(Sqrtla] + Sqrtlc]l*x"2)*Sqrt[(a + b*xx"2 + c*x~4)/(Sqr
tla] + Sqrtlcl*x"2)72]*EllipticF[2*xArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(Sqr
t[al*Sqrtlcl))/4]1)/(2xa~(1/4)*c~(1/4)*(Sqrt[cl*d - Sqrtl[al*e)*Sqrtla + b*x~
2 + c*xx74]) + (a~(3/4)*((Sqrtlcl*d)/Sqrtlal + e)~2x(Bxd - Axe)x(Sqrt[a] + S
grtlc]*x72)*Sqrt[(a + b*x"2 + c*x~4)/(Sqrt[al + Sqrtlcl*x72)72]*EllipticPil
-(Sqrtlc]*d - Sqrtlal*e)”2/(4xSqrt[al*Sqrt[c]*d*xe), 2xArcTan[(c~(1/4)*x)/a”
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(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4])/(4xc™(1/4)*d*ex(c*xd”2 - a*xe”2)*Sqrt[a
+ b*x"2 + cxx"4])

Rule 1708

Int[(CA_.) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*(x_)"2
+ (c_.)*(x_)"4]), x_Symbol] :> With[{q = Rtlc/a, 2]}, Dist[(A*(c*xd + axex*q)
- axBx(e + d*q))/(c*d”2 - axe”2), Int[1/Sqrtla + b*x"2 + c*x"4], x], x] +
Dist[(a*x(B*d - A*xe)*(e + d*q))/(c*d”2 - axe”2), Int[(1 + g*x~2)/((d + exx"2
)*Sqrt[a + b*x"2 + c*x74]), x], x]] /; FreeQl[{a, b, c, d, e, A, B}, x] & N
eQ[b"2 - 4*axc, 0] && NeQ[c*d™2 - b*d*e + a*xe”™2, 0] && NeQ[c*d™2 - a*e”2, O

] && PosQ[c/al && NeQ[c*A~2 - a*B~2, 0]

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g 2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2%x72)"2)]*
EllipticF[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*xc)])/(2*q*Sqrta + b*x"2 + cxx"4]
), x11 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/al

Rule 1706

Int[((A_) + (B_.)*(x_)72)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - A*e)*Arc
Tan[(Rt[-b + (cxd)/e + (axe)/d, 2]*x)/Sqrtla + b*x~2 + c*x~4]])/(2*d*e*Rt[-
b + (cxd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A~2*(a
+ b*x72 + c*xx74))/(ax(A + Bxx"2)"2)]*EllipticPi[Cancel [-((B*d - Axe)~2/(4x
dxexA*B))], 2*xArcTan[q*x], 1/2 - (b*A)/(4%a*xB)])/(4*dxexAxq*Sqrt[a + b*x"2
+ c*xx~4]), x]1] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4x*axc, 0] &&
NeQ[c*d~2 - bxd*xe + axe”2, 0] && NeQ[cxd~2 - axe”2, 0] && PosQ[c/al && EqQ
[cxA™2 - axB~2, 0]

Rubi steps
1 1+ ‘(C/;Z
f A+ B2 ] (VaB - Aye) [ f——dx . (Va(Bd - 40)) | PR
x=-
(d + exz) Va + bx? + cx* Ved — +fae \ed — ~Jae
2 4
_ -1 Ved2—bde+ae?x (\/EB — A\/E) (\/E + \/Exz) a+bax®+ex
(Bd = Ae) tan ( VeV u+bx2+cx4) (\/E+\/Ex2)2

F(th

2VdvJeVed? - bde + ae? 2+/a/c (\/Ed —~ \/Ee) Va + b:
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Mathematica [C] time = 0.513092, size = 298, normalized size = 0.68

(b+\/M)e

2cd

Vb2—4ac+b+2cx?

Vb2—4ac+b

c ) Vbh2—4ac+b
Vo2—4ac+b) " b-Vb2-4ac

— Va+bx®+cxt

Vb2—4ac+b

2cx? . . P | .
S +1 (BdElhptlcF (z sinh (\/Ex ) + (Ae Bd)H( ;isin

Antiderivative was successfully verified.

[In] Integrate[(A + B*x"2)/((d + exx"2)*Sqrtl[a + b*x"2 + c*x74]),x]

[Out] ((-I)*Sqrt[(b + Sqrt[b~2 - 4*a*xc] + 2xcxx~2)/(b + Sqrt[b~2 - 4*axc])]*Sqrt[
1 + (2%xc*xx"2)/(b - Sqrt[b~2 - 4*axc])]*(Bxd*EllipticF [I*ArcSinh[Sqrt[2]*Sqr
tlc/(b + Sqrt[b~2 - 4xaxc])]l*x], (b + Sqrt[b~2 - 4xa*xc])/(b - Sqrt[b~2 - 4x
axc])] + (-(Bxd) + Axe)*EllipticPi[((b + Sqrt[b~2 - 4xaxc])xe)/(2%c*xd), I*A
rcSinh [Sqrt [2]1*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*x], (b + Sqrt[b~2 - 4x*axc])/

(b = Sqrt[b~2 - 4*axc])]))/(Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4*axc])]*dxe*Sqr

tla + bxx™2 + c*xx74])

Maple [A] time = 0.029, size = 359, normalized size = 0.8

N| =

4

B\2 (V—4ac+b2—b)x2 (b+\/—4ac+b2)x2 5
{le—z 442 EllipticF % Z(x/—4ac+bZ—b),

a a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x"2+A)/(exx~2+d)/(c*x"4+bxx"2+a)~(1/2) ,x)

[Out] 1/4xB/ex2”(1/2)/(((-4*a*xc+b™2)"(1/2)-b)/a) " (1/2)*(4-2* ((-4*a*xc+b~2)"(1/2)-b
Y/ axx"2) " (1/2) % (4+2*% (b+(—4*xa*xc+b™2) " (1/2)) /axx"2) " (1/2) / (cxx~4+b*x"2+a) " (1/
2)*E1lipticF (1/2*x*27(1/2) * (((-4*a*xc+b™2)~(1/2)-b)/a)~(1/2) ,1/2% (—4+2xb* (b+
(-4*a*xc+b~2)"(1/2))/a/c)~(1/2) )+ (Axe-B*d) /e/d*2"(1/2) / (1/a*x (-4*axc+b~2) "~ (1/
2)-1/axb) " (1/2)*(1-1/2/a*xx"2*% (=4dxa*c+b~2) " (1/2)+1/2/a*xb*x"2) " (1/2)*(1+1/2/a
*b*x"2+1/2/a*x"2x (=4*axc+b~2) " (1/2))~(1/2) / (c*x"4+bxx"2+a) " (1/2) *E1llipticPi
(1/2%x%27(1/2) * (((=4d*a*xc+b~2) " (1/2)-b) /a) ~(1/2) ,-2/ ((-d*axc+b~2) " (1/2)-b) *a

xe/d, (-1/2x%(b+(-4xaxc+b™2)~(1/2))/a) ~(1/2)*27(1/2) / (((-4*a*xc+b~2) " (1/2)-b)/
a)~(1/2))
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Maxima [F] time = 0., size = 0, normalized size = 0.

B2+ A
f dx
cxt + bx? + a(ex2 + d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)/(exx”2+d)/(cxx " 4+b*x"2+a)”~(1/2),x, algorithm="maxima")

[Out] integrate((B*x~2 + A)/(sqrt(c*x™4 + bxx"2 + a)*(e*x”2 + d)), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(exx~2+d)/(cxx~4+b*x"2+a)~(1/2),x, algorithm="fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

A+ Bx?
f dx
(d + exz) Va + bx? + cx*
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx**2+A)/(e*xx*x*2+d)/ (c*xx*x*4+b*xx**2+a)**(1/2) ,x)

[Out] Integral((A + B*x**2)/((d + exx*x2)*sqrt(a + b*x**2 + c*x**4)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

Bx’+ A
f dx
cxt + bx? + a(ex2 + d)
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx"2+A)/(exx~2+d)/(c*xx~4+b*x~2+a)~(1/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)/(sqrt(c*x™4 + bxx"2 + a)*(e*x”2 + d)), x)
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A+Bx?

322 [—= dx
(d+ex2)‘Va+bx2+cx4

Optimal. Leaf size=782

AYE (Va + o) [ pllipticE (2 tan (32), 1 (2 - L
c( a cx) (Vire) iptic ( an (%) 4( \/E\/E)) . Vexva + b2 + o (Bd - Ae) . .
2+/adVa + bx? + cx* (\/Ed—\/ae) 2d (\/E+ \/Exz) (aez—bde+cd2) 2d (d+

[Out] (Sqrtlcl*(Bxd - Axe)*x*Sqrtl[a + b*x"2 + c*xx"4])/(2*d*(c*d"2 - bxd*xe + axe”2
)*(Sqrt[a] + Sqrtlcl*x72)) - (ex(Bxd - Axe)*x*Sqrtla + bxx~2 + c*xx~4])/(2xd
*(cxd™2 - bxd*e + axe”2)*x(d + e*xx72)) - ((B*(c*d™3 - axdxe”2) - Axex(3*c*d”
2 - e*x(2*%bxd - axe)))*ArcTan[(Sqrt[cxd”™2 - b*dxe + axe”2]*x)/(Sqrt[d]*Sqrt[
e]*Sqrt[a + bxx"2 + c*x~4])])/(4%xd”(3/2)*Sqrte]*(c*d”2 - bxd*e + a*e”2)7(3
/2)) - (@~ (1/4)*c™(1/4)*(Bxd - A*xe)*(Sqrtlal + Sqrtlcl*x"2)*Sqrt[(a + b*x"2
+ c*x74)/(Sqrt[a]l + Sqrtlcl*x~2) 2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)
1, (2 - b/(Sqrtlal*Sqrtlc]l))/4])/(2*d*x(c*d~2 - bxd*e + a*xe”2)*Sqrtl[a + b*x~
2 + c*x74]) + (Axc”(1/4)*(Sqrtlal + Sqrtlcl*x~2)*Sqrtl(a + b*x~2 + c*x74)/(
Sqrt[a] + Sqrtlcl*x"2)72]*EllipticF[2xArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(
Sqrt[al*Sqrtlc]))/4]1)/(2*a~(1/4)*d*(Sqrt[cl*d - Sqrt[al*e)*Sqrtla + b*x~2 +
cxx~4]) + ((Sqrtlcl*d + Sqrtlal*e)*(Bx(cxd™3 - a*xd*e”2) - Axe*x(3*cxd”2 - e
*(2xb*d - axe)))*(Sqrtlal + Sqrtlcl*x"2)*Sqrt[(a + b*x~2 + c*x~4)/(Sqrt[al
+ Sqrtlcl*x72)"2]*EllipticPi[-(Sqrt[c]l*d - Sqrtl[al*e)~2/(4*Sqrt[a]l*Sqrt[c]*
dxe), 2xArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4])/(8*xa~(1/
4)*c”(1/4)*d"2*xex(Sqrt [c]*d - Sqrtl[al*e)*(cxd”2 - b*d*e + axe”2)*Sqrtla + b
*x72 + cxx"4])

Rubi [A] time = 1.4669, antiderivative size = 782, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 33, e =

integrand size
0.182, Rules used = {1696, 1714, 1195, 1708, 1103, 1706}

Ve a TP T riBd - A)  eVar b s (B Ay (D )~ Ae(3ed —e2bd —ae))tan”
2d (\/E + \/Exz) (aez — bde + cdz) 2d (d + exz) (aez — bde + cdz) ) 42+ (ae? — bde + cd2)3/2

Antiderivative was successfully verified.

[In] Int[(A + B*x"2)/((d + e*x~2)72*Sqrt[a + b*x"2 + c*x~4]),x]
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[Out] (Sqrtlc]*(Bxd - Axe)*x*Sqrtl[a + b*x"2 + cxx"4])/(2%d*(c*d”2 - bxd*e +
)*(Sqrt[al + Sqrtlcl*x72)) - (ex(Bxd - Axe)*x*Sqrtla + bxx"2 + c*x~4])/(2xd
*(cxd"2 - bxdxe + a*xe”2)*(d + exx72)) - ((Bx(cxd™3 - axdxe”2) - Axex*(3*c*d”
2 - e*x(2%bxd - axe)))*ArcTan[(Sqrt[cxd™2 - b*d*e + axe”2]*x)/(Sqrt[d]*Sqrt[
e]*Sqrtla + b*x"2 + c*x74])])/(4%xd~(3/2)*Sqrt[el*(c*d~2 - bxdxe + a*xe™2)7 (3
/2)) - (@~ (1/4)*c™(1/4)*x(Bxd - A*e)*(Sqrt[al + Sqrtlcl*x~2)*Sqrt[(a + bxx"2
+ c*x74)/(Sqrt[a]l + Sqrtlcl*x~2) 2]*EllipticE[2*xArcTan[(c~(1/4)*x)/a~(1/4)
1, (2 - b/(Sqrtlal*Sqrtlc]))/4])/(2*%d*x(cxd~2 - b*dxe + axe”2)*Sqrt[a + b*x~
2 + c*x74]) + (Axc™(1/4)*(Sqrtlal + Sqrtlcl*x~2)*Sqrt[(a + b*x~2 + c*xx"4)/(
Sqrt[al + Sqrtlcl*x~2) 2]*EllipticF[2*xArcTan[(c™(1/4)*x)/a~(1/4)]1, (2 - b/(
Sqrt[al*Sqrtc]))/4])/(2*a~ (1/4)*d*(Sqrt[cl*d - Sqrt[al*e)*Sqrtla + b*x~2 +
cxx~4]) + ((Sqrtlcl*d + Sqrtlal*e)*(Bx(c*d™3 - a*xd*e”2) - A*xex(3*cxd™2 - e
*x(2xb*d - axe)))*(Sqrtlal + Sqrtlc]*x"2)*Sqrt[(a + b*x"2 + c*x~4)/(Sqrt[al
+ Sqrtlcl*x72)"2]*EllipticPi[-(Sqrt[c]l*d - Sqrtl[al*e)~2/(4*Sqrt[a]l*Sqrt[c]*
dxe), 2xArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4])/(8*xa~(1/
4)*c”(1/4)*d"2*xex(Sqrt [c]*d - Sqrtl[al*e)*(cxd”2 - b*xd*e + axe”2)*Sqrtla + b
*x72 + c*xx”4])

Rule 1696

Int [((P4x_)*((d_) + (e_.)*(x_)"2)"(q))/Sqrtl(a_) + (b_)*(x_)"2 + (c_.)*(x
_)74], x_Symbol] :> With[{A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C =C
oeff [P4x, x, 4]}, -Simp[((C*d~2 - B*d*xe + Axe”2)*x*x(d + e*xx"2)"(q + 1)*Sqrt
[a + b*x72 + c*xx74])/(2%d*(q + 1)*(c*d™2 - bxd*e + axe”2)), x] + Dist[1/(2x
dx(q + 1)*(c*d”2 - bxd*e + a*e”2)), Int[((d + exx"2)"(q + 1)*Simp[a*xd*(Cxd

- Bxe) + Ax(axe™2x(2xq + 3) + 2xd*(cxd - bxe)*(q + 1)) - 2+%((B*d - Axe)*(bx
ex(q + 2) - cxd*(q + 1)) - Ckdx(bxd + axex(q + 1)))*x72 + cx(Cxd"2 - Bxdxe

+ Axe”2)*(2xq + 5)*x~4, x])/Sqrtla + b*x"2 + c*x”4], x], x]] /; FreeQ[{a, b
, ¢, d, e}, x] &% PolyQ[P4x, x72] && LeQ[Expon[P4x, x], 4] && NeQ[b~2 - 4x*a
xc, 0] && NeQ[c*d™2 - bxd*e + a*xe”2, 0] && ILtQ[q, -1]

Rule 1714

Int[(P4x_)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4]1)
, x_Symbol] :> With[{q = Rt[c/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x
, 2], C = Coeff[P4x, x, 4]}, -Dist[C/(e*xq), Int[(1 - g*x72)/Sqrtla + b*x"2
+ c*xx”4], x], x] + Dist[1/(c*e), Int[(A*c*e + a*Cxd*q + (B*cxe - Cx(cxd - a
xexq) ) *x72)/((d + exx"2)*Sqrt[a + b*x"2 + c*x74]), x], x]] /; FreeQ[{a, b,
c, d, e}, x] && PolyQ[P4x, x72, 2] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bx
dxe + axe™2, 0] && NeQ[c*d"2 - a*e”2, 0] && PosQ[c/al && !GtQ[b~2 - 4xaxc,
0]

Rule 1195
Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo

axe”2
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1] :> With[{q = Rtlc/a, 4]}, -Simp[(d*x*Sqrt[a + b*x"2 + c*x~4])/(a*x(1 + g~
2xx72)), x] + Simp[(d*x(1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q72*x"
2)"2)]*EllipticE[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*c)])/(g*Sqrtla + b*x"2 + ¢
*x~4]1), x] /; EqQle + d*q~2, 0]]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 -
4xaxc, 0] && PosQ[c/al

Rule 1708

Int[(CA_.) + (B_.)*(x_)"2)/(((d_) + (e_.)*x(x_)"2)*Sqrtl(a_) + (b_.)*(x_)"2
+ (c_.)*(x_)"4]), x_Symbol] :> With[{q = Rtlc/a, 2]}, Dist[(A*(c*d + axexq)
- axBx(e + d*q))/(c*d”2 - a*e”2), Int[1/Sqrtla + b*x"2 + c*x74], x], x] +
Dist[(ax(B*xd - Axe)*(e + d*q))/(c*d™2 - a*e”2), Int[(1 + g*x72)/((d + e*x"2
)*¥Sqrtla + b*x”"2 + c*x74]), x], x]] /; FreeQ[{a, b, c, d, e, A, B}, x] & N
eQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxd*e + axe”2, 0] && NeQ[c*d"2 - axe™2, O

1 && PosQlc/al && NeQ[c*A~2 - axB~2, 0]

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g 2*xx72)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2%x72)72)]*
EllipticF[2*ArcTan[q*x], 1/2 - (bxq~2)/(4*c)])/(2*q*Sqrt[a + b*xx"2 + c*xx~4]
), x1] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/a]

Rule 1706

Int [((A_) + (B_.)*(x_)72)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - A*e)*Arc
Tan[(Rt[-b + (c*d)/e + (a*xe)/d, 2]*x)/Sqrtla + bxx"2 + c*x~4]])/(2*d*e*xRt [-
b + (cxd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A~2x*(a
+ b*x72 + cxx74))/(ax(A + B*xx"2)72)]*E1lipticPi[Cancel [-((B*d - Axe)~2/(4x
dxexAxB))], 2xArcTan[q*x], 1/2 - (bxA)/(4*a*B)])/(4*d*exAxq*Sqrta + b*x~2
+ c*xx74]), x]] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4x*ax*xc, 0] &&
NeQ[c*d™2 - bxd*e + axe”2, 0] && NeQ[cxd™2 - axe”2, 0] && PosQ[c/al &% EqQ
[cxA”™2 - axB~2, 0]

Rubi steps
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f —aBde—A(2cd2—e(2bd—ae))—2cd(Bd—Ae)xz—ce(Bd—Ae)x4

f A + Bx? e(Bd — Ae)xVa + bx® + cx* (d+ex?)VarbxZrext
x=- -
(d + exz)z Vi + bx2 + ot 2d (cd2 — bde + aez) (d + exz) 2d (cd2 — bde + aez)
f —/ac32de(Bd~ Ae)+ce(~aBde—A(2cd?~e(2bd—ac) ) ) +(~2c2de(Bd
e(Bd — Ae)xVa + bx2 + cxt (d+ex?)Va+baZ+ext

Y (cd2 — bde + aez) (d + exz) - 2cde (cal2 — bde + aez)

Vafc(Bd - Ae
_ Ve(Bd - Ae)xVa + bx? + cx* __e(Bd = Ae)xVa + bx? + cx* ~
2d (cd2 — bde + aez) (\/E + \/Exz) 2d (cd2 — bde + aez) (d + exz)

B Aga BT ed ol AgVariEeea (e -add)
T 2d (ch — bde + an) (\/E + \/ExZ) 2d (cdz — bde + aez) (d + exZ)

Mathematica [C] time = 3.82199, size = 1853, normalized size = 2.37

result too large to display

Antiderivative was successfully verified.

[In] Integrate[(A + B*x"2)/((d + e*x~2)"2*Sqrt[a + b*x"2 + c*x~4]),x]

[Out] ((-I/8)*((-4*I)*Sqrtlc/(b + Sqrt[b~2 - 4xaxc])]xd*e”2%(B*d - A*e)*xx(a + bx
X"2 + c*x74) + Sqrt[2]*#B*(b - Sqrt[b~2 - 4xaxc])*d"2xexSqrt[(b + Sqrt[b~2 -
4xaxc] + 2%c*xx"2)/(b + Sqrt[b”2 - 4*axc])]*Sqrt[l + (2xc*x72)/(b - Sqrt[b~
2 - 4xaxc])]*(d + exx"2)*(EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2
- 4xaxc])]*x], (b + Sqrt[b~2 - 4xa*xc])/(b - Sqrt[b~2 - 4xaxc])] - EllipticF
[IxArcSinh[Sqrt [2]*Sqrt[c/(b + Sqrt[b~2 - 4xa*xc])]*x], (b + Sqrt[b~2 - 4xax
cl)/(b - Sqrt[b”™2 - 4xaxc])]) + Sqrt[2]*Ax(-b + Sqrt[b~2 - 4xaxc])*d*e~2%Sq
rt[(b + Sqrt[b~2 - 4xaxc] + 2*c*x"2)/(b + Sqrt[b™2 - 4xaxc])]*Sqrt[1 + (2*c
*x72) /(b - Sqrt[b™2 - 4xaxc])]*(d + e*xx~2)*(EllipticE[I*ArcSinh[Sqrt[2]*Sqr
tlc/(b + Sqrt[b™2 - 4xaxc])]*x], (b + Sqrt[b~2 - 4xa*xc])/(b - Sqrt[b™2 - 4x
axc])] - EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4x*axc])]x*x], (b
+ Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4xaxc])]) + 2xSqrt[2]*B*cxd~3*Sqrt[(b
+ Sqrt[b~2 - 4*axc] + 2xcxx"2)/(b + Sqrt[b~2 - 4*axc])]*Sqrt[l + (2xcxx~2)
/(b - Sqrt[b~2 - 4*axc])]*(d + e*x”"2)*EllipticF[I*ArcSinh[Sqrt[2]*Sqrtlc/ (b
+ Sqrt[b”™2 - 4xaxc])]*x], (b + Sqrt[b™2 - 4xaxc])/(b - Sqrt[b~2 - 4*axc])]
- 2xSqrt [2] *Axc*xd"2*exSqrt [(b + Sqrt[b~™2 - 4*axc] + 2xc*x"2)/(b + Sqrt[b~2
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- 4xaxc])]xSqrt[1 + (2%c*x"2)/(b - Sqrt[b”2 - 4*axc])]*(d + e*x"2)xEllipti
cF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4xa*xc])]*x], (b + Sqrt[b~2 - 4%
axc])/(b - Sqrt[b™2 - 4xaxc])] - 2*xSqrt[2]*Bxcxd~3*Sqrt[(b + Sqrt[b~2 - 4*a
xc] + 2xc*xx72)/(b + Sqrt[b~2 - 4xaxc])]*Sqrt[1 + (2*c*x~2)/(b - Sqrt[b~2 -
4xaxc])]*(d + exx"2)*EllipticPi[((b + Sqrt[b~2 - 4xaxc])*e)/(2xc*d), I*ArcS
inh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~™2 - 4xaxc])]*x], (b + Sqrt[b™2 - 4xaxc])/(b
- Sqrt[b~2 - 4xaxc])] + 6xSqrt[2]*Axcxd"2xe*xSqrt[(b + Sqrt[b~2 - 4xaxc] + 2
xc*xx72) /(b + Sqrt[b~2 - 4xaxc])]*Sqrt[1l + (2*c*xx"2)/(b - Sqrt[b™2 - 4xaxc])
Ix(d + exx"2)*E1llipticPi[((b + Sqrt[b~2 - 4xaxc])*e)/(2*cxd), IxArcSinh[Sqr
t[2]*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*x], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[
b~2 - 4*axc])] - 4xSqrt[2]*Axbxd*xe”2*xSqrt[(b + Sqrt[b~2 - 4xa*xc] + 2%c*x~2)
/(b + Sqrt[b~2 - 4xaxc])I*Sqrt[1 + (2*c*x"2)/(b - Sqrt[b~2 - 4xaxc])]*(d +
exx"2)*E1lipticPi[((b + Sqrt[b~2 - 4xaxc])*e)/(2%c*xd), IxArcSinh[Sqrt[2]*Sq
rtlc/(b + Sqrt[b~2 - 4*axc])]*x], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4
xaxc])] + 2*Sqrt[2]*a*Bxdxe”2xSqrt[(b + Sqrt[b~2 - 4*axc] + 2xc*x"2)/(b + S
qrt[b~2 - 4*axc])]*Sqrt[1l + (2xc*xx"2)/(b - Sqrt[b~2 - 4*axc])]*(d + exx™2)x*
EllipticPi[((b + Sqrt[b~2 - 4*axc])*e)/(2%c*xd), I*ArcSinh[Sqrt[2]*Sqrt[c/(b

+ Sqrt[b”™2 - 4xaxc])]*x], (b + Sqrt[b™2 - 4xaxc])/(b - Sqrt[b~2 - 4*axc])]

+ 2*Sqrt [2] xa*xAxe”3*Sqrt [(b + Sqrt[b~2 - 4*axc] + 2*xc*x"2)/(b + Sqrt[b~2 -

4xaxc])]*Sqrt[1 + (2%c*x"2)/(b - Sqrt[b~2 - 4*axc])]*(d + e*x"2)*EllipticP
i[((b + Sqrt[b~2 - 4*axc])*e)/(2xc*xd), I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b
"2 - 4xaxc])]*x], (b + Sqrt[b~2 - 4xaxc])/(b - Sqrt[b™2 - 4x*axc])]))/(Sqrtl
c/(b + Sqrt[b™2 - 4xaxc])]*d*ex(cxd™3 + dxex(-(bxd) + axe))*(d + e*xx~2)*Sqr
tla + b*x™2 + c*x74])

Maple [B] time = 0.027, size = 1495, normalized size = 1.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((Bxx~2+A)/(e*xx~2+d) "2/ (c*x"4+b*x"2+a) " (1/2),x)

[Out] (Axe-B*d)/ex(1/2*e~2/(axe”2-bxdxe+cxd~2)/d*xx* (ckxx~4+b*x"2+a) " (1/2)/(exx~2+d
)-1/8%c/ (a*xe”2-b*d*e+cxd"2)*27(1/2) /(1/a*x(-4*a*xc+b~2) " (1/2)-1/axb) "~ (1/2)*(4
-2/a*x" 2% (—4d*xaxc+b”™2) " (1/2)+2/a*xb*x"2) " (1/2) * (4+2/a*xb*x"2+2/a*xx"2* (-4*a*xc+b
~2)7(1/2))7(1/2) / (c*x™4+b*xx"2+a) " (1/2) *E1lipticF (1/2*x*27 (1/2) * (((-4*a*c+b”
2)7(1/2)-b)/a)~(1/2) ,1/2% (-4+2*b* (b+ (-4*a*xc+b™2) ~(1/2)) /a/c)~(1/2))+1/4*cxe
/ (axe™2-b*xd*e+c*xd~2) /d*xax2~(1/2) /(1/a*(=4*a*xc+b~2) " (1/2)-1/a*xb) ~(1/2) *(4-2/
a*x" 2% (—4d*xaxc+b”2) " (1/2)+2/a*xb*x"2) " (1/2) * (4+2/a*xbxx"2+2/a*xx"2* (-4*a*c+b~2)
~(1/2))7(1/2) / (c*x"4+b*xx"2+a) ~(1/2) / (b+(-4*a*xc+b™2) " (1/2) ) *E1lipticF (1/2*x*
27 (1/2)*(((=4*a*c+b~2)~(1/2)-b) /a) " (1/2) ,1/2% (-4+2%b* (b+ (-4*a*xc+b~2) ~(1/2))
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/a/c)”(1/2))-1/4xc*xe/(axe”2-bxd*e+c*d”~2) /d*a*2~(1/2) / (1/a* (-4*a*xc+b~2) "~ (1/2
)-1/a*xb) ~(1/2)*(4-2/a*xx"2*x (=4d*a*xc+b~2) "~ (1/2)+2/a*xb*x"2) ~(1/2) * (4+2/a*xb*x"2+
2/axx" 2% (—4xa*xc+b~2)"(1/2)) " (1/2) / (cxx~4+b*x"2+a) " (1/2) / (b+ (-4*axc+b~2) ~(1/
2))*E11lipticE(1/2xx*27 (1/2)* (((-4*a*c+b~2)~(1/2)-b)/a) "~ (1/2) ,1/2x (-4+2*b* (b
+(=4*xaxc+b”2)"(1/2))/a/c)~(1/2))+1/2/ (axe”2-b*d*e+c*xd~2) /d"2*xe"2%27(1/2) /(1
Jax(=4xa*xc+b~2) " (1/2)-1/axb) ~(1/2) *(1-1/2/a*x"2* (=4d*xa*xc+b~2) ~(1/2)+1/2/a*b*
x"2)"(1/2)*(1+1/2/a*b*x"2+1/2/a*xx" 2% (-4*xaxc+b~2) ~(1/2)) ~(1/2) / (c*xx"4+b*x~2+
a) " (1/2)*EllipticPi (1/2*x*27 (1/2)*(((-4*a*xc+b~2)~(1/2)-b)/a)~(1/2),-2/((-4x
axct+b~2) 7 (1/2)-b)*axe/d, (-1/2%(b+(-4*a*xc+b~2)~(1/2))/a)~(1/2)*2~(1/2) / (((-4
*a*xc+b™2) " (1/2)-b)/a) " (1/2))*a-1/(a*xe”2-b*d*e+cxd"2) *e/d*x27(1/2) / (1/a*x(-4*a
*c+b72) " (1/2)-1/a*xb) " (1/2)*(1-1/2/a*x" 2% (4*xa*xc+b~2) ~(1/2)+1/2/axb*xx~2) ~(1/
2) % (1+1/2/a*xb*x”2+1/2/axx" 2% (—4*a*xc+b~2) ~(1/2) )~ (1/2) / (c*x~4+b*x"2+a) ~(1/2)
*E11lipticPi(1/2*x*27(1/2)* (((-4*axc+b™2)~(1/2)-b)/a)~(1/2) ,-2/((-4*a*xc+b”~2)
~(1/2)-b)*axe/d, (-1/2x (b+(-4*a*xc+b~2) " (1/2))/a) " (1/2)*2~(1/2) / (((-4*a*c+b~2
)" (1/2)-b)/a) " (1/2)) *b+3/2/ (a*xe”2-b*d*e+c*d"2) %27 (1/2) / (1/a*x (—4*a*xc+b~2) " (1
/2)-1/a*b) " (1/2)*(1-1/2/a*xx" 2% (—4*a*xc+b™2) ~(1/2)+1/2/axbxx"2) ~(1/2) *(1+1/2/
axb*x"2+1/2/a*x"2*% (—4xa*xc+b™2) " (1/2)) " (1/2) / (c*x"4+bxx"2+a) " (1/2) *E1lipticP
i(1/2%xx27(1/2) % (((-4*a*xc+b™2) " (1/2)-b) /a)~(1/2) ,-2/ ((-4*a*xc+b™2) ~(1/2)-b)*
axe/d, (-1/2*x(b+(-4*xaxc+b~2)~(1/2))/a) " (1/2)*2"(1/2) / (((-4*a*xc+b~2) ~(1/2)-b)
/a)~(1/2))*c)+B/e/d*x2"(1/2) /(1/a*x(~4*a*xc+b™2) " (1/2)-1/axb) ~(1/2)*(1-1/2/ax*x
2% (—4*a*xc+b”2) " (1/2)+1/2/a*xb*x"2) " (1/2) *(1+1/2/a*b*x"2+1/2/a*x"2* (-4*a*xc+b
~2)7(1/2))7(1/2) / (c*x"4+b*x"2+a) ~(1/2) *E11lipticPi (1/2*x*27 (1/2) * (((-4*a*c+b
~2)7(1/2)-b)/a)~(1/2) ,-2/ ((-4*a*xc+b~2) "~ (1/2)-b) *axe/d, (-1/2% (b+(-4*a*c+b~2)
~(1/2))/a)~(1/2)*27(1/2) / (((=4*a*xc+b~2) " (1/2)-b) /a)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

B2+ A
f 5 dx
Vext + bx2 + a(ex2 + d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)/(exx~2+d) "2/ (c*x”~4+b*x"2+a)~(1/2),x, algorithm="maxima"
)

[Out] integrate((B*x~2 + A)/(sqrt(c*x™4 + b*xx"2 + a)*(e*x”2 + d)72), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)/(exx~2+d) "2/ (c*x~4+b*x~2+a)~(1/2),x, algorithm="fricas"
)

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

A+ Bx?
f 5 dx
(d + exz) Va + bx? + cx*
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bxx**2+A)/ (e*xxx*2+d)**2/ (c*xx**4+b*x**2+a)** (1/2) ,x)

[Out] Integral((A + B¥x**2)/((d + exx**2)**x2kxsqrt(a + bxx**2 + c*x**4)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

Bx2+ A
f X dx

Vex?* + bx? + a(ex2 + d)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)/(exx~2+d) "2/ (c*x"4+b*x"2+a)~(1/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)/(sqrt(c*x™4 + b*xx"2 + a)*(e*x”2 + d)72), x)
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A+Bx?

323 [—= dx
(d+ex2)‘Va+bx2+cx4

Optimal. Leaf size=1125

result too large to display

[Out] -(Sqrtlcl*(3*%Axe*x(3*%cxd™2 - e*x(2%bxd - axe)) - Bxd*(5*xc*xd™2 - ex(2%bxd + ax
e)))*x*Sqrt[a + bxx"2 + c*xx"4])/(8+%d"2*(c*d"2 - bxdxe + axe”2) 2x(Sqrt[a] +
Sqrt[cl*x"2)) - (ex(Bxd - Axe)*x*Sqrtl[a + bxx"2 + c*x"4])/(4*xd*(c*d”2 - bx
dxe + a*e”2)x(d + e*x72)72) + (ex(3*A*xe*x(3*cxd™2 - ex(2%bxd - axe)) - Bxdx(
Bkxcxd"2 - ex(2%bxd + axe)))*x*Sqrtla + b*x"2 + cxx"4])/(8%d"2x(c*d"2 - b*dx
e + axe”2)72x(d + exx72)) - ((B*d*(3*c™2*%d"4 - 10*axc*d"2%e”2 + akxe” 3% (4*bx
d - akxe)) - A*xex(15*c™2%d"4 - 2*c*d”2%e*x(10*b*d - 3*axe) + e72%(8xb72xd"2 -
8*xaxbxdxe + 3*a”~2xe”2)))*ArcTan[(Sqrt[c*d™2 - bxd*e + a*xe”2]*x)/(Sqrt[d]*S
grtle]*Sqrt[a + bxx"2 + c*x~4])])/(16%d~(5/2)*Sqrt[e]l*(c*xd”"2 - b*xdxe + axe”
2)7(5/2)) + (a~(1/4)*c™(1/4)*(3*xAxex(3xc*xd™2 - ex(2*xbxd - axe)) - Bxd*(5xcx*
d"2 - e*x(2xbxd + axe)))*(Sqrt[a] + Sqrtlcl*x"2)*Sqrtl[(a + b*x~2 + cxx~4)/(S
grtla] + Sqrtlcl*x"2)~2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(S
qrtlal*Sqrt[c]l))/4])/(8%d"2x(c*xd"2 - b*dxe + axe”2) 2xSqrtla + b*x"2 + c*x~
4]) + (c~(1/4)*(Sqrtlal*Sqrt[cl*d*(B*d - A*xe) + akxex(Bxd + 3xA*xe) + 4*xAxdx(
cxd - bxe))*(Sqrtl[al + Sqrtlcl*x~2)xSqrt[(a + b*x"2 + c*xx~4)/(Sqrt[al + Sqr
t[c]*x~2) 2] *EllipticF [2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrt[
cl1))/41)/(8xa”~(1/4)*d"2x(Sqrt [c]*d - Sqrtl[alxe)*(c*d”2 - bxd*e + axe~2)*Sqr
tla + b*x72 + c*xx"4]) + ((Sqrtlcl*d + Sqrtlal*e)*(Bxd*(3*c™2+%d"4 - 10*axcxd
T2%xe”72 + axe”3x(4xbkd - axe)) - Axex(1b%cT2+d"4 - 2%c*xd"2%ex(10xbxd - 3xaxe
) + e”2x(8%b~2*%d"2 - 8xaxbxdxe + 3*a~2%e”2)))*(Sqrtlal + Sqrtlc]*x"2)*Sqrt[
(a + b*x"2 + c*xx74)/(Sqrtlal + Sqrtlcl*x72) 2]*EllipticPi[-(Sqrtlc]l*d - Sqr
t[al*e) "2/ (4xSqrt [al *Sqrt [c]*d*e), 2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(S
qrtlal*Sqrt[c]l))/4])/(32xa~(1/4)*c~(1/4)*d"3*e*x(Sqrt[c]*d - Sqrtl[al*e)*(cxd
"2 - bxd*e + axe”2)72*Sqrt[a + b*x”2 + c*xx"4])

Rubi [A] time = 3.59431, antiderivative size = 1125, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 7, number of rules used = 6, integrand size = 33, L

integrand size
0.182, Rules used = {1696, 1714, 1195, 1708, 1103, 1706}

e (3Ae (3cd2 —e(2bd - ae)) -B (5cd3 — de(2bd + ae))) Vext +bx2 +ax e (3Ae (3cd2 —e(2bd - ae)) -B (50013 — de(
+
842 (cd2 — bed + an)Z (\/Exz + \/Z) 842 (cd2 — bed + ae2)2 |

Antiderivative was successfully verified.
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[In] Int[(A + Bxx72)/((d + exx~2)7"3*Sqrt[a + b*x"2 + c*x74]),x]

[Out] -(Sqrtlcl*(3xAxe*(3*cxd™2 - e*x(2¥bxd - axe)) - Bx(5xc*d™3 - dxex(2%b*xd + ax
e)))*xxSqrt[a + b*x"2 + c*x74])/(8*d"2*(c*d"2 - bxd*e + axe”2) 2*(Sqrtlal +
Sqrt[c]*x72)) - (ex(B*d - Axe)*xxSqrtla + b*x"2 + c*x74])/(4*d*(c*d™2 - bx
dxe + axe”2)*(d + e*x72)72) + (ex(3xAxe*x(3xc*d™2 - ex(2%bxd - axe)) - B*(5x
c*d”3 - dxex*(2*bxd + axe)))*xxSqrtla + b*x"2 + c*x74])/(8*%d"2*(c*d"2 - bxd*
e + axe”2)72x(d + exx"2)) - ((B*(3xc™2%d”5 - 10*axcxd”3*e”2 + axd*e” 3% (4*bx
d - axe)) - Axex(15*c”2xd"4 - 2%cxd 2%e*x(10%bxd - 3*akxe) + e72x(8%b~2xd"2 -
8*axb*xd*e + 3*a~2%e”2)))*ArcTan[(Sqrt[c*d™2 - bxdxe + axe”2]*x)/(Sqrt[d]*S
grt[e]*Sqrt[a + b*xx"2 + c*x74])])/(16%d”(5/2)*Sqrt[e]l*(c*d"2 - bxd*e + axe”
2)7(5/2)) + (a~(1/4)*c™(1/4)*(3*A*xe*x (3*c*d™2 - e*x(2xb*xd - a*xe)) - Bx(5*c*d™
3 - dxex(2xb*xd + axe)))*(Sqrtla] + Sqrtlcl*x"2)*Sqrt[(a + b*x"2 + c*xx~4)/(S
grtla] + Sqrtlc]*x72)7"2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(S
qrt[al*Sqrt[c]))/4]1)/(8*d"2*(cxd"2 - bxd*e + a*e”2) 2*Sqrtl[a + b*x"2 + c*x~
4]) + (c~(1/4)*(Sqrtlal*Sqrt[cl*d*(B*d - Axe) + akxex(Bxd + 3xAkxe) + 4*xAxd*(
cxd - bxe))*(Sqrtl[a]l + Sqrtlcl*x"2)*Sqrt[(a + b*x"2 + c*x74)/(Sqrt[a] + Sqr
t[c]*x72)"2]*EllipticF [2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(Sqrt[al*Sqrt[
cl))/41)/(8*a~(1/4)*d~2*(Sqrt[cl*d - Sqrtl[al*e)*(c*d™2 - bxd*e + a*xe”2)*Sqr
tla + b*x"2 + c*x74]) + ((Sqrtlcl*d + Sqrtlal*e)*(B*(3*c™2*d"5 - 10*a*xc*d~3
xe”2 + axdxe 3% (4xbxd - axe)) - Axex(15xc”2xd"4 - 2*ckxd"2%ex(10%bxd - 3*axe
) + e72%(8*b"2xd"2 - 8*axbkxd*e + 3xa"2%e”2)))*(Sqrtl[a] + Sqrtl[c]l*x"2)*Sqrt[
(a + b*xx"2 + c*x"4)/(Sqrtlal + Sqrtlc]*x72)72]*EllipticPi[-(Sqrt[c]l*d - Sqr
t[a]l*e) "2/ (4*xSqrt [a]l *Sqrt [c]*d*e), 2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(S
qrt[al*Sqrt[cl))/4]1)/(32*%a~(1/4)*c~(1/4)*d"3*e*x(Sqrt[cl*d - Sqrt[al*e)*(c*d
T2 - b*dxe + axe”2)72xSqrtla + b*x"2 + c*x"4])

Rule 1696

Int [((P4x_)*((d_) + (e_.)*(x_)"2)"(q.))/Sqrtl(a_) + (b_)*(x_)"2 + (c_.)*(x
_)74], x_Symbol] :> With[{A = Coeff[P4x, x, 0], B = Coeff[P4x, x, 2], C =C
oeff[P4x, x, 4]}, -Simp[((C*d~2 - Bxd*e + Axe”2)*x*(d + e*x~2)~(q + 1)*Sqrt
[a + b*x72 + c*xx74])/(2%d*(q + 1)*(c*d™2 - bxd*e + a*e”2)), x] + Dist[1/(2x
dx(q + 1)*(c*d”2 - bxd*e + a*e”2)), Int[((d + exx"2)"(q + 1)*Simp[a*xd*(Cxd

- Bxe) + Ax(axe”2x(2xq + 3) + 2*kdx(cxd - bxe)*(q + 1)) - 2*%((Bxd - Axe)*(bx
ex(q + 2) - cxd*x(q + 1)) - Ckxdx(bxd + axex(q + 1)))*x"2 + cx(Cxd~2 - B*dxe

+ Axe”2)*(2%q + 5)*x"4, x])/Sqrtla + b*x"2 + c*x~4], x], x]] /; FreeQ[{a, b
, ¢, d, e}, x] && PolyQ[P4x, x72] && LeQ[Expon[P4x, x], 4] && NeQ[b~2 - 4x*a
xc, 0] && NeQ[c*d™2 - bxd*e + a*xe”2, 0] && ILtQ[q, -1]

Rule 1714

Int[(P4x_)/(((d_) + (e_.)*x(x_)~2)*Sqrtl(a_) + (b_.)*x(x_)"2 + (c_.)*x(x_)"4])
, x_Symbol] :> With[{q = Rt[c/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x
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, 2], C = Coeff[P4x, x, 4]}, -Dist[C/(exq), Int[(1 - g*x72)/Sqrtla + b*xx"2
+ c*xx74], x], x] + Dist[1/(c*e), Int[(A*c*ke + axCxd*q + (B*cxe - Cx(cxd - a
xexq) ) *¥x72)/((d + ex*x"2)*Sqrtla + b*x"2 + cxx~4]), x], x]] /; FreeQ[{a, b,
c, d, e}, x] && PolyQ[P4x, x72, 2] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~2 - bx
d*e + a*e”2, 0] && NeQ[c*d™2 - a*e”2, 0] && PosQlc/al && !'GtQ[b~2 - 4x*ax*c,
0]

Rule 1195

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 4]}, -Simp[(d*x*Sqrt[a + b*x"2 + c*x~4])/(a*x(1 + q~
2%x72)), x] + Simp[(d*(1 + g~ 2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(a*x(1 + q 2*x"
2)"2)]*EllipticE[2*ArcTan[q*x], 1/2 - (bxq~2)/(4*c)])/(g*Sqrtla + b*x"2 + ¢
*x74]), x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 -
4xaxc, 0] && PosQ[c/al

Rule 1708

Int[(CA_.) + (B_.)*(x_)"2)/(((d_) + (e_.)*x(x_)"2)*Sqrtl(a_) + (b_.)*(x_)"2
+ (c_.)*x(x_)"4]), x_Symbol] :> With[{q = Rtlc/a, 2]}, Dist[(A*(c*xd + axex*q)
- axBx(e + d*q))/(c*d”2 - a*e”2), Int[1/Sqrtla + b*x"2 + c*x~4], x], x] +
Dist[(ax(B*xd - Axe)*(e + dxq))/(c*d™2 - a*e”2), Int[(1 + g*x~2)/((d + e*x"2
)*Sqrtla + b*x"2 + c*x74]), x], x]] /; FreeQ[{a, b, ¢, d, e, A, B}, x] & N
eQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && NeQ[c*d"2 - axe™2, O

1 && PosQlc/al && NeQ[c*A~2 - axB~2, 0]

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g™ 2*xx"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q72%x72)72)]*
EllipticF[2*ArcTan[q*x], 1/2 - (bxq~2)/(4*c)])/(2*q*Sqrt[a + b*xx"2 + c*xx~4]
), x1]1 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/al

Rule 1706

Int [((A) + (B_.)*(x_)72)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((Bxd - A*e)*Arc
Tan[(Rt[-b + (c*d)/e + (axe)/d, 2]*x)/Sqrtla + b*xx"2 + c*x~4]])/(2*xd*e*xRt [-
b + (cxd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A~2x*(a
+ b*x72 + cxx74))/(ax(A + B*xx72)72)]*E1lipticPi[Cancel [-((B*d - Axe)~2/(4x
dxexA*B))], 2*ArcTan[q*x], 1/2 - (b*A)/(4*axB)])/(4xd*xexAxq*Sqrt[a + bxx"2
+ c*xx74]), x]] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4x*a*c, 0] &&
NeQ[c*d™2 - bxd*e + axe”2, 0] && NeQ[cxd™2 - axe”2, 0] && PosQ[c/al &% EqQ
[cxA™2 - axB~2, 0]
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Rubi steps

f —4Acd?—aBde+ Ae(4bd—3ae)-2(Bd—Ae)(2cd—be)x?+ce(Bd—A

f A + Bx? J e(Bd — Ae)xVa + bx? + cx* (d+ex2) VarbZredt
x = — —
(d + exz)3 Va + bx? + cx* 4d (cd2 — bde + aez) (d + exZ)Z 4d (cd2 — bde + “32)

e(Bd — Ae)xVa + b2 +cxt e (3Ae (3cd2 —e(2bd - ae)) -B (5cd3 — de(2bd A
+
4d (cd2 — bde + aez) (d + exz)2 842 (cd2 — bde + aez)z (d + e

e(Bd - Ae)xVa + b2 +cxt e (3Ae (30d2 —e(2bd - ae)) -B (50013 — de(2bd A
- 7t 2
4d (cd2 — bde + aez) (d + exz) 842 (cd2 — bde + aez) (d + ¢

_ e (3Ae (3cd2 — e(2bd - ae)) -B (5cd3 — de(2bd + ae))) xVa+bx?+cxt (B

) 842 (cd2 — bde + uez)z (\/E + \/Exz) 4d (ca

e (3Ae (3cd2 — e(2bd - ae)) -B (50d3 — de(2bd + ae))) xVa+bx?+cxt (B
842 (cd2 — bde + aez)z (\/E + \/Exz) 4d (ca

Mathematica [C] time = 6.1701, size = 781, normalized size = 0.69

i Vb2 -4ac+b+2cx2 2cx2 +1| dEllinticF (
4de2x(a+bx2+cx4)((d+ex2)(B(5cd3 —de(ae+2bd))—3Ae(e(ae—2bd)+3cd2))+2d(Bd—Ae)(e(ae—bd)+cd2)) Vb2-4ac+b b-Vb2-4ac P

(d+ex2)2

Warning: Unable to verify antiderivative.

[In] Integrate[(A + B*x72)/((d + e*x”2)73%Sqrt[a + b*x"2 + c*x"4]),x]

[Out] ((-4xd*e”2*x*(a + b*x"2 + c*x”4)*(2xd*(B*d - A*xe)*(c*d™2 + ex(-(b*xd) + axe)
) + (=3*%Axex*x(3*%cxd"2 + e*x(-2%bxd + axe)) + B*x(5*xcxd™3 - d*ex(2xb*xd + axe)))
x(d + exx"2)))/(d + exx72)72 - (I*Sqrt[2]*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2xc
*x72) /(b + Sqrt[b~2 - 4xaxc])]*Sqrt[1 + (2xc*x~2)/(b - Sqrt[b~2 - 4xaxc])]*
((-b + Sqrt[b~2 - 4xax*xc])*d*xex(3*xA*ex(3xc*d™2 + ex(-2*%bxd + axe)) + Bx(-5x*c
*xd~3 + dkxex(2xb*d + a*e)))*EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2
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- 4xaxc])]*x], (b + Sqrt[b~2 - 4xaxc])/(b - Sqrt[b™2 - 4xa*xc])] + d*x(Bxd*(

6%c”2*%d"3 + cxd*ex(-b*xbxd + 5xSqrt[b~2 - 4xaxc]*d - 6%axe) - (-b + Sqrt[b~2
- 4xaxc])*e”2%(2%b*xd + axe)) - Axex(14*c™2+%d”3 - 3*(-b + Sqrt[b~2 - 4xaxc]
)*e” 2% (2%b*xd - axe) + ckxdxe*x(-17xb*xd + 9*Sqrt[b~2 - 4*axc]*d + 2%axe)))*Ell
ipticF [I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*x], (b + Sqrt[b~2
- 4xaxc])/(b - Sqrt[b”™2 - 4xaxc])] + 2*%(Bx(-3%c™2%d"5 + 10*axc*d"3xe”2 + ax
dxe”3x (-4*b*xd + axe)) + Axex(15*c™2xd"4 + 2kcxd"2%e*x(-10%b*xd + 3*axe) + e72
*x(8xb~"2%d"2 - 8*axbxd*e + 3*%a~2%e”2)))*EllipticPi[((b + Sqrt[b~2 - 4*axc])*
e)/(2*cxd), IxArcSinh[Sqrt([2]*Sqrtlc/(b + Sqrt[b~2 - 4*axc])]*x], (b + Sqrt
[b”2 - 4x*axc])/(b - Sqrt[b~2 - 4*a*xc])]))/Sqrtlc/(b + Sqrt[b~2 - 4*axc]l)])/
(32%d"3xex(cxd"2 + ex(-(b*d) + axe)) 2+Sqrtla + b*x"2 + c*x74])

Maple [B] time = 0.031, size = 4476, normalized size = 4.

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x"2+A)/(exx"2+d) "3/ (c*x"4+b*x"2+a) " (1/2),x%)

[Out] B/ex(1/2*e”2/(a*e”2-b*d*e+c*d™2) /d*x*(c*xx"4+b*x"2+a)~(1/2)/(e*x"2+d)-1/8*c/
(a*xe™2-b*d*e+c*xd~2)*27(1/2) / (1/ax(-4*a*xc+b~2) ~(1/2)-1/a*b) ~(1/2) *(4-2/a*x"2
*(=4*a*xc+b”2) " (1/2)+2/axbxx"2) " (1/2) * (4+2/a*xb*x~2+2/a*xx"2x (—4*a*xc+b~2) ~(1/2
))~(1/2) / (c*x™4+b*x"2+a) " (1/2) *E1lipticF (1/2*x*27 (1/2) * (((-4*axc+b~2)~(1/2)
-b)/a)~(1/2),1/2%x(-4+2xb*x (b+(-4*xa*xc+b~2) " (1/2))/a/c)~(1/2))+1/4*xcxe/(axe”2-
bxd*e+cxd~2) /d*xa*x2” (1/2) /(1/a*x(-4*a*xc+b~2) "~ (1/2)-1/a*b) ~(1/2) *(4-2/a*x"2* (-
dxaxc+b”™2) " (1/2)+2/axb*xx"2) "~ (1/2) * (4+2/axb*x"2+2/a*x"2x (—4*axc+b~2) ~(1/2) )~
(1/2) / (c*x"4+b*x"2+a) " (1/2) / (b+(-4*axc+b”2) " (1/2) ) *E1lipticF (1/2*x*2~(1/2) *
(((~4*a*xc+b™2)"(1/2)-b)/a)~(1/2) ,1/2% (-4+2*b* (b+(-4*a*xc+b~2)~(1/2))/a/c)~ (1
/2))-1/4*c*xe/ (axe”2-bxd*e+c*d~2) /d*a*2" (1/2) / (1/a*x(-4*axc+b~2) ~(1/2)-1/ax*b)
~(1/2) % (4-2/a*xx" 2% (—4*xaxc+b~2) ~(1/2)+2/a*b*x"2) " (1/2) * (4+2/a*xb*x"2+2/a*x " 2%
(-4*a*xc+b~2) " (1/2))~(1/2) / (c*x~4+b*x"2+a) " (1/2) / (b+(-4*a*xc+b~2) " (1/2) ) *E11li
pticE(1/2*xx*27(1/2)* (((-4*a*xc+b~2)~(1/2)-b)/a)~(1/2) ,1/2% (-4+2%b* (b+(-4*axc
+b72)7(1/2))/a/c)~(1/2))+1/2/ (a*e”2-b*xd*e+cxd~2) /d"2xe" 227 (1/2) / (1/a*x(-4x*a
*c+b~2) " (1/2)-1/a*xb) "~ (1/2)*(1-1/2/a*x"2* (=4*a*xc+b~2) ~(1/2)+1/2/a*xb*x"2) ~(1/
2) % (1+1/2/a*xb*x"2+1/2/a*xx" 2% (—4*a*xc+b™2) " (1/2)) " (1/2) / (c*x~4+b*x"2+a) " (1/2)
*E11lipticPi(1/2%xx*27(1/2)*(((-4*a*xc+b™2)~(1/2)-b)/a)~(1/2),-2/((-4*a*xc+b~2)
~(1/2)-b) *axe/d, (-1/2% (b+(-4*xaxc+b~2)~(1/2))/a) " (1/2) %2~ (1/2) / (((-4*a*xc+b~2
)~ (1/2)-b)/a)~(1/2))*a-1/(a*xe”2-bxd*e+cxd"2) *e/d*2" (1/2) / (1/a*x(-4xa*xc+b~2) "~
(1/2)-1/a*b) " (1/2)*(1-1/2/a*xx"2x (=4*a*xc+b~2) " (1/2)+1/2/axb*x"2) ~(1/2)* (1+1/
2/axb*x"2+1/2/a*x” 2% (=4xa*xc+b~2) " (1/2))~(1/2) / (c*x~4+b*x~2+a) " (1/2)*E1llipti
cPi(1/2%x*27 (1/2) *(((-4*a*xc+b~2)~(1/2)-b)/a) " (1/2),-2/ ((-4*a*xc+b~2)~(1/2)-b
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)*kaxe/d, (-1/2x(b+(—-4*a*xc+b™2)~(1/2))/a)~(1/2)*27(1/2) / (((-4*a*xc+b~2) ~(1/2) -
b)/a)~(1/2))*b+3/2/ (a*e”2-b*d*e+cxd~2)*2~(1/2) / (1/a* (~4*a*xc+b~2) " (1/2)-1/a*
b) " (1/2)*x(1-1/2/a*x"2* (=4*a*xc+b™2) "~ (1/2)+1/2/a*xb*x"2) ~(1/2) * (1+1/2/a*xbxx"2+
1/2/axx" 2% (—4d*axc+b”™2) " (1/2))~(1/2) / (cxx~4+b*xx"2+a) ~(1/2) *E1lipticPi (1/2*x*
27 (1/2) *(((-4*a*xc+b™2)~(1/2)-b)/a) " (1/2) ,-2/ ((-4d*a*xc+b~2) ~(1/2)-b) *xaxe/d, (-
1/2% (b+(-4*xaxc+b~2)~(1/2))/a)~(1/2)*27(1/2) / (((-4*a*c+b~2) " (1/2)-b)/a)~(1/2
))*c)+(Axe-B*d) /ex(1/4*xe”2/ (a*xe”™2-bxd*e+cxd™2) /d*xx* (c*xx~4+b*x"2+a) ~(1/2) /(e
*x72+d) "243/8*%e” 2% (axe"2-2xbxd*e+3*c*d”2) / (a*e”2-bxd*e+cxd"2) "2/d"2*x* (c*x”
4+b*x"2+a) " (1/2) / (exx~2+d)+3/16*e" 3*c/ (a*xe”2-b*d*e+c*d™2) "2/d " 2*a"2x27~(1/2)
/ (1/a*x(=4*xaxc+b™2) " (1/2)-1/a*b) " (1/2) *(4-2/a*x"2*x (—4d*axc+b~2) " (1/2)+2/a*b*x
“2)7(1/2) % (4+2/axbxx"2+2/a*x"2* (—4*axc+b”2) ~(1/2) )~ (1/2) / (c*x"4+b*x"2+a) ~ (1
/2)/ (b+(=4xa*xc+b~2) ~(1/2))*E1lipticF (1/2*x*27 (1/2) * (((-4*a*xc+b~2)~(1/2)-b)/
a)~(1/2),1/2%x(=4+2xb*x (b+(-4*a*xc+b~2) ~(1/2))/a/c)~(1/2))+9/16*e*xc”2/ (a*e”2-b
*d*xe+c*xd”2) "2*xa*x2” (1/2) / (1/a*x (—4*a*xc+b™2) " (1/2)-1/a*xb) ~(1/2)*(4-2/a*x"2*x (-4
*axc+b”2) T (1/2)+2/axbxx"2) ~(1/2) * (4+2/a*xb*x"2+2/a*x"2*x (—4d*axc+b~2) ~(1/2)) ~(
1/2) / (c*x"4+b*x~2+a) " (1/2) / (b+(=4*axc+b~2) " (1/2) )*E1lipticF (1/2*x*2~(1/2) *(
((=4*axc+b”™2)~(1/2)-b)/a)~(1/2) ,1/2% (-4+2%b* (b+(-4*axc+b~2) " (1/2))/a/c)~(1/
2))-3/8*e"2*c/ (axe”2-bxdxe+cxd~2) "2/d*a*2" (1/2) / (1/ax (-4*axc+b~2)~(1/2)-1/a
*b) T (1/2) % (4-2/a*xx" 2% (=4d*xa*xc+b~2) ~(1/2)+2/a*xb*x"2) ~(1/2) * (4+2/a*xb*x~2+2/a*x
2% (—4*a*xc+b”2) " (1/2))"(1/2) / (c*x"4+b*x"2+a) " (1/2) / (b+(-4*a*xc+b~2) " (1/2) ) *E
11ipticF(1/2%x*27(1/2) * (((—4*axc+b™2)~(1/2)-b)/a) ~(1/2) ,1/2% (=4+2%b* (b+ (-4
axc+b”2)"(1/2))/a/c)~(1/2))*b+3/8*e~2xc/ (a*e 2-bxd*e+c*d~2) ~2/d*a*2~ (1/2) /(
1/a*(-4d*xa*xc+b”2) " (1/2)-1/a*xb) ~(1/2) % (4-2/a*x"2*x (—4*a*xc+b~2) ~(1/2) +2/a*b*x"~2
)7 (1/2) % (442/a*xb*x"2+2/axx" 2% (-4d*xa*xc+b”2) ~(1/2) )~ (1/2) / (c*xx~4+b*x"2+a) " (1/2
)/ (b+(—4*a*xc+b™2) " (1/2) ) *E1lipticE(1/2*x*27(1/2) * (((-4*a*c+b~2)~(1/2)-b)/a)
~(1/2) ,1/2*%(—4+2*b* (b+(-4*a*xc+b~2)~(1/2))/a/c) ~(1/2) ) *b-7/32*xc~2/ (a*xe™2-b*d
*e+cxd~2) "2xd*x27(1/2) / (1/a*x (—4d*xaxc+b™2) ~(1/2)-1/axb) ~(1/2)*(4-2/axx"2* (-4*a
*Cc+b72) " (1/2)+2/axb*xx"2) ~(1/2) * (4+2/axb*x"2+2/a*x™2x (-4*axc+b~2) ~(1/2))~(1/
2) / (c*x™4+b*x"2+a) " (1/2) *E1lipticF (1/2*x*27(1/2) * (((-4*a*xc+b~2)~(1/2)-b)/a)
~(1/2) ,1/2%(-4+2*xbx (b+(—4*a*xc+b~2) " (1/2))/a/c) "~ (1/2))+1/8*c/ (a*e~2-b*d*e+c*
d"2)"2x27(1/2) /(1 /ax(-4*a*xc+b~2) ~(1/2)-1/a*b) "~ (1/2) * (4-2/a*x"2* (-4*a*c+b~2)
“(1/2)+2/axb*xx"2) ~(1/2) ¥ (4+2/a*xb*x~2+2/a*x"2* (4*axc+b~2) ~(1/2))~(1/2) / (c*x
“4+b*x”"2+a) " (1/2) *E1llipticF (1/2*x*27(1/2) *(((-4*a*xc+b~2)~(1/2)-b)/a)~(1/2),
1/2*% (=4+2xbx (b+ (—4*a*xc+b~2) " (1/2))/a/c) ~(1/2) ) *b*e-1/(a*e”2-b*d*e+c*xd~2) "2/
d"2*%e”3*27(1/2) /(1 /ax(-4*a*xc+b~2) ~(1/2)-1/a*xb) ~(1/2)*(1-1/2/a*x"2* (-4*a*xc+b
~2)7(1/2)+1/2/a*xb*x"2) ~(1/2) * (1+1/2/a*xb*x"2+1/2/a*x"2* (-4d*axc+b~2) ~(1/2)) ~(
1/2)/ (c*x"4+bxx"2+a) " (1/2) *E1lipticPi (1/2*x*27 (1/2) * (((-4*axc+b~2) " (1/2)-b)
/a)~(1/2) ,-2/ ((-4*xa*xc+b~2) ~(1/2) -b) *a*xe/d, (-1/2% (b+(-4*axc+b™2) " (1/2))/a) " (
1/2)*27(1/2) / (((-4*a*c+b~2) " (1/2)-b)/a) "~ (1/2)) *axb+3/4/ (a*e”2-bxd*e+c*xd~2) "~
2%e72/d*27(1/2) / (1/ax(=4xa*xc+b~2) ~(1/2)-1/a*b) ~(1/2)*(1-1/2/a*x"2* (-4*a*xc+b
~2)7(1/2)+1/2/a*xb*x"2) "~ (1/2) * (1+1/2/a*xb*x"2+1/2/a*x"2* (-4d*axc+b~2) ~(1/2)) ~(
1/2) / (c*x™4+b*x~2+a) " (1/2)*E11lipticPi (1/2*x*27 (1/2) * (((-4*a*c+b~2)~(1/2)-b)
/a)~(1/2) ,-2/ ((-4*xa*xc+b~2) ~(1/2) -b) *a*xe/d, (-1/2% (b+(-4*axc+b™2) " (1/2))/a) " (
1/2)%27(1/2) / (((-4*a*xc+b~2)~(1/2)-b)/a) " (1/2) ) *axc-1/32*c/ (a*xe”2-b*d*e+c*xd”
2)72/d%27(1/2)/ (1/ax(=4*axc+b~2) ~(1/2)-1/a*b) " (1/2) *(4-2/a*x"2* (-4*a*c+b~2)
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“(1/2)+2/axb*xx"2) ~(1/2) ¥ (4+2/axb*x~2+2/a*x"2* (4d*axc+b~2) ~(1/2) )~ (1/2) / (c*x
“4+b*x"2+a) " (1/2)*E1lipticF (1/2*x*27 (1/2) * (((-4*axc+b~2)~(1/2)-b)/a)~(1/2),
1/2*% (=4+2xbx (b+ (—4*a*xc+b™2) " (1/2))/a/c) ~(1/2) ) xa*xe”2+3/8/ (a*e ™ 2-b*xd*e+c*xd~2
)"2/d73%e”4%27(1/2) / (1/ax (=4*axc+b~2) " (1/2)-1/a*b) ~(1/2)*(1-1/2/a*x"2* (-4*a
*c+b™2) " (1/2)+1/2/axbxx"2) " (1/2) * (1+1/2/a*b*x"2+1/2/a*xx"2* (—4*a*xc+b~2) " (1/2
)) " (1/2) / (c*x™4+b*x"2+a) ~(1/2)*E1lipticPi (1/2*xx*27 (1/2) * (((-4*a*c+b™2) "~ (1/2
)-b)/a)”~(1/2),-2/((-4*xa*xc+b™2) " (1/2)-b)*axe/d, (-1/2* (b+(-4*a*xc+b~2)~(1/2))/
a)~(1/2)*%27(1/2) / (((-4*axc+b~2)~(1/2)-b)/a) " (1/2) ) *a"~2+1/ (a*xe”2-b*d*e+c*d"2
)" 2%e72/d*27(1/2) / (1/ax(—4d*xaxc+b~2) ~(1/2)-1/a*b) ~(1/2) *(1-1/2/a*x"2x (—4*a*c
+b72) " (1/2)+1/2/axbxx"2) " (1/2) * (1+1/2/a*b*x"2+1/2/a*xx" 2% (—4*a*xc+b~2) " (1/2))
~(1/2)/ (c*x™4+b*x"2+a) " (1/2) *E1lipticPi (1/2*%x*27 (1/2) * (((-4*a*c+b~2)~(1/2)-
b)/a)~(1/2),-2/((-4*xa*xc+b~2)~(1/2)-b) *axe/d, (-1/2x (b+(-4*a*xc+b~2)~(1/2))/a)
“(1/2)*%27(1/2) / (((4*a*xc+b~2)~(1/2)-b) /a) " (1/2) ) *b~2-5/2/ (a*e~2-b*d*e+c*d"2
)" 2xex27(1/2) / (1/a*x (—4*xaxc+b™2) ~(1/2)-1/a*b) ~(1/2) *(1-1/2/a*xx"2* (—4*a*xc+b~2
)T (1/2)+1/2/a*xb*x"2) " (1/2) *(1+1/2/a*xb*x"2+1/2/a*x"2* (-4*a*xc+b~2) ~(1/2) )~ (1/
2) / (c*x”~4+b*x"2+a) " (1/2)*E1lipticPi (1/2*x*27(1/2) * (((-4*a*c+b~2)~(1/2)-b)/a
)7 (1/2) ,-2/ ((=4*xa*xc+b™2) ~(1/2)-b) *axe/d, (-1/2x (b+(-4*a*xc+b~2)~(1/2))/a)~(1/
2)*x27(1/2) / (((-4*a*xc+b~2)~(1/2)-b) /a) "~ (1/2)) *b*xc+15/8/ (a*e”2-bxd*e+c*d~2) "2
*d*27(1/2) /(1 /a*x(=4d*xaxc+b”~2) " (1/2)-1/a*b) " (1/2) *(1-1/2/a*x"2x (=4*a*xc+b~2) ~(
1/2)+1/2/axb*xx~2) " (1/2) * (1+1/2/a*xb*x"2+1/2/a*xx"2* (—4*a*xc+b~2) ~(1/2))~(1/2)/
(c*x™4+b*x"2+a) " (1/2) *E11lipticPi (1/2xx*27 (1/2) * (((-4*a*c+b~2)~(1/2)-b)/a)~(
1/2) ,-2/((-4*xa*xc+b~2) ~(1/2) -b) *a*xe/d, (-1/2% (b+(-4*axc+b™2) " (1/2))/a)~(1/2)*
27(1/2)/ (((=4*axc+b~2) " (1/2)-b)/a) " (1/2)) *c~2-3/16*e~3*c/ (a*xe”2-b*d*e+c*xd~2
)72/d72%a" 227 (1/2) / (1/ax (=4*xaxc+b~2) ~(1/2)-1/a*b) " (1/2) * (4-2/a*xx"2x (—4*a*c
+b72) " (1/2)+2/axbxx"2) " (1/2) * (4+2/a*b*x™2+2/a*xx"2* (—4*a*xc+b~2) ~(1/2))~(1/2)
/ (c*xx™4+b*x"2+a) ~(1/2) / (b+(-4*a*xc+b™2) ~(1/2) ) *E1lipticE(1/2xx*2~ (1/2)*(((-4
*axc+b~2) " (1/2)-b)/a) "~ (1/2),1/2*x (-4+2*xb* (b+ (-4xaxc+b”2) " (1/2))/a/c)~(1/2))-
9/16%e*xc”2/ (a*xe™2-bxd*xe+cxd~2) “2*a*x2~(1/2) / (1/a*x(—4*xaxc+b~2)~(1/2)-1/ax*b) ~(
1/2)*(4-2/axx" 2% (—4*a*xc+b™2) " (1/2)+2/axbxx"2) ~(1/2) * (4+2/a*b*x~2+2/a*x~2* (-
4xa*xc+b~2) " (1/2))~(1/2) / (c*x~4+b*x~2+a) " (1/2) / (b+(-4*axc+b~2) " (1/2) )*Ellipt
icE(1/2%x*x27 (1/2) *(((-4*a*xc+b™2) " (1/2)-b)/a) " (1/2),1/2% (-4+2xb* (b+ (-4*a*xc+b
~2)7(1/2))/a/c)~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

B2+ A
f 3 dx
Vext + bx2 + a(ex2 + d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(exx"2+d) "3/ (c*x~4+b*x~2+a)~(1/2),x, algorithm="maxima"
)
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[Out] integrate((Bxx~2 + A)/(sqrt(c*x™4 + b*x"2 + a)*(e*xx”2 + d)73), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)/(exx~2+d) "3/ (c*x"4+b*x"2+a)~(1/2),x, algorithm="fricas"
)

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

A+ Bx?
f 3 dx
(d + exz) Va + bx? + cx*
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bxx**2+A)/ (e*xxx*2+d)**3/ (c*xx*x*4+b*x**2+a)**(1/2) ,x)

[Out] Integral((A + Bxx**2)/((d + exx**x2)*x3*sqrt(a + bxx**2 + ckx**4)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

Bx’+ A
f X dx

Vex?* + bx? + a(ex2 + d)3

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx"2+A)/(exx~2+d) "3/ (c*x"4+b*x"2+a)~(1/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)/(sqrt(c*x™4 + b*x"2 + a)*(e*xx"2 + d)~3), x)
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(A+B22)(d+ex?)”
)3/2

3.24 dx

(a+bx2+cx4

Optimal. Leaf size=859

(uB (6c3d3 —9c?e(bd + 6ae)d — 8b>e3 + bce?(18bd + 29ae)) +3Ac (2ab263 + 6ac (cd2 - aez) e—bc
BxVext + bx? + aed

3¢ 3a3/4c11/4 (b2 - 4ac) cxt + b

[Out] (x*x(Axc*(b~2%c*xd”™3 - 2*axc*kd*x(cxd™2 - 3*axe”2) - axbkex(3*xc*d™2 + axe”2)) +
a*Bx (a*xb”™2xe”3 + 2kaxc*xex(3xc*d”2 - a*e”2) - bxckdx(cxd”"2 + 3*axe”2)) - (a
*Bk (2xc*d - b*e)*(c”™2xd"2 + b"2%xe”2 - ckxex(b*d + 3xaxe)) + Axcx(axb"2%e”3 +
2%axcke* (3xcxd™2 - axe”2) - bxckxd*(cxd™2 + 3*a*xe”2)))*x72))/(axc™2x(b"2 -
4xaxc)*Sqrtla + b*x"2 + c*xx"4]) + (Bke"3*x*xSqrtla + b*x72 + c*xx"4])/(3*%c”2)
+ ((axB*x(6%c™3%d"3 - 8*b~3*e”3 - 9xc”2xd*e*x(b*d + 6xaxe) + bxcke 2% (18xb*d
+ 29%ax*e)) + 3xA*xckx(2xaxb"2xe”3 + Bkaxckex(cxd"2 - a*xe”2) - bkcxd*k(c*xd"2 +
3ka*xe”2)))*xxSqrt[a + b*x"2 + c*x74])/(3*axc”(5/2)*(b"2 - 4xaxc)*(Sqrt[a]
+ Sqrtlcl*x72)) - ((a*B*(6%c™3xd"3 - 8*b~3%e”3 - 9xc~2kdxe* (b*d + 6B*axe) +
bxcke” 2% (18*b*d + 29%axe)) + 3*Axcx(2%a*b~2*e”3 + 6Bxaxckxex(c*xd”2 - axe”2) -
b*xckdx(c*xd™2 + 3*axe”2)))*(Sqrtla] + Sqrtlcl*x"2)*Sqrtl[(a + b*xx"2 + c*x~4)
/(Sqrtla] + Sqrtlcl*x"2) 2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b
/(Sqrt[al*Sqrt[cl))/41)/(3*%a~ (3/4)*c~(11/4)*(b~2 - 4xaxc)*Sqrtla + b*x"2 +
c*¥x”4]) - ((3*%A*c™3xd"3 - 5*a~2%Bxc*e”3 - 3*Sqrt[al*c”(5/2)*d"2%(Bxd + 3*Ax
e) + axex(3kcxd - 2%bke)*(3*Bxckd - 4xb*Bkxe + 3xAxcke) + 3*a”(3/2)*Sqrt[c]*
e”2x(9xB*xcxd - 4xb*Bxe + 3xAxcxe))*(Sqrtl[a] + Sqrtlcl*x~2)*Sqrt[(a + b*x"2
+ c*xx74)/(Sqrt[a] + Sqrtlcl*x~2)"2]*EllipticF[2xArcTan[(c~(1/4)*x)/a~(1/4)]
, (2 - b/(Sqrtlal*Sqrtlcl))/4]1)/(6xa~(3/4)*(b - 2x3qrt[al*Sqrt[c])*c”(11/4)
xSqrt[a + b*x"2 + c*x74])

Rubi [A] time = 1.37963, antiderivative size = 859, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 5, number of rules used = 5, integrand size = 33, e e =

0.152, Rules used = {1678, 1679, 1197, 1103, 1195}

integrand size

(aB (6c3d3 —9c%e(bd + 6ae)d — 8b3e + bce?(18bd + 29ae)) +3Ac (2ab263 + 6ac (cd2 - aez) e—bc

BxVext + ba? + aed
3¢? 3a3/4c11/4 (bz - 4ac) Vext + b

Antiderivative was successfully verified.
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[In] Int[((A + Bxx"2)*(d + e*x"2)73)/(a + b*x"2 + c*x74)~(3/2),x]

[Out] (x*x(Axc*(b~2*%c*d”™3 - 2*axc*kd*x(cxd™2 - 3*axe”2) - axbkxex(3*xc*d™2 + axe”2)) +
a*Bx (a*xb”™2xe”3 + 2kaxc*ex(3xc*d”2 - a*e”2) - bxckdx(cxd"2 + 3*axe”2)) - (a
*Bx (2%cxd - bxe)*(c™2*d"2 + b~ 2*e”2 - cxe*x(b*d + 3*axe)) + Axcx(axb"2xe”3 +
2%axcke* (3xcxd™2 - axe”2) - bxckxd*(cxd™2 + 3*a*xe”2)))*x72))/(axc™2x(b"2 -
4xaxc)*Sqrtla + b*x"2 + cxx"4]) + (Bke"3*x*xSqrtla + b*x72 + cxx"4])/(3%c”2)
+ ((axB*(6%c™3%d"3 - 8*%b~3*e”3 - 9xc”2xd*e*(b*d + 6xaxe) + bxcke 2% (18xb*d
+ 29%ax*e)) + 3xA*xckx(2xaxb"2xe”3 + Bkaxckex(cxd"2 - a*xe”2) - bkcxd*k(c*xd"2 +
3ka*xe”2)))*xxSqrt[a + b*x"2 + c*x74])/(3*axc”(5/2)*(b"2 - 4xaxc)*(Sqrt[al
+ Sqrtlcl*x72)) - ((a*B*(6%c™3xd"3 - 8*b~3%e”3 - 9xc~2kdxe*(b*d + 6B*axe) +
bxcke” 2% (18*b*d + 29%axe)) + 3*Axcx(2%a*xb~2*e”3 + 6Bxaxckxex(c*xd™2 - axe”2) -
b*xckdx(c*xd™2 + 3*axe”2)))*(Sqrtla] + Sqrtlcl*x"2)*Sqrtl[(a + bxx"2 + c*x~4)
/(Sqrtl[a] + Sqrtlcl*x~2) 2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b
/(Sqrt[al*Sqrt[cl))/41)/(3*%a~ (3/4)*c~(11/4)*(b~2 - 4xaxc)*Sqrtl[a + b*x"2 +
c*xx”4]) - ((3*%A*c™3xd"3 - 5*a~2xBxc*e”3 - 3xSqrtlal*c”(5/2)*d"2x(Bxd + 3*Ax
e) + axe*x(3xckd - 2xbxe)*(3*Bkxcxd - 4xb*Bxe + 3xA*xcxe) + 3*a~(3/2)*Sqrt[c]*
e”2x(9%B*xcxd - 4xb*Bxe + 3xAxcxe))*(Sqrtl[al + Sqrtlcl*x~2)*Sqrtl[(a + b*x"2
+ c*xx74)/(Sqrt[a] + Sqrtlcl*x~2)"2]*EllipticF[2xArcTan[(c~(1/4)*x)/a~(1/4)]
, (2 - b/(Sqrtlal*Sqrtlcl))/4]1)/(6xa~(3/4)*(b - 2x3qrt[al*Sqrt[c]l)*c”(11/4)
xSqrt[a + b*x"2 + c*xx"4])

Rule 1678

Int[(Pq )*x((a_) + (b_.)*(x_ )72 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{d =
Coeff [PolynomialRemainder[Pq, a + b*x"2 + cxx”4, x], x, 0], e = Coeff[Poly
nomialRemainder[Pq, a + b*x"2 + c*xx"4, x], x, 2]}, Simp[(x*(a + b*x"2 + c*x
“4)~(p + 1)*(axbxe - d*(b"2 - 2*axc) - cx(bxd - 2xa*xe)*x72))/(2xax(p + 1)*(
b~2 - 4xaxc)), x] + Dist[1/(2*ax(p + 1)*(b"2 - 4xaxc)), Int[(a + b*x"2 + cx*
x74)~(p + 1)*ExpandToSum[2*a*(p + 1)*(b~2 - 4*axc)*PolynomialQuotient[Pq, a
+ bxx"2 + c*xx"4, x] + b72xd*(2xp + 3) - 2kaxcxd*x(4xp + 5) - axbkxe + cx(4xp
+ 7)x(bxd - 2%a*xe)*x~2, x], x], x]] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x~
2] &% Expon[Pq, x72] > 1 && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1]

Rule 1679

Int[(Pq )*((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{q =

Expon[Pq, x72], e = Coeff[Pq, x72, Expon[Pq, x72]]1}, Simp[(e*xx~(2*q - 3)*(
a + b*x"2 + cxx74)"(p + 1))/(cx(2%xq + 4%p + 1)), x] + Dist[1/(cx(2xq + 4*p
+ 1)), Int[(a + b*xx"2 + c*x~4) p*ExpandToSum[c*(2%q + 4*p + 1)*Pq - axe*(2x*
q - 3)*x7(2%q - 4) - bxex(2xq + 2%p - 1)*x"(2%q - 2) - c*xe*x(2%q + 4*xp + 1)x
x~(2*q), x1, x], x1] /; FreeQ[{a, b, c, p}, x] && PolyQ[Pq, x~2] && Expon[P
q, x°2] > 1 && NeQ[b~2 - 4*akc, 0] && 'LtQlp, -1]
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Rule 1197

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtl[a + b*x"2 + c*x"4
1, x], x] - Distle/q, Int[(1 - g*x~2)/Sqrtla + b*x"2 + c*xx"4], x], x] /; Ne
Qle + d*q, 011 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4x*axc, 0] && PosQ[
c/al

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g 2*x72)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2%x72)"2)]*
EllipticF[2*ArcTan[q*x], 1/2 - (bxq~2)/(4*c)])/(2*%q*Sqrt[a + b*x"2 + c*xx"4]
), x1]1 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/al]

Rule 1195

Int[((d_) + (e_.)*x(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, -Simp[(d*x*Sqrt[a + b*x~2 + c*x74])/(ax(1 + q~
2xx72)), x] + Simp[(d*(1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2*x"
2)"2)]1*EllipticE[2*ArcTan[qg*x], 1/2 - (b*q~2)/(4*c)])/(g*Sqrtla + b*x"2 + c
*x~4]1), x] /; EqQle + d*q~2, 0]]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 -
4xaxc, 0] && PosQ[c/al

Rubi steps

f (A + sz) (d + ex2)3 x (Ac (bzcd3 —2acd (cd2 - 3[262) — abe (30d2 + uez)) +aB (abze3 + 2ace (30012 - uez) — bea

dx =
(a + bx2 + cx‘*)g,/2 !

ac

x (Ac (bzcd3 —2acd (cal2 - 31162) — abe (?)cal2 + aez)) +aB (abze3 + 2ace (3Cd2 - aez) — bea

ac

X (Ac (b2cd3 — 2acd (cd2 - 3aez) — abe (30d2 + aez)) +aB (abze3 + 2ace (3cd2 - aez) — bea

ac

x (Ac (bzcd3 —2acd (cr:l2 - 3an) — abe (3cd2 + aez)) +aB (abze3 + 2ace (3cd2 - aez) — bea

ac
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Mathematica [C] time = 6.67421, size = 5432, normalized size = 6.32

Result too large to show

Antiderivative was successfully verified.

[In] Integrate[((A + Bxx"2)*(d + exx"2)73)/(a + b*x"2 + c*x74)~(3/2),x]

[Out] Result too large to show

Maple [B] time = 0.034, size = 2445, normalized size = 2.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x"2+A)*(e*xx"2+d) "3/ (c*x~4+b*x"2+a) ~(3/2) ,x)

[Out] B*xe 3% (-2*xc*x(-1/2xb/c~3* (3*xa*xc-b"2)/(d*axc-b~2)*x"3-1/2% (2*xa*xc-b"2) *a/c”3/(
dxaxc-b~2)*x) /((x~4+x"2%b/c+a/c)*c) ~(1/2)+1/3/c™2*x* (cxx~4+b*xx"2+a) ~(1/2)+1
/4% (=1/c” 2% (2xaxc-b"2) *xa/ (dxa*xc-b"2)-1/3*a/c”2)*2~(1/2) / (((-4*a*xc+b™2) "~ (1/2
)-b)/a) (1/2) *(4-2*% ((=4*a*xc+b~2) " (1/2)-b) /a*x"2) " (1/2) * (4+2* (b+ (-4*a*c+b~2)
~(1/2))/a*xx"2)"(1/2) / (c*xx"4+b*x"2+a) ~(1/2) *E1lipticF (1/2xx*27 (1/2) * (((-4*ax*
c+b™2)7(1/2)-b) /a) ~(1/2) ,1/2% (=4+2*b* (b+(-4*a*xc+b~2)~(1/2))/a/c)~(1/2))-1/2
*(-5/3%b/c”2-b/c”"2x (3*a*xc-b"2) / (d*a*xc-b~2) ) *xa*x2~(1/2) / (((-4*a*xc+b~2) " (1/2) -
b)/a) " (1/2) % (4-2% ((-4*axc+b~2) " (1/2)-b) /a*x"2) " (1/2) * (4+2* (b+(-4*a*xc+b~2) ~(
1/2))/a*xx”2) 7 (1/2) / (c*x"4+b*x"2+a) ~(1/2) / (b+(-4*a*xc+b™2) " (1/2) ) * (EllipticF(
1/2xxx27(1/2)* (((-4*a*c+b™2) " (1/2)-b) /a) ~(1/2) ,1/2% (-4+2*b* (b+(-4*a*xc+b~2) "~
(1/2))/a/c)~(1/2))-EllipticE(1/2*x*27 (1/2) * (((-4*a*xc+b~2)~(1/2)-b)/a)~(1/2)
, 1/2% (=4+2%b* (b+ (—4*axc+b™2) ~(1/2))/a/c)~(1/2))) )+ (Axe~3+3*Bxd*e”2) * (—2*cx* (
1/2/c”2x (2*a*xc-b~2) / (d*xa*xc-b~2) *x~3-1/2*axb/c”~2/ (d*axc-b~2) *x) / ((x~4+x"2*b/
c+a/c)*c)~(1/2)-1/4/c*xaxb/ (dxaxc-b"2)*2~(1/2) / (((=4*a*xc+b~2)~(1/2)-b)/a)~ (1
/2) % (4-2% ((=4*a*xc+b™2) " (1/2)-b) /a*x"2) " (1/2) * (4+2* (b+ (-4*axc+b~2) " (1/2)) /a*
x72)7(1/2) / (c*x™4+b*x"2+a) " (1/2)*E11lipticF (1/2*x*27 (1/2) * (((-4*axc+b~2) ~(1/
2)-b)/a)~(1/2),1/2x (-4+2xb* (b+(-4*axc+b~2)~(1/2))/a/c)~(1/2))-1/2x(1/c+1/c*
(2%a*xc-b~2)/(d*xaxc-b"2) ) *a*x2~ (1/2) / (((-4*a*xc+b~2) ~(1/2)-b)/a)~(1/2)* (4-2* ((
—-4xaxc+b”2) " (1/2)-b) /a*xx"2) " (1/2) * (4+2x (b+(-4*a*xc+b~2) ~(1/2)) /axx"2)~(1/2)/
(c*x™4+b*x"2+a) " (1/2) / (b+(-4*axc+b™2) " (1/2) ) * (E1lipticF (1/2xx*27 (1/2)*(((-4
*axc+b”2) " (1/2)-b)/a) " (1/2) ,1/2% (-4+2*b* (b+(-4*a*xc+b~2) ~(1/2))/a/c)~(1/2)) -
EllipticE(1/2*x*27(1/2) * (((=4*axc+b~2)~(1/2)-b)/a)~(1/2) ,1/2% (-4+2%b* (b+(-4
xaxc+b~2) " (1/2))/a/c) " (1/2))))+(3*xA*xd*xe”2+3*B*d~2xe) *x (-2*c* (1/2*%b/ (4*a*xc-b~
2)/cxx~3+a/c/ (d*xaxc-b~2) *x) / ((x~4+x"2*xb/c+a/c)*c) " (1/2)+1/2*a/ (dxa*xc-b"2) *2
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~(1/2) / (((4*a*xc+b™2) " (1/2)-b) /a) " (1/2) * (4-2% ((-4*a*c+b~2) " (1/2)-b) /a*xx"2) "
(1/2) % (4+2% (b+(—4*axc+b™2) " (1/2)) /a*xx"2) " (1/2) / (cxx~4+b*x"2+a) ~(1/2) *Ellipt
icF(1/2%x%27 (1/2) * (((=4d*a*xc+b~2)~(1/2)-b) /a) ~(1/2) ,1/2* (-4+2*xb* (b+ (-4*a*xc+b
~2)7(1/2))/a/c)”~(1/2))-1/2xb/ (4d*a*xc-b~2) *a*x2~ (1/2) / (((-4*a*xc+b~2) " (1/2)-b)/
a)~(1/2) % (4-2*x ((-4d*xaxc+b~2) " (1/2)-b) /a*x"2) " (1/2) * (4+2* (b+ (-4*a*xc+b~2) " (1/2
))/axx”2)~(1/2) / (c*x~4+b*xx"2+a) " (1/2) / (b+(-4*a*xc+b~2) ~(1/2))*(EllipticF(1/2
*xx*%27 (1/2) * (((-4*a*xc+b~2)~(1/2)-b)/a)~(1/2) ,1/2% (-4+2xb* (b+ (-4*a*c+b~2) ~(1/
2))/a/c)”(1/2))-EllipticE(1/2*x*27 (1/2)*(((-4*a*xc+b~2)~(1/2)-b)/a)~(1/2),1/
2% (=4+2%b* (b+(=4*axc+b™2) ~(1/2))/a/c) " (1/2))) ) +(3*xAxd"2*xe+B*d~3) * (-2*c* (-1/
(4xaxc-b"2)*x"3-1/2*xb/ (dxaxc-b~2) /c*xx) / ((x"4+x"2%b/c+a/c)*c)~(1/2)-1/4xb/ (4
*axc-b"2)*27(1/2) / (((-4d*axc+b~2)~(1/2)-b)/a) "~ (1/2)*(4-2*x ((-4*a*xc+b~2) ~(1/2)
-b)/a*xx"2) "~ (1/2) * (442 (b+ (—4*a*xc+b~2) "~ (1/2)) /a*x"2) " (1/2) / (c*x~4+b*x"2+a) ~ (
1/2)*E11lipticF(1/2%x%27 (1/2)* (((-4*a*xc+b~2)~(1/2)-b)/a)~(1/2) ,1/2x (—4+2%b* (
b+ (—-4*xaxc+b™2)~(1/2))/a/c) " (1/2))+c/ (d*xaxc-b"2)*a*x2"(1/2) / (((-4*axc+b~2) " (1
/2)-b)/a) " (1/2) *(4-2*x ((-4*axc+b~2) " (1/2)-b) /a*x"2) " (1/2) * (4+2* (b+ (-4*a*c+b”
2)7(1/2)) /a*xx~2)~(1/2) / (c*x"4+b*x"2+a) " (1/2) / (b+(-4*axc+b”~2) " (1/2) ) *(Ellipt
icF(1/2%x%27 (1/2) * (((—4*a*xc+b~2) ~(1/2)-b) /a) ~(1/2) ,1/2*% (-4+2*xb* (b+ (-4*a*c+b
~2)7(1/2))/a/c)~(1/2))-E1llipticE(1/2%x*27 (1/2) * (((-4*a*xc+b~2) "~ (1/2)-b)/a)~(
1/2) ,1/2% (-4+2xbx (b+(-4*a*xc+b”™2) " (1/2))/a/c)~(1/2))) ) +A*xd~3* (-2xc*x(1/2/a*b/
(4xaxc-b~2)*x~3-1/2*x(2*xaxc-b"2) /a/ (d*xaxc-b"2) /c*x) / ((x~4+x"2xb/c+a/c) *c) ~ (1
/2)+1/4%(1/a-(2*a*xc-b"2) /a/ (d*xa*xc-b"2)) %27 (1/2) / (((-4*axc+b~2)~(1/2)-b)/a)”
(1/2)*(4-2*%((-4*a*xc+b~2) " (1/2)-b) /a*x"2) " (1/2) * (4+2* (b+ (-4*axc+b~2)~(1/2))/
a*x”~2) 7 (1/2) / (cxx~4+b*x"2+a) " (1/2) *E1lipticF (1/2*x*27 (1/2) * (((-4*a*xc+b™2) ~(
1/2)-b)/a)~(1/2) ,1/2% (-4+2xbx* (b+(-4*a*xc+b~2) " (1/2))/a/c)~(1/2))-1/2%b/ (4*ax
c-b"2)*c*x27(1/2) / (((—d*a*xc+b™2) ~(1/2)-b) /a) ~(1/2) * (4-2*x ((-4d*axc+b~2) ~(1/2) -
b)/axx™2) "~ (1/2) % (4+2* (b+ (—4*a*xc+b™2) ~(1/2) ) /a*x"2) ~(1/2) / (c*xx"4+b*x"2+a) ~ (1
/2)/ (b+(=4xa*xc+b™2) " (1/2) ) *(E1llipticF (1/2*x*2~(1/2) *(((-4*a*c+b~2)~(1/2)-b)
/a) " (1/2) ,1/2x (=4+2%b* (b+(~4*a*xc+b™2)~(1/2))/a/c) ~(1/2))-E1lipticE(1/2*x*2"
(1/2)*(((—4*a*xc+b~2) " (1/2)-b) /a)~(1/2) ,1/2% (-4+2*b* (b+ (-4*a*xc+b~2)~(1/2))/a
/c)~(1/2))))

Maxima [F] time = 0., size = 0, normalized size = 0.

(B2 + A)(ex? +d)’
(cx4 + bx? + a)g

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx"2+A)*(exx~2+d) "3/ (c*x"4+b*x"2+a)~(3/2),x, algorithm="maxima"
)
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[Out] integrate((B*x~2 + A)*(exx"2 + d)~3/(c*x”4 + b*x"2 + a)~(3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.
(Be3x8 + (3 Bde? + Ae3)x6 +3 (dee + Adez)x4 + Ad® + (Bd3 +3 Adze)xz)\/cx4 +bx%+a

c2x8 + 2 bex® + (b2 +2 ac)x4 + 2 abx? + a?

integral X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(exx~2+d) "3/ (c*x~4+b*x~2+a)~(3/2),x, algorithm="fricas"
)

[Out] integral((Bxe~3*x~8 + (3*Bkxd*e”2 + A*e”3)*x"6 + 3*%(Bkd"2%e + Axdxe”2)*x"4 +
Axd~3 + (B*d~3 + 3*A*xd”"2xe)*x"2)*sqrt(c*x”4 + b*xx"2 + a)/(c”2*x"8 + 2*bkcx
Xx"6 + (b72 + 2%a*xc)*x"4 + 2*axb*x"2 + a~2), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bxx**2+A)* (exx*x*2+d)**3/ (c*xx*x*4+b*x**2+a)**(3/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

(B2 + A)(ex? +d)’
(cx4 + bx? + a)%

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)*(exx~2+d) "3/ (c*x"4+b*x"2+a)~(3/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)*(exx"2 + d)~3/(c*x™4 + b*x"2 + a)~(3/2), x)
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(A+B22)(d+ex?)”

)3/2 dx

3.25

(a+bx2+cx4

Optimal. Leaf size=628

4
(\/E + \/Exz) /%EllipticF (2 tan™! (%) , i (2 - ﬁ)) (3a3/2B\/Eez + ae(Ace — 2bBe + 2Bcd) — \/ac®?d(2 A
a++/fex a
20347/ (b - 2\/5\/5) Va + bx? + cx*

[Out] -((x*(a*B*(bxcxd™2 - 4xaxcxdxe + axbxe”2) - Axc*(b72xd"2 - 2kaxbkdke - 2%ax
(cxd™2 - a*e”™2)) - (Axcx(bk*c*kd™2 - 4*akxckdke + axb*e”2) - axBx(2%c™2%d"2 +
b~2xe”2 - 2xcxex(bxd + axe)))*x72))/(axcx(b”2 - 4*axc)*Sqrtla + b*x"2 + c*x
"4]1)) - ((Axck(bxc*d™2 - 4xakxckxd*e + axb*xe”2) - 2%a*Bx(c™2+d"2 + b™2%e”2 -
ckex(bxd + 3xaxe)))*x*Sqrtla + b*xx"2 + c*xx"4])/(axc™(3/2)*(b"2 - 4xaxc)*(Sq
rt[a]l + Sqrtlcl*x~2)) + ((Axc*(b*cxd™2 - 4*axcxd*e + axbxe”2) - 2%a*xBx(c™2x
d”2 + b72*e”2 - cxex(b*d + 3*axe)))*(Sqrtlal + Sqrtlcl*x~2)*Sqrt[(a + b*x~2
+ c*x74)/(Sqrt[a] + Sqrtlcl*x72) 2]*EllipticE[2*ArcTan[(c™(1/4)*x)/a"~(1/4)
1, (2 - b/(Sqrtlal*Sqrtlcl))/4]1)/(a~(3/4)*c~(7/4)*(b~2 - 4xaxc)*Sqrtla + bx*
X72 + c*xx74]) - ((A*c™2*%d™2 + 3*a~(3/2)*BxSqrt[cl*e”2 - Sqrtla]l*c™(3/2)*d*(
Bxd + 2%Axe) + akxex(2xBkxcxd - 2xb*Bkxe + Axcxe))*(Sqrtla] + Sqrt[c]*x72)*Sqr
tl(a + bxx"2 + c*x74)/(Sqrtla] + Sqrtlc]*x72)7"2]*EllipticF[2*ArcTan[(c~(1/4
)xx)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4]1)/(2*a~(3/4)*(b - 2*Sqrt[al*Sqrt
[c])*c™(7/4)*Sqrt[a + b*x"2 + cxx"4])

Rubi [A] time = 0.584427, antiderivative size = 633, normalized size of antiderivative =

1.01, number of steps used = 4, number of rules used = 4, integrand size = 33, number of rules

= 0.121, Rules used = {1678, 1197, 1103, 1195}

integrand size

(\/E + \/Exz) %E (2 tan ™! (%) Ii (2 — #)) (Ac (abez — 4acde + bcdz) - 2aB (—ce(Sae + bd) + b?e? + czdz)

a3Ac7/4 (bz - 4ac) Va + bx? + cx*

Antiderivative was successfully verified.

[In] Int[((A + Bxx"2)*(d + exx"2)"2)/(a + b*x"2 + c*xx74)~(3/2),x]

[Out] -((x*(cx((axBx(b*cxd™2 - 4*axckd*xe + axb*xe”™2))/c - A*x(b"2%xd"2 - 2%axb*dxe -
2xa*x(c*xd”2 - a*e”2))) - (Axckx(bxcxd™2 - 4*xaxckxdke + axbkxe”2) - a*xBx(2*xc™2x*
d”2 + b72%e”2 - 2xckxex(bxd + axe)))*x72))/(axc*x(b”2 - 4*axc)*Sqrtla + b*x"2
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+ c*x74])) - ((Axcx(b*c*d™2 - 4*axckdke + axb*e”2) - 2%a*Bkx(c™2%d"2 + b72x
e”2 - cxex(b*d + 3*axe)))*x*xSqrtla + b*x"2 + cxx"4])/(a*xc”(3/2)*(b"2 - 4xax
c)*(Sqrtlal + Sqrtlcl*x72)) + ((Axcx(b*c*d™2 - 4xakxcxd*e + axbxe”2) - 2%ax*B
*x(c72*%d"2 + b72%e”2 - cxex(b*d + 3*axe)))*(Sqrtl[al + Sqrtlcl*x~2)*Sqrtl[(a +

b*x"2 + c*x"4)/(Sqrtla] + Sqrtlcl*x"2) 2]*EllipticE[2*ArcTan[(c”(1/4)*x)/a
~(1/4)]1, (2 - b/(Sqrtlal*Sqrtlcl))/4]1)/(a~(3/4)*c™(7/4)*(b~2 - 4*axc)*Sqrt[
a + bxx"2 + c*x74]) - ((A*c™2%d"2 + 3*a~(3/2)*BxSqrt[c]*e”2 - Sqrtlal*c™(3/
2) *d*x (Bxd + 2xA*e) + axex(2xBxckd - 2xb*Bkxe + Axcxe))*(Sqrtla] + Sqrtlc]*x"
2)*Sqrt[(a + b*x"2 + c*x74)/(Sqrt[a] + Sqrtlcl*x~2) 2]*EllipticF[2*ArcTan[(
c”(1/4)*x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlc]))/4])/(2*a~(3/4)*(b - 2*Sqrt[a
1*%Sqrt[c])*xc~(7/4)*Sqrt[a + b*x~2 + cxx"4])

Rule 1678

Int[(Pq )*x((a_) + (b_.)*x(x_ )72 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{d =
Coeff [PolynomialRemainder[Pq, a + b*x"2 + cxx”4, x], x, 0], e = Coeff[Poly
nomialRemainder[Pq, a + b*x"2 + cxx"4, x], x, 2]}, Simp[(x*(a + b*x"2 + c*x
“4)~(p + 1)*(axbxe - d*(b"2 - 2*axc) - cx(bxd - 2xa*xe)*x72))/(2xax(p + 1)*(
b~2 - 4xaxc)), x] + Dist[1/(2*ax(p + 1)*(b"2 - 4xaxc)), Int[(a + b*x"2 + cx*
x74)~(p + 1)*ExpandToSum[2*a*(p + 1)*(b~2 - 4*axc)*PolynomialQuotient[Pq, a
+ b*xx"2 + c*xx"4, x] + b72xd*(2xp + 3) - 2kaxcxd*x(4xp + 5) - axbkxe + cx(4xp
+ 7)x(bxd - 2%a*xe)*x~2, x], x], x]] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x~
2] &% Expon[Pq, x72] > 1 && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1]

Rule 1197

Int[((d) + (e_.)*(x_)"2)/Sqrtl(a ) + (b_.)*(x_)"2 + (c_.)*x(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtla + b*x"2 + cxx"4
1, x], x] - Distle/q, Int[(1 - g*x72)/Sqrtla + bxx"2 + c*x~4], x], x] /; Ne
Qe + dxq, 011 /; FreeQ[{a, b, c, d, e}, x] & NeQ[b~2 - 4xaxc, 0] && PosQ[
c/al

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2%x72)"2)]*
EllipticF[2*ArcTan[q*x], 1/2 - (bxq~2)/(4*c)])/(2*q*Sqrt[a + b*xx"2 + c*xx"4]
), x1] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/a]

Rule 1195

Int[((d_) + (e_.)*(x_)"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, -Simp[(d*x*Sqrt[a + b*x"2 + c*x~4])/(a*x(1 + g~
2xx72)), x] + Simp[(d*(1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q72*x~
2)"2)]*EllipticE[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*c)])/(g*Sqrtla + b*x"2 + ¢



*x~4]), x] /; EqQle + d*q~™2, 0]] /; FreeQ[{a, b,

4xaxc, 0] && PosQ[c/al

Rubi steps

x (C (aB(bcd2—4acde+abez) _A (bzdz 3
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c, d, e}, x] && NeQ[b~2 -

2abde — 2a (cd2 - an))) - (Ac (bcd2 — 4acde + ubez)

f (A + sz) (d + exz)2

(a + bx? + cx‘*)a/2

X (C (aB(bcd2—4ucde+ubez) _A (bzdz 3

ac (b2 - 4ac) Va + bx? + cx*

2abde — 2a (cd2 - an))) - (Ac (bcd2 — 4acde + abez)

X (C (aB(bcd2—4ucde+abez) _A (bzdz B

ac (b2 - 4ac) Va + bx? + cx*

2abde — 2a (cd2 - aez))) - (Ac (bcd2 — 4acde + abez)

ac (b2 - 4ac) Va + bx? + cx?*

Mathematica [C] time = 4.76351, size = 766, normalized size = 1.22

\/Vbz 4ac+b+2cx2\/—2Vb2—4ac+2b+4cx2 ElliptiCF (l sinh™ (\/—x\/i) Vb2—4ac+b) (AC (bz (aez + Cdz) _ bM(
Vb2—4ac+b

b—Vb2—4ac

Vb2—4ac+b

b—Vb2—4ac

Antiderivative was successfully verified.

[In] Integrate[((A + B*x"2)x(d + exx"2)72)/(a + b*x"2 + c*x~4)~(3/2),x]

[Out] (-4*c*xSqrtlc/(b + Sqrt[b~2 - 4*axc])]*xx(-(a*xBx(axbxe™2 + 2*xc~2+%d"2*x"2 + b
T2%e72%x72 + bkckdk(d - 2%exx"2) - 2xakxckxex(2%d + e*x72))) + Axckx(b72xd"2 +
2%a"2%e”2 + bxckd"2*x72 + axbkex(-2*%d + e*xx"2) - 2xakxcxdx(d + 2%xe*x72))) -

Ix(-b + Sqrt[b~2 - 4*axc])*(-(Axck(bkcxd™2 - 4*axc*d*e + axb*e”2)) + 2%ax*B

*x(c72*%d"2 + b72%e”2 - cxex(b*d + 3*axe)))*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2x*c
*x72) /(b + Sqrt[b~2 - 4*axc])]*Sqrt[(2*%b - 2xSqrt[b~2 - 4*axc] + 4xc*xx~2)/(
b - Sqrt[b~2 - 4xaxc])]*EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 -

4xaxc])]*x], (b + Sqrt[b~2 - 4xaxc])/(b - Sqrt[b™2 - 4xaxc])] + I*(2*xaxB*(b
“2%(-b + Sqrt[b~2 - 4*axc])*e”2 + c”2xd*x(Sqrt[b”2 - 4xaxc]*d - 4*axe) + cx*e
*x(b72*%d - b*Sqrt[b~2 - 4*axc]*d + 4*axbxe - 3*a*xSqrt[b~2 - 4*xaxclxe)) + Axc
*(b"2x(c*d™2 + a*e”2) - b*xSqrt[b~2 - 4*axc]*(c*xd™2 + axe”2) - 4xakxck(c*xd™2

- Sqrt[b”2 - 4xaxc]*dxe + axe”2)))*Sqrt[(b + Sqrt[b~2 - 4*axc] + 2xc*xx"2)/(
b + Sqrt[b~2 - 4*axc])]*Sqrt[(2xb - 2xSqrt[b~2 - 4xa*xc] + 4*c*xx~2)/(b - Sqr
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t[b72 - 4*axc])]*EllipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4xaxc])
Ixx], (b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b”2 - 4xaxc])])/(4*xaxc™2x(-b"2 + 4x
axc)*Sqrtc/(b + Sqrt[b~2 - 4xaxc])]*Sqrtla + b*x"2 + c*x74])

Maple [B] time = 0.008, size = 1891, normalized size = 3.

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x"2+A)*(exx~2+d) "2/ (c*x"4+b*x"2+a) " (3/2) ,x)

[Out] Bxe ™ 2x(-2*xcx(1/2/c” 2% (2%a*c-b"2)/(d*axc-b~2)*x"3-1/2*axb/c”2/ (4*a*xc-b~2) *x)
/ ((x~4+x"2*xb/c+a/c)*c) " (1/2)-1/4/c*xaxb/ (dxaxc-b"2)*27(1/2) / (((-4*a*xc+b~2) ~(
1/2)-b)/a) "~ (1/2) *(4-2% ((-4*a*xc+b~2) " (1/2)-b) /a*x"2) " (1/2) * (4+2* (b+(-4*a*xc+b
~2)7(1/2)) /axx~2) " (1/2) / (c*x"4+bxx"2+a) ~(1/2)*E1lipticF (1/2*x*2~ (1/2)*(((-4
xaxc+b~2) " (1/2)-b)/a) " (1/2) ,1/2% (-4+2%b* (b+(-4*a*xc+b~2) ~(1/2))/a/c)~(1/2))-
1/2%(1/c+1/cx(2%xa*xc-b~2) / (4dxa*xc-b~2) ) *xa*x2~ (1/2) / (((-4*xa*xc+b~2)~(1/2)-b)/a)”~
(1/2)*(4-2% ((=4*a*xc+b™2) " (1/2)-b) /a*xx"2) " (1/2) * (4+2* (b+(-4*a*xc+b~2) ~(1/2))/
a*xx~2) " (1/2) / (c*x™4+b*x~2+a) " (1/2) / (b+(-4*axc+b~2) " (1/2) ) * (E11lipticF (1/2*x*
27(1/2)*x(((=4*a*ct+b~2) " (1/2)-b) /a) " (1/2) ,1/2% (-4+2%b* (b+ (-4*a*c+b~2) ~(1/2))
/a/c)”(1/2))-E1llipticE(1/2*x*27 (1/2)* (((-4*a*c+b~2)~(1/2)-b)/a)~(1/2),1/2*(
-4+2%b* (b+(=4*a*xc+b”™2)~(1/2))/a/c)~(1/2))) ) +(Axe~2+2xBxd*e) * (-2*xc* (1/2*b/ (4
xaxc-b~2) /cxx"3+a/c/ (dxaxc-b"2) *x) / ((x~4+x"2*xb/c+a/c) *c) ~(1/2)+1/2*a/ (dxaxc
-b~2)*27(1/2) / (((-4*a*xc+b~2)~(1/2)-b) /a) = (1/2) * (4-2% ((-4*a*xc+b~2) " (1/2)-b)/
a*xx”2) " (1/2) *(4+2* (b+(—4*a*xc+b~2) ~(1/2)) /a*xx"2) " (1/2) / (c*x~4+b*xx"2+a) ~(1/2)
*E11lipticF (1/2%x*27 (1/2) % (((=4*axc+b~2)~(1/2)-b)/a)~(1/2) ,1/2% (-4+2%b* (b+ (-
dxaxc+b~2)"(1/2))/a/c) " (1/2))-1/2*xb/ (d*xa*xc-b~2) *a*2~ (1/2) / (((-4*a*xc+b~2) " (1
/2)-b)/a) " (1/2)*(4-2% ((-4*a*xc+b™2) ~(1/2)-b) /a*x"2) " (1/2) * (4+2*x (b+(-4*a*c+b”
2)7(1/2)) /a*xx"2) "~ (1/2) / (c*x"4+b*x"2+a) " (1/2) / (b+(-4xa*xc+b™2) " (1/2) ) * (E1llipt
icF(1/2%x%27 (1/2) *(((-4*a*xc+b™2)~(1/2)-b)/a) " (1/2),1/2% (-4+2xb* (b+ (-4*a*xc+b
~2)7(1/2))/a/c) " (1/2))-E1llipticE(1/2*x*2~ (1/2)* (((=4*a*xc+b~2)~(1/2)-b)/a)~(
1/2) ,1/2x (=4+2%b* (b+(-4*a*xc+b~2)~(1/2)) /a/c)~(1/2))) ) +(2xAxd*e+B*d~2) *x (-2*c
*(-1/(4*axc-b"2) *x~3-1/2*xb/ (d*xaxc-b~2) /c*x) / ((x"4+x"2%b/c+a/c)*c)~(1/2)-1/4
*b/ (d*xa*xc-b"2)*27(1/2) / (((-4*a*xc+b~2) " (1/2)-b) /a) " (1/2) *(4-2x ((-4*a*xc+b~2) "
(1/2)-b) /a*x"2) " (1/2) * (4+2* (b+ (—4*a*xc+b~2) " (1/2)) /a*x"2) " (1/2) / (c*x~4+b*x"2
+a) " (1/2)*E1lipticF (1/2xx*27 (1/2)* (((~4*a*c+b”2)~(1/2)-b)/a)~(1/2) ,1/2%(-4+
2xb* (b+(-4*a*xc+b~2) ~(1/2))/a/c)~(1/2))+c/ (d*a*xc-b~2)*xa*x2~(1/2) / (((-4*a*xc+b”
2)7(1/2)-b)/a) " (1/2) * (4-2x ((=4*a*xc+b~2) " (1/2)-b) /a*xx"2) " (1/2) * (4+2* (b+ (-4x*a
*c+b~2) " (1/2)) /axx”2) " (1/2) / (c*x~4+b*x"2+a) " (1/2) / (b+(-4*a*xc+b~2) " (1/2) ) *(E
11ipticF(1/2%x*27(1/2) * (((—4*axc+b™2)~(1/2)-b)/a) ~(1/2) ,1/2% (=4+2%b* (b+ (-4
axc+b~2)7(1/2))/a/c)~(1/2))-E1llipticE(1/2%x*27 (1/2)* (((-4*a*c+b~2)~(1/2)-b)
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/a)~(1/2) ,1/2x (—4+2xb* (b+(-4*axc+b™2) " (1/2))/a/c)~(1/2))) ) +A*d~2* (-2*c* (1/2
/axb/ (d*xaxc-b~2) *x~3-1/2* (2*xa*xc-b"2) /a/ (d*axc-b"2) /c*x) / ((x~4+x"2xb/c+a/c) *
c)~(1/2)+1/4x(1/a-(2*¥axc-b~2) /a/ (d*xaxc-b"2) ) *2~(1/2) / (((-4*a*xc+b~2)~(1/2)-b
)Y/a) " (1/2) % (4-2*% ((=4*xa*xc+b™2) " (1/2)-b) /a*x"2) " (1/2) * (4+2* (b+ (-4*a*xc+b~2) ~ (1
/2))/a*xx"2)"(1/2) / (cxx~4+bxx"2+a) ~(1/2) *E1lipticF (1/2*x*2~ (1/2) * (((-4*a*c+b
~2)7(1/2)-b)/a) " (1/2) ,1/2% (=4+2xb* (b+(-4*a*xc+b~2) ~(1/2)) /a/c) ~(1/2))-1/2xb/
(dxaxc-b~2)*xc*x27(1/2) / (((-4d*a*xc+b~2) " (1/2)-b) /a) "~ (1/2) * (4-2x ((-4*a*c+b~2) ~(
1/2)-b) /axx"2) " (1/2) * (4+2* (b+ (-4*a*xc+b™2) ~(1/2)) /a*x"2) ~(1/2) / (c*¥x~4+b*x"2+
a)~(1/2)/ (b+(-4*axc+b™2) " (1/2) ) *(EllipticF (1/2xx*27 (1/2) * (((-4*a*c+b~2)~(1/
2)-b)/a) "~ (1/2),1/2%(-4+2xb* (b+(-4*a*xc+b~2) ~(1/2))/a/c)~(1/2))-EllipticE(1/2
*xx27(1/2) % (((-4*a*c+b™2)~(1/2)-b)/a) " (1/2) ,1/2% (-4+2xb* (b+ (-4*axc+b~2) ~(1/
2))/a/c)”(1/2))))

Maxima [F] time = 0., size = 0, normalized size = 0.

Bx2+ A exz+d2
( )(ex” +4)
3

cxt +bx? +a)?
( )

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x"2+A)*(e*x"2+d) "2/ (c*x"4+b*x"2+a) " (3/2) ,x, algorithm="maxima"
)

[Out] integrate((B*x~2 + A)x(exx"2 + d)~2/(c*x"4 + b*x"2 + a)~(3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Bezx6 + (2 Bde + Aez)x4 + Ad? + (de + 2Ade)x2)\/cx4 +bx2+a

c2x8 + 2 bex® + (b2 +2 ac)x4 + 2 abx? + a2

integral ,X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)*(exx~2+d) "2/ (c*x"4+b*x~2+a)~(3/2),x, algorithm="fricas"
)

[Out] integral((B*e”2*x"6 + (2%Bxd*e + Axe”2)*x"4 + A*d™2 + (Bxd"2 + 2%Axd¥e)*x"2
)*sqrt(c* x4 + b*xx"2 + a)/(c72*%x78 + 2%b*c*x"6 + (b72 + 2%akxc)*x"4 + 2%axbx
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x"2 + a”2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

(A+B) (d+ex?)
3

a+bx? + cxt)?
( )

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bxx**2+A)* (e*xx*x*2+d) **2/ (c*x**4+b*x**2+a)**(3/2) ,x)

[Out] Integral((A + Bkxx**2)x(d + exx**2)x*2/(a + bxx*x2 + cxx**4)*x(3/2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

(Bx2 + A) (ex2 + d)z
(cx4 + bx2 + a)%

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx"2+A)*(e*xx”~2+d) "2/ (c*x"4+b*x"2+a) " (3/2) ,x, algorithm="giac")
g g g

[Out] integrate((B*x~2 + A)*x(exx"2 + d)~2/(c*x"4 + b*x"2 + a)~(3/2), x)
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(A+Bx2) (d +ex2)

)3/2 dx

3.26

(a+bx2+cx4

Optimal. Leaf size=481

(\/— ++/fex )(\/—B A\/_) :r_lf/;: (\/—d \/_e) EllipticF (Ztan (%),i@— ﬁ)) (\/E+\/_x) (i/tlf/;

2a3/4c3/4 (b - 2\/5\/5) Va + bx? + cxt

+

[Out] -((x*x(a*B*x(bxd - 2*axe) - A*(b72xd - 2*axcxd - axbkxe) - (Axckx(bkd - 2+*axe)
- axB*x(2*%cxd - bxe))*x72))/(ax(b”2 - 4*axc)*Sqrtla + b*x"2 + cxx"4])) - ((A
xcx(bxd - 2%axe) - axBx(2xcxd - b*e))*xxSqrtla + b*x"2 + c*x74])/(a*xSqrt[c]
*(b"2 - 4xaxc)*(Sqrtlal + Sqrtlcl*x72)) + ((Axckx(b*d - 2xaxe) - a*xB*(2*c*d
- bxe))*(Sqrtl[al + Sqrtlcl*x"2)*Sqrt[(a + b*x"2 + c*x74)/(Sqrtl[a] + Sqrtlc]
*xx72) "2]*EllipticE[2*ArcTan[(c™(1/4)*x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))
/41)/(a~(3/4)*c™(3/4)*(b"2 - 4xaxc)*Sqrtla + b*xx"2 + c*xx~4]) + ((Sqrt[al=*B
- AxSqrt[c])*(Sqrt[cl*d - Sqrtlal*e)*(Sqrtlal + Sqrtlcl*x~2)*Sqrt[(a + b*x~
2 + cxx~4)/(Sqrta] + Sqrtlc]*x~2)"2]*EllipticF[2*xArcTan[(c~(1/4)*x)/a~(1/4
)1, (2 - b/(Sqrtlal*Sqrtlcl))/4]1)/(2xa~(3/4)*(b - 2xSqrt[al*Sqrt[cl)*c~(3/4
)*Sqrt[a + b*xx"2 + c*x"4])

Rubi [A] time = 0.387262, antiderivative size = 481, normalized size of antiderivative =
1., number of steps used = 4, number of rules used = 4, integrand size = 31, number of rules _

integrand size
0.129, Rules used = {1678, 1197, 1103, 1195}

(\/E + \/Exz) ME (2 tan™! ( Vo ) & (2 \/_\/_)) (Ac(bd - 2ae) — aB(2cd — be)) (\/E + \/Exz) (\/EB - A\/E)

(Va+ cxz) \a \
+
a3/4c3/4 (b2 - 4ac) Va + bx? + cx* 2a%/4

Antiderivative was successfully verified.

[In] Int[((A + B*xx"2)*(d + e*x"2))/(a + b*x"2 + c*x74)"(3/2) ,x]

[Out] -((xx(a*Bx(b*d - 2%akxe) - A*(b72%d - 2*akxckd - axbke) - (A*xck(b*xd - 2*axe)
- axB*x(2*%cxd - bxe))*x72))/(ax(b”2 - 4*axc)*Sqrtla + b*x"2 + c*xx"4])) - ((A
xck (b*d - 2%axe) - axB*x(2%cxd - bxe))*xxSqrt[a + b*x"2 + c*x74])/(a*Sqrt[c]
*(b"2 - 4xaxc)*(Sqrtlal + Sqrtlcl*x72)) + ((Axckx(b*d - 2xaxe) - a*xB*(2*c*d
- bxe))*(Sqrt[al + Sqrtlcl*x~2)*Sqrt[(a + b*x"2 + c*x~4)/(Sqrtl[a] + Sqrtlc]
*x72) "2]*EllipticE[2*ArcTan[(c”(1/4)*x)/a~(1/4)]1, (2 - b/(Sqrtl[al*Sqrtlc]))
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/41)/(a~(3/4)*c”(3/4)*(b™2 - 4xa*xc)*Sqrtla + bxx"2 + c*x~4]) + ((Sqrt[al+*B
- AxSqrt[c])*(Sqrtlcl*d - Sqrtl[al*e)*(Sqrtla] + Sqrtlc]*x"2)*Sqrt[(a + b*x~
2 + c*x74)/(Sqrtla] + Sqrtlcl*x"2)72]*EllipticF[2*ArcTan[(c~(1/4)*x)/a~(1/4
)], (2 - b/(Sqrt[al*Sqrt(c]))/4])/(2*a~(3/4)*(b - 2*Sqrt[al*Sqrt[c])*c”(3/4
)*Sqrt[a + bxx"2 + c*x~4])

Rule 1678

Int[(Pq )*((a_) + (b_.)*x(x_ )72 + (c_.)*(x_)"4)"(p_), x_Symbol] :> With[{d =
Coeff [PolynomialRemainder[Pq, a + b*x"2 + cxx”4, x], x, 0], e = Coeff[Poly
nomialRemainder[Pq, a + b*x"2 + c*x”4, x], x, 2]}, Simp[(x*(a + b*x"2 + c*x
~4)"(p + 1)*x(axbxe - dx(b~2 - 2*xa*xc) - cx(b*d - 2%axe)*x72))/(2*xax(p + 1)*(
b~2 - 4xaxc)), x] + Dist[1/(2*ax(p + 1)*(b"2 - 4xaxc)), Int[(a + b*x"2 + cx*
x74)~(p + 1)*ExpandToSum[2*a*(p + 1)*(b~2 - 4*axc)*PolynomialQuotient[Pq, a
+ b*x72 + cxx74, x] + bT2xd*x(2%p + 3) - 2kxaxckdx(4xp + 5) - axbxe + c*x(4*p
+ 7)*(b*xd - 2xaxe)*x~2, x], x], x]] /; FreeQ[{a, b, c}, x] && PolyQ[Pq, x~
2] &% Expon[Pq, x72] > 1 && NeQ[b~2 - 4xaxc, 0] && LtQ[p, -1]

Rule 1197

Int[((d_) + (e_.)*(x_)~"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtla + b*x"2 + cxx"4
1, x], x] - Distle/q, Int[(1 - g*x72)/Sqrtla + b*x"2 + c*x"4], x], x] /; Ne
Qle + dxq, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[
c/al

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g™ 2*xx"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2%x72)72)]*
EllipticF[2*ArcTan[q*x], 1/2 - (bxq~2)/(4*c)])/(2*g*Sqrt[a + b*xx"2 + c*xx"4]
), x1]1 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/al

Rule 1195

Int[((d_) + (e_.)*(x_)~"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rt[c/a, 4]}, -Simp[(d*x*Sqrtla + b*x"2 + c*x"4])/(a*x(1 + g~
2%x72)), x] + Simp[(d*(1 + g "2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(a*x(1 + q 2*x"
2)"2)]*EllipticE[2*ArcTan[q*x], 1/2 - (bxq~2)/(4*c)])/(g*Sqrt[a + b*x"2 + ¢
*x~4]), x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 -
4xaxc, 0] && PosQ[c/al

Rubi steps
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[ (A+B)(d+er?)  x(aBbd ~200) - A(t7d ~ 20cd - abe) - (Ae(bd ~200) ~aBQed ~ b)) [ Sl
(b2 2 (17~ 4ac)Va+ b + ot

x (aB(bd — 2a¢) - A (b2 - 2acd — abe) - (Ac(bd — 2a¢) - aB(2cd - be))?) (VB - A
=— +

a (b2 - 4(1C) Va + bx? + cx*

x (aB(bd —2ae) - A (bzd —2acd - abe) — (Ac(bd — 2ae) — aB(2cd - be))xz) (Ac(bd - 2

a (bz - 4ac) Va + bx2 + cxt a-

Mathematica [F] time = 0, size = 0, normalized size = 0.

$Aborted

Verification is Not applicable to the result.

[In] Integrate[((A + B*x"2)x(d + exx"2))/(a + b*x"2 + c*x74)~(3/2),x]

[Out] $Aborted

Maple [B] time = 0.006, size = 1390, normalized size = 2.9

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*xx"2+A)*(e*xx"2+d)/(cxx"4+b*xx"2+a) " (3/2) ,x)

[Out] Bxex(-2*c*x(1/2*b/(4*a*xc-b"2)/c*x"3+a/c/ (d*xaxc-b"2)*x)/((x"4+x"2*b/c+a/c)*c)
~(1/2)+1/2*xa/ (4*axc-b~2)*27(1/2) / (((-4*a*xc+b™2) " (1/2)-b) /a) "~ (1/2) * (4-2x((-4
xaxc+b™2) " (1/2)-b) /a*xx"2) "~ (1/2) * (4+2* (b+ (-4*axc+b™2) " (1/2))/a*xx"2)~(1/2)/(c
*X " 4+b*x"2+a) " (1/2) *E1lipticF (1/2*x*27 (1/2) * (((-4*a*xc+b™2) ~(1/2)-b)/a)~(1/2
), 1/2% (=4+2xbx (b+(—4xa*xc+b~2) " (1/2))/a/c)~(1/2))-1/2*xb/ (dxaxc-b~2) *a*x2~ (1/2
)/ (((=4*xaxc+b™2)~(1/2)-b)/a) ~(1/2) * (4-2x ((-4*axc+b~2)~(1/2)-b) /a*x"2)~(1/2)
* (4+2* (b+ (-4*axc+b™2) ~(1/2)) /a*x"2) ~(1/2) / (c*x~4+b*x"2+a) ~(1/2) / (b+ (-4*a*xc+
b~2) " (1/2))*(E1lipticF (1/2%x*27(1/2) * (((=4*a*xc+b~2)~(1/2)-b)/a) ~(1/2) ,1/2*(
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—-4+2xb* (b+ (=4xa*xc+b~2) ~(1/2))/a/c)~(1/2))-E1lipticE(1/2*x*27 (1/2) * (((-4*ax*c
+b72) " (1/2)-b) /a) ~(1/2),1/2x (-4+2xb* (b+(~4*a*xc+b~2) ~(1/2))/a/c)~(1/2))))+(A
*e+B*xd) * (-2xc* (-1/ (4*axc-b~2) *x~3-1/2*xb/ (d*xaxc-b~2) /c*x) / ((x"4+x"2*b/c+a/c)
*xc) " (1/2)-1/4%b/ (d*axc-b~2)*27(1/2) / (((—4*a*xc+b~2) " (1/2)-b) /a) " (1/2) * (4-2x(
(=4*a*xc+b~2) " (1/2)-b) /a*x"2) "~ (1/2) * (4+2* (b+ (-4*a*xc+b”2) " (1/2)) /a*xx"2)~(1/2)
/ (c*x~4+b*x"2+a) " (1/2) *E1lipticF (1/2*x*27 (1/2) * (((-4*a*c+b”2)~(1/2)-b)/a)~(
1/2),1/2x (-4+2%b* (b+ (-4*a*xc+b~2) " (1/2))/a/c)~(1/2))+c/ (d*a*xc-b~2) *a*x2~(1/2)
/ (((—4*axc+b™2) 7 (1/2)-b)/a)~(1/2) *(4-2% ((—4*a*xc+b™2) " (1/2)-b) /a*xx"2) ~(1/2)*
(4+2% (b+ (—4*a*xc+b™2) " (1/2)) /axx"2) " (1/2) / (c*x"4+b*x"2+a) " (1/2) / (b+(-4*a*c+b
~2)7(1/2))*(E1lipticF (1/2*%x*27(1/2) * (((-4*a*c+b~2)~(1/2)-b) /a)~(1/2) ,1/2* (-
4+2xb* (b+(-4*axc+b~2) ~(1/2))/a/c)~(1/2))-EllipticE(1/2xx*2~ (1/2) * (((-4*a*c+
b~2)7(1/2)-b)/a) " (1/2) ,1/2% (-4+2%b* (b+ (-4*axc+b~2) " (1/2)) /a/c) ~(1/2))) ) +Axd
*(-2xcx (1/2/axb/ (4dxaxc-b"2) *x"3-1/2*%(2xa*c-b"2) /a/ (d*xa*xc-b~2) /c*xx) / ((x~4+x~
2%b/c+a/c)*c) " (1/2)+1/4x(1/a- (2*xa*xc-b"2) /a/ (d*xaxc-b"2) )*2~(1/2) / (((-4*a*xc+b
~2)7(1/2)-b)/a) " (1/2) * (4-2x ((—4*axc+b~2) " (1/2)-b) /axx"2) " (1/2) * (4+2* (b+ (-4x*
axc+b”2) " (1/2)) /a*xx"2) " (1/2) / (c*x~4+b*x"2+a) " (1/2)*E1lipticF (1/2*x*2~ (1/2)*
(((~4*a*xc+b™2)"(1/2)-b)/a) " (1/2) ,1/2x (=4+2*b* (b+(-4*a*c+b~2) " (1/2))/a/c)~ (1
/2))-1/2%b/ (dxaxc-b"2) *cx2~(1/2) / (((-4*a*xc+b~2)~(1/2)-b) /a) ~(1/2) *(4-2x((-4
*axc+b”2) " (1/2)-b) /a*x"2) "~ (1/2) * (4+2% (b+(-4*a*xc+b~2) " (1/2)) /axx"2)~(1/2)/(c
*x"4+b*xx"2+a) “(1/2) / (b+(-4*a*xc+b™2) " (1/2) ) * (E1lipticF (1/2*xx*2~ (1/2) * (((-4*a
*c+b"2) " (1/2)-b)/a) " (1/2) ,1/2% (-4+2%b* (b+ (-4*axc+b~2)~(1/2))/a/c)~(1/2))-El
lipticE(1/2%x%27(1/2) * (((~4*a*xc+b~2) " (1/2)-b)/a) "~ (1/2) ,1/2% (-4+2*b* (b+(-4*a
*xc+b~2)7(1/2))/a/c)~(1/2))))

Maxima [F] time = 0., size = 0, normalized size = 0.

(Bx2 + A) (ex2 + d)
3
(cx4 + bx? + a)E

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx"2+A)*(exx~2+d)/(cxx~4+b*xx~2+a)~(3/2),x, algorithm="maxima"

[Out] integrate((B*x~2 + A)*(exx”2 + d)/(c*x™4 + bxx"2 + a)~(3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(Bex4 + (Bd + Ae)x? + Ad)\/cx4 +bx2+a

X
c2x8 + 2 bex® + (b2 +2 ac)x4 + 2 abx? + a2

integral
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)*(exx~2+d)/(c*xx~4+b*x~2+a)~(3/2),x, algorithm="fricas")

[Out] integral((Bxe*x~4 + (Bxd + A*xe)*x"2 + Axd)*sqrt(c*x™4 + b*x"2 + a)/(c™2*x"8
+ 2xb¥xc*x”6 + (b72 + 2*axc)*x”"4 + 2*axb*x”2 + a~2), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

(A + Bx2) (d + 63;2)

(a + bx2 + cx‘*)E

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bxx**2+A)* (exx*x*2+d) / (c*xx**4+b*xx**2+a)**(3/2) ,x)

[Out] Integral((A + B¥x**2)*(d + e*xx**2)/(a + bxx*x2 + c*x**4)**(3/2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

(sz + A) (ex2 + d)
(cx4 + bx? + a)g

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx"2+A)*(exx~2+d)/(cxx~4+b*x~2+a)~(3/2),x, algorithm="giac")

[Out] integrate((B*x"2 + A)*(exx"2 + d)/(c*x"4 + b*x"2 + a)~(3/2), x)
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A+Bx?

3.27 dx

(a+bx2+cx4)3/2

Optimal. Leaf size=398

(‘/— + yex )(\/—B A\/_)MEllptlcF(Ztan (%),E(Z—ﬁ)) Q/E(\/E+\/Ex2)(Ab—2aB) (i;f

+

2a3/44c (b - 2\/5\/5) Va + bx? + cx* a%/* (b2 - 4ac}

[Out] (x*x(A*b~2 - a*b*B - 2xa*xAxc + (A*b - 2*xaxB)*c*x"2))/(ax(b”2 - 4*a*xc)*Sqrtla
+ b*x72 + cxx"4]) - ((A*xb - 2*axB)*Sqrt[c]l*x*Sqrtla + b*x"2 + c*xx74])/(a*(

b~2 - 4xaxc)*(Sqrtla] + Sqrtlcl*x"2)) + ((A*b - 2*axB)*xc~(1/4)*(Sqrtl[a] + S
qrt[c]*x~2)*Sqrt[(a + b*x"2 + c*x74)/(Sqrtl[a] + Sqrtlcl*x~2)"2]*EllipticE[2
*ArcTan[(c™(1/4)*x)/a~(1/4)]1, (2 - b/(Sqrtlal*Sqrtlcl))/4]1)/(a~(3/4)*(b"2 -
4xaxc)*Sqrtla + b*xx"2 + c*x~4]) + ((Sqrtl[al*B - AxSqrt[c])*(Sqrt[a] + Sqrt
[c]*x72)*Sqrt[(a + b*x"2 + c*xx~4)/(Sqrtlal + Sqrtlcl*x"2)"2]*EllipticF[2*Ar
cTan[(c™(1/4)*x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4]1)/(2xa~(3/4)*(b - 2%
Sqrt[al*Sqrtlc])*c™(1/4)*Sqrt[a + b*xx~2 + c*x"4])

Rubi [A] time = 0.195045, antiderivative size = 398, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 24, e o e

0.167, Rules used = {1178, 1197, 1103, 1195}

integrand size

\4/5(\/5 + \/Exz) (Ab - 2aB) %E (2 tan™! (%) l}L (2 - \/;\/E)) (‘/E + \/Exz) (\/_B A‘/_) ?Tj/;: F(.
+

a3/* (b - dac) Va + b2 + cx* 20343Jc (b - 24/ave) Va-

Antiderivative was successfully verified.

[In] Int[(A + Bxx"2)/(a + b*x"2 + c*x74)~(3/2),x]

[Out] (x*x(A*b~2 - a*b*B - 2xa*xAxc + (A*b - 2*axB)*c*x"2))/(ax(b”2 - 4xa*xc)*Sqrt(a
+ bxx"2 + c*xx74]) - ((Axb - 2*a*B)*Sqrt[c]*x*Sqrtla + b*x~2 + c*x"4])/(ax(
b2 - 4xaxc)*(Sqrtla] + Sqrtlcl*x72)) + ((Axb - 2xa*B)*c~(1/4)*(Sqrtlal + S
grtlc]*x72)*Sqrt[(a + b*x"2 + c*x~4)/(Sqrt[al + Sqrtlcl*x"2)"2]*EllipticE[2
*ArcTan[(c™(1/4)*x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/41)/(a~(3/4)*(b"2 -
4xaxc)*Sqrtla + b*x"2 + c*xx"4]) + ((Sqrtla]*B - A*Sqrt[c])*(Sqrt[a] + Sqrt
[cl*x7"2)*Sqrt[(a + bxx"2 + c*xx"4)/(Sqrtl[a] + Sqrtlcl*x~2) 2]*EllipticF [2*Ar
cTan[(c™(1/4)*x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4])/(2*xa~(3/4)*(b - 2%
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Sqrt[al*Sqrt[c])*c™(1/4)*Sqrt[a + b*x~2 + c*x~4])

Rule 1178

Int[((d) + (e_)*(x )"2)*((a) + (b_)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symb
0ol] :> Simp[(x*(axbxe - d*(b"2 - 2%axc) - cx(bxd - 2%a*xe)*x"2)*(a + b*xx"2 +
c¥x”4) " (p + 1))/ (2xax(p + 1)*x(b~2 - 4%axc)), x] + Dist[1/(2xax(p + 1)*(b"2
- 4xaxc)), Int[Simp[(2*p + 3)*d*b~2 - axbke — 2xa*xckd*(4*p + 5) + (4*p + 7
)*¥(d*b - 2*axe)xcxx"2, x]*(a + b*x"2 + c*x”4)"(p + 1), x], x] /; FreeQ[{a,
b, ¢, d, e}, x] && NeQ[b~2 - 4x*xa*xc, 0] && NeQ[c*d™2 - b*d*xe + a*xe™2, 0] &&

LtQ[p, -1] && IntegerQ[2+*p]

Rule 1197

Int[((d) + (e_.)*(x_)"2)/Sqrtl[(a_) + (b_.)*x(x )"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtl[a + b*x"2 + c*x"4
1, xJ, x] - Distle/q, Int[(1 - g*x~2)/Sqrtla + b*x"2 + c*x~4], x], x] /; Ne
Qle + d*q, 0]1 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~™2 - 4*a*xc, 0] && PosQ[
c/al

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g 2*x~2)*Sqrt[(a + b*x"2 + cxx”4)/(ax(1 + q~2*x"2)72)]*
EllipticF[2*ArcTan[q*x], 1/2 - (b*q~2)/(4*c)])/(2*g*Sqrt[a + b*x"2 + c*xx~4]
), x1] /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/a]

Rule 1195

Int[((d) + (e_.)*(x_)"2)/Sqrtl[(a_) + (b_.)*x(x )"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, -Simp[(d*x*Sqrtla + b*x~2 + c*x"4])/(a*x(1 + g~
2¥x72)), x] + Simp[(d*(1 + q~2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2*x"
2)"2)]*EllipticE[2*ArcTan[qg*x], 1/2 - (bxq~2)/(4*c)])/(g*Sqrtla + b*x"2 + ¢
*x~41), x] /; EqQle + dxq~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 -
4xa*xc, 0] && PosQ[c/al

Rubi steps
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—a(bB-2Ac)+(Ab-2aB)cx?

f AvB@  x(AV-abB-20Ac + (Ab-2aB)ex?) [
(a +bx2 + cx4)3/2 a (bz - 4ac) Va + bx? + cxt a (bz - 4ac)
1 Ve

x(AB? - abB - 2aAc + (Ab - 2aB)ex?)  ((Ab—2aB)Ve) [ \/ﬁ dx  ((Ab-2aB)y

a (bz - 4ac) Va + bx2 + cx* * \a (bz - 4ac)

(Ab - 2aB)~c|
X (Ab2 —abB — 2aAc + (Ab - 2aB)cx2) (Ab - 2aB)+JcxVa + bx? + cx*

a (b2 - 4ac) Va + bx? + cx* a (bz - 4uc) (\/E + \/Exz)

Mathematica [F] time = 0, size = 0, normalized size = 0.

$Aborted

Verification is Not applicable to the result.

[In] Integrate[(A + B*x"2)/(a + b*x"2 + c*x74)~(3/2),x]

[Out] $Aborted

Maple [B] time = 0.006, size = 931, normalized size = 2.3

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)/(c*x"4+bxx"2+a) ~(3/2),x)

[Out] Bx(-2*c*x(-1/(4*a*xc-b"2)*x"3-1/2*b/ (d*axc-b"2)/c*x)/((x~4+x"2*b/c+a/c)*c) (1
/2)-1/4xb/ (4d*axc-b"2)*27(1/2) / (((-4*axc+b™2) " (1/2)-b) /a) ~(1/2) * (4-2% ((-4*ax*
c+b”2) " (1/2)-b) /a*x"2) " (1/2) * (4+2x (b+(-4*a*xc+b~2) ~(1/2)) /axx"2) ~(1/2) / (c*x™
4+bxx"2+a) " (1/2)*E11lipticF (1/2%x*27 (1/2) * (((=4*a*c+b~2)~(1/2)-b)/a)~(1/2),1
/2% (=4+2%b* (b+(-4*axc+b~2) ~(1/2)) /a/c) " (1/2) ) +c/ (dxaxc-b~2) *a*x2~(1/2) / (((-4
*axc+b™2) " (1/2)-b)/a) " (1/2)*(4-2% ((-4*a*xc+b™2) " (1/2)-b) /a*xx"2) ~(1/2) * (4+2%(
b+ (=4*axc+b™2) " (1/2))/a*xx"2) " (1/2) / (c*x"4+bxx"2+a) " (1/2) / (b+(-4*a*xc+b~2) " (1
/2))*(E1lipticF (1/2%x%27 (1/2)* (((-4*a*xc+b~2)~(1/2)-b)/a) " (1/2),1/2x (-4+2%b*
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(b+(=4*a*xc+b~2)~(1/2))/a/c)~(1/2))-E11lipticE(1/2*x*2~ (1/2) * (((-4*a*c+b~2) ~(
1/2)-b)/a)~(1/2) ,1/2% (-4+2xbx* (b+(-4*a*xc+b™2) " (1/2))/a/c) " (1/2))) ) +A*x (-2*c*(
1/2/axb/ (d*xaxc-b~2) *x~3-1/2* (2*a*xc-b"2) /a/ (d*xaxc-b"2) /c*x) / ((x"4+x"2xb/c+a/
c)*xc)~(1/2)+1/4*%(1/a-(2*xa*xc-b"2) /a/ (d*a*xc-b"2) ) %27 (1/2) / (((-d*axc+b~2)~(1/2
)-b)/a)~(1/2) *(4-2x((-4*a*xc+b”~2) ~(1/2)-b) /a*x"2) " (1/2) * (4+2* (b+ (-4*a*c+b~2)
~(1/2))/a*xx"2) " (1/2) / (c*x~4+b*x"2+a) ~(1/2) *E1lipticF (1/2*x*2~ (1/2) * (((-4*ax*
c+b~2)7(1/2)-b)/a) "~ (1/2) ,1/2% (-4+2xb* (b+(-4*axc+b~2)~(1/2))/a/c)~(1/2))-1/2
*b/ (d*xa*xc-b~2) *c*x27(1/2) / (((-4*a*xc+b~2) " (1/2)-b)/a) "~ (1/2)*(4-2% ((-4*a*c+b~2
)7 (1/2)-b) /a*x"2) " (1/2) * (4+2*x (b+ (—4*a*xc+b~2) " (1/2)) /a*xx"2) "~ (1/2) / (c*x~4+b*x
~2+a)~(1/2)/ (b+(-4*axc+b”2) " (1/2) ) * (E1lipticF (1/2*x*27 (1/2) * (((-4*a*xc+b~2)"
(1/2)-b)/a)~(1/2) ,1/2% (-4+2*b* (b+ (-4xa*xc+b~2) ~(1/2)) /a/c)~(1/2))-EllipticE(
1/2%xx27 (1/2) * (((-4*a*xc+b™2) " (1/2)-b) /a) ~(1/2) ,1/2% (-4+2*b* (b+(-4*a*xc+b~2) "~
(1/2))/a/c)~(1/2))))

Maxima [F] time = 0., size = 0, normalized size = 0.

Bx?+ A
(cx4 + bx? + a)g

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(c*x~4+b*x~2+a)”~(3/2),x, algorithm="maxima")

[Out] integrate((B*x~2 + A)/(c*x”4 + b*x"2 + a)~(3/2), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

Vexd + bx? + a(sz + A)

X
c2x8 + 2 bex® + (bz +2 ac)x4 + 2abx? + a?

integral

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x"2+A)/(c*x"4+b*x"2+a)~(3/2),x, algorithm="fricas")

[Out] integral(sqrt(c*x™4 + b*x"2 + a)*(B*x~2 + A)/(c™2*x"8 + 2xb*cxx"6 + (b~2 +
2%axc)*x"4 + 2*axbxx"2 + a~2), x)
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Sympy [F] time = 0., size = 0, normalized size = 0.

A + Bx?
il dx

3

a+bx? + cxt)?
( )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bxx**2+A)/(ckx*x*x4+b*xx**2+a)**(3/2),x%)

[Out] Integral((A + B*xx**2)/(a + b*x**2 + cxx*x4)*%x(3/2), x)

Giac [F] time = 0., size = 0, normalized size = 0.

Bx2+ A
i dx

3
(cx4 +bx2 + a)2

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)/(c*xx~4+b*xx~2+a)~(3/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)/(c*x"4 + b*x"2 + a)~(3/2), x)
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A+Bx?

(d+ex2)(a+bx2+cx4)

3.28 dx

3/2

Optimal. Leaf size=867

ca—yjae 2 cxX Ci 2
a®/e(Bd - Ae) (Vex? + +a) (”‘4””‘2” I (— (fjﬁgd e) ;2tan”! (if—ﬁ) ; (2 - ﬁb\ﬁ)) (% + e) ¢¥2(Bd - Ae) tan™ (

Vo)’
4rJcd (cd2 - aez) (cd2 — bed + aez) Vext +bx2 +a B Vi (cdz _ bed

[Out] -((xx(a*xbxcx(Bxd - A*e) - (b72 - 2xakxc)*(A*xcxd - A*bxe + a*Bke) + cx(a*Bx(2
xcxd — bxe) - Ax(bkckd - b72%e + 2kaxcke))*x72))/(ax(b72 - 4*akxc)*(c*xd™2 -
bxd*e + axe”2)*Sqrtla + b*x"2 + c*x74])) + (Sqrtlcl*(axB*x(2*cxd - bxe) - Ax
(bxcxd - b™2xe + 2*axcxe))*x*Sqrtla + bxx"2 + c*xx™4])/(ax(b™2 - 4xa*xc)*(cxd
"2 - b*d*xe + axe”2)*(Sqrtl[al + Sqrtlcl*x72)) - (e~ (3/2)*(B*d - Axe)*ArcTan[
(Sqrt[cxd™2 - bxd*xe + axe”2]*x)/(Sqrt[d]*Sqrtle]*Sqrtla + b*xx"2 + c*x"4])])
/(2xSqrt [d] *(cxd™2 - bxd*e + a*xe”2)7(3/2)) - (c~(1/4)*(axB*(2*cxd - bxe) -
Ax(bxcxd - b72xe + 2%axcxe))*(Sqrtla] + Sqrtlc]*x"2)*Sqrt[(a + b*x"2 + c*x~
4)/(Sqrtlal + Sqrtlcl*x~2) 2]*EllipticE[2*ArcTan[(c™(1/4)*x)/a~(1/4)], (2 -
b/ (Sqrt[al*Sqrtlc]))/4]1)/(a~(3/4)*(b~2 - 4*a*xc)*(c*xd”™2 - bxdxe + a*xe”2)*Sq
rtfla + b*x"2 + c*xx74]) + ((Sqrtlal*B - A*Sqrt[c])*c”(1/4)*(Sqrtla] + Sqrtlc
1xx72)*Sqrt[(a + b*x~2 + c*x74)/(Sqrtla] + Sqrtlc]l*x"2) 2]*EllipticF [2*ArcT
an[(c™(1/4)*x)/a~(1/4)], 1/2 - b/(4xSqrt[al*Sqrtlc])])/(2*a~(3/4)*(b - 2xSq
rt[al*Sqrt[c])*(Sqrtlc]*d - Sqrtlal*e)*Sqrtla + b*x"2 + c*xx~4]) + (a~(3/4)*
ex((Sqrt[cl*d)/Sqrtla] + e)~2x(Bxd - A*e)*(Sqrt[al + Sqrtlcl*x~2)*Sqrt[(a +
b*x~2 + c*x~4)/(Sqrt[al + Sqrtlcl*x~2)~2]*EllipticPi[-(Sqrtlcl*d - Sqrt[a]
xe) "2/ (4*Sqrt [a]*Sqrt [c]*d*e), 2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(Sqrt[
al*Sqrt[cl))/4])/(4xc™(1/4)*d*(c*d™2 - a*xe”2)*(c*d™2 - bxd*e + a*e”2)*Sqrt[
a + b*x"2 + cxx74])

Rubi [A] time = 1.42356, antiderivative size = 1045, normalized size of antiderivative =

. . ber of rul
1.21, number of steps used = 9, number of rules used = 7, integrand size = 33, e o e

= 0.212, Rules used = {1720, 1178, 1197, 1103, 1195, 1216, 1706}

integrand size

cxt+bx2+a (\/Ed—\/ﬁe)z 1 VYex ed 2
a¥te(Bd - Ae) (Vex® + V) (%Zﬁy”(‘ w2 e () (2 «abw)) (5 oo ao tan—l(
4+Jcd (cd2 - aez) (cal2 — bed + aez) Vext + bx? +a B i (cd2 _ bes

Antiderivative was successfully verified.

[In] Int[(A + B*xx"2)/((d + exx"2)*(a + b*x~2 + c*x~4)~(3/2)),x]
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[Out] -((xx(a*xbkxcx(Bxd - Axe) - (b72 - 2%akc)*(Akckd - Axbke + a*xBke) + cx(a*xB*(2
xcxd - bxe) - Ax(b*cxd - b"2*%e + 2kaxcke))*x72))/(ax(b"2 - 4*a*xc)*(c*xd™2 -
bxd*e + axe”2)*Sqrtla + b*x"2 + c*x74])) + (Sqrtlcl*(axB*(2*cxd - bxe) - Ax
(b*xc*d - b™2%e + 2%axcxe))*x*Sqrtla + bxx"2 + c*x74])/(ax(b™2 - 4xaxc)*(c*xd
"2 - bxdke + axe”2)*(Sqrtlal + Sqrtlcl*x"2)) - (e7(3/2)*(Bxd - Axe)*ArcTan|
(Sqrt[cxd™2 - bxd*xe + axe”2]*x)/(Sqrt[d]*Sqrtle]*Sqrtla + b*xx"2 + c*x74])])
/(2xSqrt[d]*(c*d™2 - bxd*e + a*e”2)~(3/2)) - (c~(1/4)*(a*Bx(2%c*d - b¥e) -
Ax(bxcxd - b72%e + 2%axcxe))*(Sqrtla] + Sqrtlc]*x"2)*Sqrt[(a + b*xx"2 + c*x~
4)/(Sqrtlal + Sqrtlcl*x~2)~"2]*EllipticE[2*ArcTan[(c”(1/4)*x)/a~(1/4)], (2 -
b/ (Sqrtlal*Sqrtlcl))/4]1)/(a~(3/4)* (b2 - 4xaxc)*(c*d”2 - bxd*e + a*e”2)*Sq
rtla + bxx"2 + c*x"4]) - (c”(1/4)*ex(B*d - Axe)*(Sqrtl[a] + Sqrtlc]*x~2)*Sqr
t[(a + bxx™2 + c*x74)/(Sqrtla] + Sqrtlc]*x72)"2]*EllipticF[2*ArcTan[(c~(1/4
)*x)/a~(1/4)1, (2 - b/(Sqrtlal*Sqrtlc]))/4]1)/(2xa”(1/4)*(Sqrtlcl*d - Sqrtla
1*e)*(c*d™2 - bkd*e + axe”2)*Sqrt[a + b*x"2 + c*x”4]) - (c~(1/4)*(a*Bxe - S
gqrt[al#Sqrt [c]*(B*d - Axe) + Ax(cxd - bxe))*(Sqrtlal + Sqrtlcl*x~2)*Sqrt[(a
+ bxx"2 + c*xx"4)/(Sqrtla] + Sqrtlcl*x~2)"2]*EllipticF[2*ArcTan[(c™(1/4)*x)
/a~(1/4)]1, (2 - b/(Sqrtlal*Sqrtlcl))/4]1)/(2*a~(3/4)*(b - 2*Sqrt[al*Sqrtlc])
*(c*d™2 - bxd¥xe + axe”2)*Sqrtla + b*x"2 + c*x~4]) + (a”(3/4)*e*x((Sqrt[cl*d)
/Sqrtlal + e)”2*x(Bxd - Axe)*(Sqrt[a] + Sqrtlcl*x~2)*Sqrt[(a + b*x"2 + c*x"4
)/ (Sqrtlal + Sqrtlcl*x~2)~2]*EllipticPil[-(Sqrtlcl*d - Sqrt[alxe) 2/ (4*Sqrt[
al*Sqrt [c]*dxe), 2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(Sqrtl[al*Sqrtlc]l))/4
1)/ (4xc™(1/4) *d* (c*xd™2 - a*e”2)*(cxd"2 - b*d*e + axe”2)*Sqrt[a + b*xx"2 + cx
x"4])

Rule 1720

Int [(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*x(x_)"2 + (c_.)*x(x_)"4)"
(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrt[a + b*x72 + c*xx"4], Pxx(d + e
*x"2)"q*x(a + b*xx"2 + cxx"4)"(p + 1/2), x], x] /; FreeQ[{a, b, c, d, e}, x]
&& PolyQ[Px, x72] && NeQ[b~2 - 4*axc, 0] && NeQ[c*d™2 - bxd*e + a*e”2, 0] &
& IntegerQ[p + 1/2] && IntegerQl[ql

Rule 1178

Int[((d_) + (e_)*(x_)"2)*x((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(p_), x_Symb
0l] :> Simp[(x*(axbxe - d*x(b"2 - 2xa*xc) - c*(b*xd - 2*xaxe)*x"2)*(a + b*x"2 +
cxx”4)"(p + 1))/ (2xax(p + 1)*(b~2 - 4xaxc)), x] + Dist[1/(2xax(p + 1)*(b"2
- 4xaxc)), Int[Simp[(2*p + 3)*d*b~2 - axbxe - 2xaxckxdx(4*p + 5) + (4xp + 7
)x(d*b - 2kaxe)*ckx"2, x]*(a + b*x"2 + c*x"4)"(p + 1), x], x] /; FreeQ[{a,
b, ¢, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxdxe + axe”2, 0] &&

LtQlp, -1] && IntegerQ[2*p]

Rule 1197
Int[((d_) + (e_.)*(x_)"2)/Sqrt[(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo



186

1] :> With[{q = Rtlc/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtla + b*x"2 + c*x"4
1, x], x] - Distle/q, Int[(1 - g*x72)/Sqrtla + b*x"2 + c*x"4], x], x] /; Ne
Qle + dxq, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4*axc, 0] && PosQ[
c/al

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g~ 2*xx72)*Sqrt[(a + b*x"2 + c*x74)/(ax(1 + q~2%x72)72)]*
EllipticF[2*ArcTan[q*x], 1/2 - (bxq~2)/(4*c)])/(2*q*Sqrt[a + b*xx"2 + c*xx~4]
), x1]1 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[c/al

Rule 1195

Int[((d_) + (e_.)*(x_)~"2)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, -Simp[(d*x*Sqrt[a + b*x"2 + c*xx"4])/(a*x(1 + g~
2%x72)), x] + Simp[(d*(1 + g~ 2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(a*x(1 + q 2*x"
2)"2)]*EllipticE[2*ArcTan[q*x], 1/2 - (bxq~2)/(4*c)])/(g*Sqrt[a + b*x"2 + ¢
*x74]), x] /; EqQle + d*q~2, 011 /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 -
4xaxc, 0] && PosQ[c/al

Rule 1216

Int[1/(((d_) + (e_.)*x(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4]), x_S
ymbol] :> With[{q = Rtlc/a, 2]}, Dist[(c*d + a*exq)/(c*xd"2 - a*xe”2), Int[1/
Sqrt[a + b*x"2 + c*x~4], x], x] - Dist[(a*xex(e + dxq))/(c*d"2 - a*xe”2), Int
[(1 + g*x~2)/((d + e*x~2)*Sqrt[a + b*xx"2 + c*x~4]), x], x]] /; FreeQ[{a, b,
c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxd*e + axe”2, 0] && Ne
Qlcxd™2 - axe™2, 0] && PosQ[c/al

Rule 1706

Int [((A_) + (B_.)*(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - Axe)*Arc
Tan[(Rt[-b + (cxd)/e + (axe)/d, 2]*x)/Sqrtla + b*x"2 + c*x~4]])/(2*d*e*Rt[-
b + (cxd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A~2*(a
+ bxx"2 + c*xx74))/(ax(A + B*x"2)"2)]*EllipticPi[Cancel [-((B*xd - Axe)~2/(4x
dxexA*B))], 2*xArcTan[qg*x], 1/2 - (b*A)/(4%a*xB)])/(4*dxexAxq*Sqrt[a + b*x"2
+ c*xx74]), x]] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d~2 - b*d*xe + axe”2, 0] && NeQ[cxd~2 - axe”2, 0] && PosQ[c/al && EqQ
[cxA”™2 - axB~2, 0]

Rubi steps
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f A + Bx? B f Acd — Abe + aBe + c(Bd — Ae)x? . e(=Bd + Ae)
32 32 >
(d + exz) (a +bx? + cx4) / (cd2 — bde + ae2) (a +bx? + cx4) / (Cd2 — bde + aez) (d + €x2) a+ bx* +
Acd—Abe+aBe+c(Bd—Ae)x? 1
dx - I S
f (11+bx2+cx4)3/2 (e(Bd — Ac)) f (d+ex2)\/a+bx2+cx4

cd? — bde + ae? cd? — bde + ae?

dx

x (abc(Bd - Ae) - (b? - 2ac) (Acd — Abe + aBe) + c (aB(2cd — be) — A (bed - b

a (bz - 4ac) (cd2 — bde + aez) Va + bx? + cx*

x (abe(Bd — Ae) - (b2 - 2ac) (Acd — Abe + aBe) + c (aB(2cd — be) — A (bed — B

a (bz - 4ac) (cd2 — bde + aez) Va + bx? + cx*

x (abc(Bd - Ae) - (b? - 2ac) (Acd — Abe + aBe) + c (aB(2cd — be) — A (bed - b

a (bz - 4ac) (cd2 — bde + aez) Va + bx? + cx*

Mathematica [C] time = 5.24307, size = 1736, normalized size = 2.

. 24+ b+Vb2—4ac
4A ¢ dexb® + 4Ac | ———dex3b? — 4Ac [ —S——d2xb? — 4aB T e + 2iaAc [ v
Vo Voo Vv T N TN T e

Antiderivative was successfully verified.

[In] Integrate[(A + B*x"2)/((d + e*x"2)*(a + b*x"2 + c*x74)7(3/2)),x]

[Out] (-4*Axb~2*cxSqrtl[c/(b + Sqrt[b~2 - 4*axc])]*d™2*x + 4*axb*BkcxSqrt[c/(b + S
grt[b72 - 4xaxc])]*d"2xx + 8*xaxAxc”2xSqrt[c/(b + Sqrt[b~2 - 4xaxc])]*d ~2xx

+ 4xAxb~3*Sqrt[c/(b + Sqrt[b~2 - 4xaxc])]*d*e*xx - 4xaxb”~2xB*xSqrt[c/(b + Sqr
t[b~2 - 4*axc])]*dxe*xx - 12xa*xAxb*xcxSqrtlc/(b + Sqrt[b~2 - 4xa*xc])]*d*e*xx +
8*xa~2xBxc*xSqrt[c/(b + Sqrt[b~2 - 4xaxc])]*d*xexx - 4*xAxbxc~2xSqrt[c/(b + Sq
rt[b72 - 4xaxc])]*d"2*x"3 + 8xa*Bkc~2xSqrt[c/(b + Sqrt[b~2 - 4*axc])]*d"2x*x

73 + 4xA*xb"2*ckxSqrtlc/(b + Sqrt[b~2 - 4xaxc])]xd*exx~3 - 4xaxb*BkxcxSqrt[c/(

b + Sqrt[b~2 - 4*axc])]*dxexx~3 - 8xaxAxc~2*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]
xd*exx~3 - I*(-b + Sqrt[b~2 - 4*axc])*d*(a*xBx(2xc*d - bxe) + Ax(-(b*xcxd) +

b~2%e - 2*axc*e))*Sqrt[(b + Sqrt[b~2 - 4xaxc] + 2*c*xx"2)/(b + Sqrt[b™2 - 4x
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axc])]*Sqrt [(2*b - 2xSqrt[b~2 - 4xaxc] + 4*c*x"2)/(b - Sqrt[b~2 - 4*axc])]*
EllipticE[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*x], (b + Sqrt(b
"2 - 4xaxc])/(b - Sqrt[b~2 - 4xaxc])] + I*dx(axB*x(b*(b - Sqrt[b~2 - 4xaxc])
xe + 2xc*k(Sqrt[b~2 - 4xaxc]*xd - 2xaxe)) + Ax(-(b~3%e) + bkxcx(-(Sqrt[b~2 - 4
xaxc]*d) + 4xaxe) + b”"2x(c*xd + Sqrt[b~2 - 4*akxc]*e) - 2kaxcx(2xcxd + Sqrt[b
72 - 4xaxc]*e)))*Sqrt[(b + Sqrt[b~2 - 4xaxc] + 2*cxx"2)/(b + Sqrt[b™2 - 4*a
xc])]1*Sqrt[(2xb - 24Sqrt[b~2 - 4xaxc] + 4*cxx"2)/(b - Sqrt[b~2 - 4xaxc])]*E
11ipticF[I*ArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*x], (b + Sqrt[b~
2 - 4xaxc])/(b - Sqrt[b~2 - 4xa*xc])] - (2*I)*axb~2*xBxd*exSqrt[(b + Sqrt[b~2
- 4xaxc] + 2xc*x72)/(b + Sqrt[b”2 - 4xaxc])]*Sqrt[(2xb - 2*Sqrt[b~2 - 4xax
c] + 4xc*xx72)/(b - Sqrt[b”2 - 4xaxc])]*EllipticPi[((b + Sqrt[b~2 - 4xaxc])*
e)/(2xcxd), I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4xaxc])I*x], (b + Sqrt
[b72 - 4xaxc])/(b - Sqrt[b~2 - 4x*axc])] + (8%I)*a~2*xBxc*d*exSqrt[(b + Sqrtl[
b~2 - 4xaxc] + 2*%cxx"2)/(b + Sqrt[b~2 - 4xaxc])]*Sqrt[(2%b - 2*Sqrt[b~2 - 4
xaxc] + 4xc*x”2)/(b - Sqrt[b”2 - 4xaxc])]*EllipticPi[((b + Sqrt[b~2 - 4xaxc
1)*e)/(2xcxd), I*ArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4xaxc])]*x], (b + S
qrt[b™2 - 4*axc])/(b - Sqrt[b~2 - 4xaxc])] + (2xI)*axA*xb~2*xe”2xSqrt[(b + Sq
rt[b72 - 4xaxc] + 2*c*x"2)/(b + Sqrt[b~2 - 4xa*xc])]*Sqrt[(2%b - 2*Sqrt[b~2
- 4xaxc] + 4*cxx"2)/(b - Sqrt[b”2 - 4xaxc])]*EllipticPi[((b + Sqrt[b~2 - 4x
axc])*e)/(2xcxd), IxArcSinh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*x], (b
+ Sqrt[b~2 - 4xaxc])/(b - Sqrt[b~2 - 4*axc])] - (8*I)*a~2xAxcxe”2xSqrt[(b +
Sqrt[b~2 - 4*axc] + 2*c*xx"2)/(b + Sqrt[b~2 - 4xa*xc])]*Sqrt[(2*b - 2*Sqrt[b
"2 - 4xaxc] + 4xcxx"2)/(b - Sqrt[b~2 - 4*axc])]*EllipticPi[((b + Sqrt[b~2 -
4xaxc])*e)/(2%c*xd), IxArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4*axc])]*x],
(b + Sqrt[b~2 - 4*axc])/(b - Sqrt[b~2 - 4x*axc])])/(4xa*x(-b~2 + 4*axc)*Sqrt[
c/(b + Sqrt[b~2 - 4xaxc])]*d*(c*xd"2 + ex(-(bxd) + axe))*Sqrtla + b*x"2 + cx
x"4])

Maple [B] time = 0.026, size = 3241, normalized size = 3.7

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x"2+A)/(exx"2+d)/(c*x"4+bxx"2+a) " (3/2),x)

[Out] B/ex(-2*c*x(1/2/axb/(4*axc-b~2)*x"3-1/2*(2*a*xc-b~2)/a/(d*xaxc-b~2)/c*x)/((x"4
+x72%b/c+a/c)*c) ~(1/2)+1/4%(1/a- (2*%a*xc-b~2) /a/ (4xaxc-b"2) )*2~(1/2) / (((-4*ax
c+b"2) " (1/2)-b) /a) " (1/2) *(4-2x ((—4*a*xc+b~2) ~(1/2)-b) /a*xx~2) ~(1/2) * (4+2* (b+(
—4xaxc+b”2) 7 (1/2))/a*xx"2) " (1/2) / (c*x~4+b*xx"2+a) " (1/2)*E1lipticF (1/2*x*2~(1/
2)*x (((-4*xaxct+b™2)~(1/2)-b)/a) ~(1/2) ,1/2% (—4+2%b* (b+ (-4*a*xc+b™2)~(1/2))/a/c)
~(1/2))-1/2%b/ (4*a*xc-b~2) *c*x27(1/2) / (((-4*axc+b™2) " (1/2)-b) /a) ~(1/2) * (4-2%(
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(=4*axc+b~2) " (1/2)-b)/a*x"2) " (1/2) * (4+2* (b+(-4*a*c+b~2) " (1/2)) /axx"2)~(1/2)
/ (c*xx"4+b*x"2+a) ~(1/2) / (b+(-4*a*xc+b~2) " (1/2) ) * (E1lipticF (1/2*%x*2~ (1/2) * (((-
dxaxc+b~2) " (1/2)-b)/a) " (1/2),1/2*% (-4+2xb*x (b+(-4*a*xc+b~2) ~(1/2))/a/c)~(1/2))
-E1llipticE(1/2*%x*27 (1/2)* (((-4*a*xc+b~2)~(1/2)-b)/a)~(1/2) ,1/2% (-4+2*b* (b+ (-
dxaxc+b~2) " (1/2))/a/c) " (1/2))))+(Axe-B*xd) /ex (-2*c* (1/2* (2*a*cke-b~2*xe+b*xc*d
)/a/ (dxaxc-b"2) /(axe”2-bxdxe+cxd~2) *x~3+1/2* (3*xa*bkcxe-2*a*xc 2*xd-b~3*xe+b~ 2%
cxd) /a/ (4*xaxc-b~2) /(a*xe”2-b*d*e+c*xd~2) /c*x) / ((x~4+x"2*b/c+a/c)*c) ~(1/2)-1/4
*27(1/2)/ (1/ax(—4*xaxc+b~2) " (1/2)-1/a*b) ~(1/2) *(4-2/a*xx"2* (—4*a*xc+b~2) ~(1/2)
+2/a*xb*x”2) " (1/2) % (4+2/a*xb*x"2+2/a*x"2*x (=4d*a*xc+b~2) ~(1/2))~(1/2) / (c*x"4+b*x
“2+a) " (1/2)*E1llipticF (1/2*xx*27(1/2)* (((-4*a*c+b~2)~(1/2)-b)/a)~(1/2),1/2% (-
4+2%b* (b+(-4*axc+b™2)~(1/2))/a/c)~(1/2))/a/(a*xe™2-b*d*e+c*d”~2) ¥*b*xe+1/4%2~ (1
/2)/(1/a*x(=4xa*xc+b~2) " (1/2)-1/a*xb) ~(1/2) ¥ (4-2/a*x"2x (—4*axc+b~2) ~(1/2)+2/a*
b*x72) " (1/2) *(4+2/axbxx"2+2/a*x" 2% (—4*axc+b~2) " (1/2))~(1/2) / (c*x"4+bxx"2+a)
~(1/2)*E1lipticF (1/2*%x*x27 (1/2) * (((-4xa*xc+b™2)~(1/2)-b) /a) " (1/2) ,1/2% (-4+2*Db
* (b+(—-4*a*xc+b™2)"(1/2))/a/c)~(1/2))/a/(a*e”2-b*d*e+c*xd”~2) *xcxd+3/4%2~ (1/2) / (
1/a*x(4*axc+b~2) " (1/2)-1/a*b) " (1/2) *(4-2/a*xx"2* (—4*a*xc+b~2) " (1/2) +2/a*b*x"2
)T (1/2) % (4+2/a*xb*x™2+2/a*x" 2% (=4d*xa*xc+b”2) ~(1/2) )~ (1/2) / (c*xx"4+b*x~2+a) ~(1/2
)*¥E1lipticF (1/2*%x*27(1/2)* (((-4*a*xc+b~2)~(1/2)-b)/a)~(1/2) ,1/2* (=4+2xb* (b+(
-4xaxc+b”2) " (1/2))/a/c)~(1/2))/(4*xaxc-b~2) /(axe”2-bxd*e+c*xd~2) xbxcxe-1/2%2"
(1/2)/(1/a*x(=4*a*xc+b™2) " (1/2)-1/axb) ~(1/2) * (4-2/a*x"2* (-4*axc+b~2) ~(1/2)+2/
axb*x"2) " (1/2) *(4+2/a*xbxx"2+2/a*xx"2* (-4*a*xc+b™2) ~(1/2) )~ (1/2) / (c*x"4+b*x" 2+
a) " (1/2)*EllipticF(1/2*%x*27(1/2)* (((-4*a*c+b~2)~(1/2)-b)/a)~(1/2) ,1/2*%(-4+2
*b* (b+ (—4*axc+b”2) " (1/2))/a/c)~(1/2))/(d*a*c-b~2) / (axe”2-bxd*xe+c*d~2) xc~2*d
-1/4%27(1/2)/(1/a*x(=4*xaxc+b~2) " (1/2)-1/a*b) " (1/2) *(4-2/a*xx"~2x (—4*a*xc+b~2) ~(
1/2)+2/axbxx"2) "~ (1/2) * (4+42/a*xb*x"2+2/a*xx"2x (—4*a*xc+b~2) " (1/2)) " (1/2) / (c*xx~4
+b*x"2+a) " (1/2)*E11lipticF (1/2*x*27(1/2) * (((-4*axc+b~2)~(1/2)-b)/a)~(1/2),1/
2% (=4+2%b* (b+ (—4*axc+b~2) "~ (1/2))/a/c)~(1/2))/a/ (d*xaxc-b~2) / (a*e”™2-b*d*e+c*d
“2)*b"3%e+1/4%27(1/2) / (1/a*x (—4d*xaxc+b™2) " (1/2)-1/axb) ~(1/2)*(4-2/axx"2* (-4*a
*Cc+b72) T (1/2)+2/axbxx"2) ~(1/2) % (4+2/a*b*x™2+2/a*x”2x (—4*axc+b~2) ~(1/2)) " (1/
2) / (c*x”™4+b*x"2+a) " (1/2)*E1lipticF (1/2*x*27(1/2) * (((-4*a*c+b~2)~(1/2)-b)/a)
~(1/2) ,1/2%(-4+2xbx (b+(-4*a*xc+b~2) " (1/2))/a/c)~(1/2))/a/ (4xaxc-b~2) /(axe~2-
bxd*e+cxd~2) *b~2xc*xd-c~2/ (a*xe”2-bxdxe+c*xd~2) / (d*xa*xc-b"2)*27(1/2) /(1 /a*x(-4x*a
*c+b"2) " (1/2)-1/a*xb) ~(1/2) % (4-2/a*x"2x (—4*axc+b~2) ~(1/2)+2/a*xb*xx~2) " (1/2) *(
4+2/axbxx"242/axx" 2% (=4*xaxc+b”2) " (1/2)) " (1/2) / (c*¥x"4+bxx"2+a) ~(1/2) / (b+(-4x
axc+b~2) 7 (1/2))*E1lipticF (1/2*x%27 (1/2)* (((-4*a*c+b~2)~(1/2)-b)/a)~(1/2),1/
2% (—4+2%b* (b+(-4*axc+b~2) ~(1/2))/a/c) " (1/2)) *e*xa+1/2*c/ (axe”2-b*d*e+c*d"2) /
(4*axc-b~2)*2~(1/2)/ (1/a*x(-4*a*xc+b~2) " (1/2)-1/a*b) " (1/2) * (4-2/a*x" 2% (-4*axc
+b72) " (1/2)+2/axbxx"2) ~(1/2) * (4+2/a*xbxx~2+2/a*x~2*x (—4*a*xc+b~2) ~(1/2))~(1/2)
/ (cxx~4+b*x~2+a) ~(1/2) / (b+(-4*axc+b”2) " (1/2) ) *E1lipticF (1/2*x*27 (1/2)*x (((-4
*axc+b”2) " (1/2)-b)/a) " (1/2) ,1/2% (-4+2%b* (b+(=4*a*xc+b~2) ~(1/2))/a/c)~(1/2) ) *
b~ 2*xe-1/2xc~2/ (a*xe”2-b*d*e+c*d”2) / (d*axc-b~2)*2~(1/2) / (1/a* (-4*a*xc+b~2) " (1/
2)-1/a*b) " (1/2) *(4-2/a*xx"2* (—4*a*xc+b™2) " (1/2)+2/a*b*x"2) ~(1/2) * (4+2/a*b*x"2
+2/axx”2* (=4*a*xc+b”2) " (1/2)) " (1/2) / (c*x~4+b*x"2+a) ~(1/2) / (b+(-4xa*xc+b~2) ~ (1
/2))*E1lipticF (1/2*%x*27(1/2)* (((-4*a*xc+b~2)~(1/2)-b)/a)~(1/2) ,1/2% (=4+2xb*(
b+ (-4*axc+b™2) " (1/2))/a/c)~(1/2)) *bxd+c”2/ (a*xe”™2-b*d*e+c*d"2) / (d*axc-b~2) *2
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~(1/2)/(1/ax(-4*axc+b~2) ~(1/2)-1/a*b) ~(1/2) *(4-2/a*xx"2* (-4*a*c+b~2) ~(1/2)+2
/axb*xx"2) " (1/2) * (4+2/a*xbxx"2+2/a*xx" 2% (-4*xaxc+b~2) " (1/2))~(1/2) / (c*x"4+b*x"2
+a) " (1/2) / (b+(-4*a*xc+b™2) " (1/2) ) *E1lipticE(1/2*x*27(1/2) * (((-4*a*xc+b~2) "~ (1/
2)-b)/a) " (1/2) ,1/2%(-4+2%bx (b+ (-4*a*c+b™2)~(1/2))/a/c) ~(1/2))*exa-1/2*c/ (ax
e"2-b*xd*e+c*xd”2) / (d*xaxc-b"2)*2~(1/2) /(1/a*(—4*axc+b™2) " (1/2)-1/a*b) "~ (1/2) *(
4-2/a*xx” 2% (—4d*xaxc+b”2) " (1/2)+2/axbxx~2) " (1/2) * (4+2/axbxx"2+2/a*x~2* (—4*a*xc+
b~2)~(1/2))7(1/2) / (c*x™4+b*x"2+a) " (1/2) / (b+(-4*axc+b”™2) " (1/2) ) *E1lipticE(1/
2%x%27 (1/2) * (((=4d*a*xc+b~2)~(1/2)-b) /a) ~(1/2) ,1/2*% (—4+2*xb* (b+(-4*a*xc+b~2) ~ (1
/2))/a/c)”(1/2))*b"2xe+1/2xc"2/ (a*xe™2-b*d*e+c*xd”2) / (dxaxc-b~2)*2~(1/2)/(1/a
*(—4*a*xc+b”2) " (1/2)-1/a*xb) ~(1/2)*(4-2/a*x"2* (-4d*xa*xc+b~2) ~(1/2)+2/a*xb*x"2) ~(
1/2) % (4+2/a*bxx"2+2/a*xx~2* (=4*a*xc+b~2) " (1/2)) " (1/2) / (cxx~4+b*xx"2+a) ~(1/2) / (
b+ (-4*a*xc+b”2)7(1/2))*E1lipticE(1/2*x*27(1/2)* (((-4*a*c+b~2)~(1/2)-b)/a)~ (1
/2) ,1/2% (=4+2*xb* (b+(-4*axc+b~2)~(1/2))/a/c) ~(1/2) ) *bxd+1/ (a*xe”2-b*d*e+c*d”2
Y*xe72/d*27(1/2) / (1/ax(=4d*xaxc+b~2) ~(1/2)-1/a*b) " (1/2) *(1-1/2/a*xx"2x (—4*a*xc+b
~2)7(1/2)+1/2/a*xb*x"2) ~(1/2) * (1+1/2/a*xb*x"2+1/2/a*x"2* (—4d*axc+b~2) ~(1/2)) ~(
1/2) / (c*x™4+b*x"2+a) " (1/2) *E11lipticPi (1/2*x*27 (1/2) * (((-4*a*c+b~2)~(1/2)-b)
/a)~(1/2) ,-2/ ((-4*xa*xc+b~2) ~(1/2) -b) *a*xe/d, (-1/2% (b+(-4*axc+b™2) " (1/2))/a) " (
1/2)*27(1/2) / (((-4*a*xc+b”™2) " (1/2)-b)/a)~(1/2)))

Maxima [F] time = 0., size = 0, normalized size = 0.

Bx?>+ A
x3 dx

(cx4 + bx2 + a)i(exz + d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx"2+A)/(exx~2+d)/(c*xx~4+b*x~2+a)~(3/2),x, algorithm="maxima"

[Out] integrate((B*x~2 + A)/((c*x™4 + b*x"2 + a)~(3/2)*(exx"2 + d)), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx"2+A)/(exx~2+d)/(c*xx~4+b*xx~2+a)~(3/2),x, algorithm="fricas")

[Out] Timed out
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Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((B*x**2+A)/(e*xx**2+d) / (cxx**d+bxx*k*2+a)**(3/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

B2+ A

3

(cx4 + bx? + a)z(exz + d)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)/(e*x~2+d)/(c*x~4+b*x"2+a)~(3/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)/((c*x74 + b*x"2 + a)~(3/2)*(exx"2 + d)), x)



192

329 [— A g

2 3/2
(d+ex2) Q}+bx2+cx4)
Optimal. Leaf size=1301

result too large to display

[Out] (x*(axbkxc*(Axex(2xc*d — bxe) - Bx(c*xd™2 - a*e”2)) + (b72 - 2%axc)*(a*B*xex(2
xckxd - bkxe) + Ax(c72xd72 + b72%e”2 - ckxex(2%b*xd + axe))) - ckx(axB*x(2%c”2*d”
2 + b72xe”2 - 2xcxex(bxd + akxe)) + A*x(2xb"2*ckd*e - 4*akxc”2xdxe - b"3*%e”2 -
bxckx(cxd™2 - 3*axe”2)))*x72))/(a*x(b”2 - 4xaxc)*(c*d™2 - bxd*e + axe”2)72xS
grtla + b*x™2 + c*xx"4]) + (Sqrtlcl*(axB*xdx(-4*c™2*%d™2 - 3*b"2%e”2 + 4*ckxex(
bxd + 2%akxe)) + A*(2%b"3%d*e”2 + 2*bkckd*x(cxd”2 - 3kaxe”2) - 4xakxckex(-2%cx
d”2 + axe”2) + b72x(-4*cxd"2*xe + axe”3)))*x*Sqrtla + b*x"2 + c*x"4])/(2%ax(
-b~2 + 4d*axc)*d*(c*d”2 + ex(-(b*xd) + a*e)) 2x(Sqrt[al + Sqrtlcl*x~2)) - (e~
3x(B*d - Axe)*xxSqrtla + b*x"2 + c*x74])/(2%d*(c*d"2 - b*d*e + axe”2)72x(d
+ exx72)) + (e7(3/2)*(Axex(T*xcxd™2 - ex(4*xbxd - axe)) - Bxd*(b*cxd™2 - ex(2
xb*xd + a*e)))xArcTan[(Sqrt[c*d™2 - bxd*xe + a*e”2]*x)/(Sqrt[d]*Sqrt[e]l*Sqrt(
a + bxx"2 + c*x74])])/(4%d"(3/2)*(c*d"2 - b*xd*e + axe”2)7(5/2)) - (c~(1/4)*
(axB*d* (4%c™2*%d”™2 + 3*b72%e”™2 - 4xckxex(b*d + 2xaxe)) - Ax(2¥b~3xd*e”2 + 2xb
xckd* (cxd™2 - 3*xaxe”2) - 4xakxckex(-2%c*d"2 + axe”2) + b2k (-4xcxd”"2%e + axe
~3)))*(Sqrtla]l + Sqrtlcl*x"2)*Sqrt[(a + bxx"2 + cxx"4)/(Sqrtl[a] + Sqrtlcl*x
~2)"2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)], 1/2 - b/(4*Sqrt[al*Sqrt[c])
1)/(2*%a~(3/4)*(b™2 - 4*axc)*d*(c*d™2 + ex(-(b*d) + a*e)) 2*xSqrtla + b*x"2 +
cxx~4]) + (c~(1/4)*(a*Sqrt[cl*e*x(Bxd - 2*xAxe) + Sqrt[a]l*(Bxd - Axe)*(c*xd -
bxe) + AxSqrt[c]l*d*(-(c*d) + b*e))*(Sqrtlal + Sqrtlcl*x"2)*Sqrt[(a + b*x~2
+ c*x74)/(Sqrta]l + Sqrtlcl*x72) 2]*EllipticF[2*ArcTan[(c™(1/4)*x)/a"~(1/4)
1, 1/2 - b/(4xSqrtal*Sqrtlc])])/(2*a~(3/4)*(b - 2*Sqrt[a]*Sqrt[c])*d*(-(Sq
rt[cl*d) + Sqrtlal*e)*(-(c*d™2) + e*x(b*d - axe))*Sqrtla + b*x"2 + c*xx"4]) -
(ex(Sqrtlcl*d + Sqrtlal*e)*(Axe*x(7*cxd"2 - e*x(4*bxd - axe)) - Bkxd*(5*xc*xd™2
- ex(2%bxd + axe)))*(Sqrtl[al + Sqrtlcl*x~2)xSqrt[(a + b*x"2 + c*xx~4)/(Sqrt
[a] + Sqrtlcl*x~2)~2]*EllipticPi[-(Sqrtlc]l*d - Sqrt[a]l*e)~2/(4*Sqrt[al*Sqrt
[cl*d*e), 2*ArcTan[(c~(1/4)*x)/a~(1/4)], (2 - b/(Sqrtlal*Sqrtlcl))/4]1)/(8*a
~(1/4)*c” (1/4)*d"2*%(Sqrt [c]*d - Sqrt[a]*e)*(c*d™2 - bxd*xe + a*xe”2) 2*Sqrt[a
+ b*x"2 + cxx74])

Rubi [A] time = 3.38621, antiderivative size = 2112, normalized size of antiderivative =
1.62, number of steps used = 15, number of rules used = 10, integrand size = 33, M
integrand size

= 0.303, Rules used = {1720, 1178, 1197, 1103, 1195, 1223, 1714, 1708, 1706, 1216}

result too large to display
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Antiderivative was successfully verified.

[In] Int[(A + Bxx"2)/((d + e*xx"2)"2x(a + b*x"2 + c*x74)"(3/2)),x]

[Out] (x*(axbkck(Axex(2*c*d - b*e) - Bx(c*d™2 - axe”2)) + (b72 - 2kaxc)*(a*Bkex*(2
xckd - bke) + Ax(c72%xd72 + bT2%eT2 - ckex(2%b*xd + axe))) - ckx(axBk(2%c”2%d”
2 + b™2%e”2 - 2kckex(bkxd + axe)) + Ax(2+b72xckdke - 4xakcT2*dxe - b"3%e”2 -
bxck(c*d™2 - 3%a*xe”2)))*x72))/(a*x(b™2 - 4*axc)*(cxd™2 - bkxd*e + a*xe”2) 2%S
grtla + b*x"2 + cxx"4]) + (Sqrtlcl*e”2x(Bxd - Axe)x*x*Sqrt[a + b*x"2 + c*x~4
1)/ (2%d*(cxd"2 - bxdxe + a*xe”2) 2x(Sqrtla] + Sqrtlcl*x~2)) + (Sqrt[c]*(a*xBx
(2%c™2%d™2 + b™2%e”2 - 2xcke*x(b*d + akxe)) + A*(2%b"2kckdxe - 4*axc”2kd*e -
b~3%e”2 - bxcx(cxd"2 - 3*axe”2)))*x*Sqrtla + b*x"2 + c*x74])/(ax (b2 - 4xax
c)*(c*xd™2 - bxd*e + axe”2)72x(Sqrtlal + Sqrtlcl*x72)) - (e73*%(Bxd - Axe)x*x*
Sqrtla + b*xx"2 + c*xx74])/(2%d*(c*xd”2 - bxdxe + a*e™2)72x(d + exx"2)) - (e7(
3/2)%(B*xd - Axe)*(3*c*d™2 - ex(2xbxd - axe))*ArcTan[(Sqrt[c*d”2 - bxdxe + a
xe"2]*x)/(Sqrt [d]*Sqrt[e]*Sqrt[a + b*x"2 + c*xx"4])])/(4*d~(3/2)*(c*xd"2 - Dbx
dxe + a*e”2)7(5/2)) + (e7(3/2)*(A*xe*x(2xcxd - bkxe) - B*(ckd™2 - a*xe”2))*ArcT
an[(Sqrt[cxd™2 - b*d*e + axe”2]*x)/(Sqrt[d]*Sqrtle]l*Sqrtla + b*xx"2 + c*x"4]
)1)/(2xSqrt [d] *(c*d™2 - bxd*e + a*xe”2)7(5/2)) - (a~(1/4)*c”(1/4)*e”~2*(B*d -
Axe)*(Sqrt[a] + Sqrtlcl*x"2)*Sqrt[(a + b*x"2 + c*x~4)/(Sqrt[al + Sqrtlcl*x
~2)72]*EllipticE[2*ArcTan[(c™(1/4)*x)/a~(1/4)]1, (2 - b/(Sqrt[al*Sqrtlcl))/4
1)/(2%d*(cxd"2 - bxdxe + a*e”2) " 2*xSqrtl[a + b*x"2 + cxx~4]) - (c~(1/4)*(a*Bx
(2%xc™2%d™2 + b™2%e”2 - 2kckex(bxd + axe)) + Ax(2*%b72%ckdke - 4kakxc 2*d*e -
b~3%e”2 - bxck(c*d”2 - 3xa*xe”2)))*(Sqrtlal + Sqrtlcl*x"2)*Sqrt[(a + b*x"2 +
c*x~4)/(Sqrtla]l + Sqrtlc]*x72)7"2]*EllipticE[2*ArcTan[(c~(1/4)*x)/a~(1/4)],
(2 - b/(8qrtlal*Sqrtlcl))/4]1)/(a~(3/4)*(b~2 - 4*axc)*x(cxd™2 - b*xdxe + axe”
2)"2x3qrtla + b*x72 + cxx"4]) - (c7(1/4)*ex(B*d - Axe)*(Sqrtl[al + Sqrtlcl*x
~2)*3qrt[(a + b*x"2 + c*x74)/(Sqrtlal + Sqrtlcl*x~2)~2]*EllipticF[2xArcTan[
(c~(1/4)*x)/a~(1/4)]1, (2 - b/(Sqrtlal*Sqrtlcl))/4]1)/(2xa~(1/4)*d*(Sqrt[c]*d
- Sqrtlal*e)*(c*d™2 - bxd*e + axe”2)*Sqrtla + b*x"2 + c*x74]) + (c~(1/4)*e
* (Axex (2xcxd - b*e) - Bx(c*d™2 - axe”2))*(Sqrtla] + Sqrtlcl*x~2)*Sqrt[(a +
bxx~2 + c*x~4)/(Sqrtla] + Sqrtlcl*x~2) 2]*EllipticF[2*ArcTan[(c”~(1/4)*x)/a"~
(1/4)]1, (2 - b/(Sqrtlal*Sqrtlcl))/4]1)/(2xa~(1/4)*(Sqrtlcl*d - Sqrtl[al*e)*(c
xd~"2 - b*dxe + axe”2)72xSqrtla + b*x"2 + c*x74]) - (c~(1/4)*(a~(3/2)*B*Sqrt
[c]*e”2 + Ax(cxd - bxe)”2 + a*xex(2xBxckxd - b*Bxe - A*xcxe) - Sqrtl[al*Sqrt[c]
*(Bxcxd™2 - Axex(2%cxd - bxe)))*(Sqrtl[al + Sqrtlcl*x"2)*Sqrt[(a + b*x"2 + c
*x~4)/(Sqrt[a] + Sqrtlc]*x~2) 2]*EllipticF[2*xArcTan[(c~(1/4)*x)/a~(1/4)], (
2 - b/(Sqrtlal*Sqrtlcl))/4]1)/(2%¥a~(3/4)*(b - 2*Sqrt[al*Sqrtlc]l)*(c*d™2 - b*
dxe + axe”2)72xSqrtla + b*x"2 + c*x74]) + (ex(Sqrtlcl*d + Sqrt[al*e)*(Bxd -
Axe)*(3*xc*d™2 - ex(2%bxd - axe))*(Sqrtl[al + Sqrtlcl*x~2)*Sqrt[(a + b*x~2 +
c*x~4)/(Sqrtla] + Sqrtlc]*x72)"2]*EllipticPi[-(Sqrtlc]l*d - Sqrtl[al*e)~2/(4
*xSqrt [a] *Sqrt [c]*d*e), 2*ArcTan[(c~(1/4)*x)/a~(1/4)]1, (2 - b/(Sqrt[al*Sqrt[
c1))/41)/(8xa~(1/4)*c~(1/4)*d"2*(Sqrt[c]*d - Sqrtl[al*e)*(c*d”2 - bxdxe + ax
e”2)72xSqrt[a + b*x"2 + c*x74]) - (a~(3/4)*ex((Sqrtlcl*d)/Sqrtla]l + e) 2x(A
xe* (2*%cxd - bxe) - Bx(cxd™2 - axe”2))*(Sqrtl[a] + Sqrtlcl*x~2)*Sqrt[(a + b*x
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2 + c*xx74)/(Sqrt[al + Sqrtlcl*x~2)"2]*EllipticPi[-(Sqrt[c]*d - Sqrtlal*e)”
2/ (4*Sqrt [a]*Sqrt [c]*d*e), 2*ArcTan[(c”(1/4)*x)/a~(1/4)], (2 - b/(Sqrt[a]*S
qrt[c]))/4]1)/(4xc™(1/4) *d*(c*xd™2 - a*xe”2)*(c*d"2 - bxd*e + axe”2) 2*Sqrt[a
+ b*x"2 + cxx74])

Rule 1720

Int [(Px_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_)74)"
(p_), x_Symbol] :> Int[ExpandIntegrand[1/Sqrt[a + b*x"2 + c*xx~4], Pxx(d + e
*x"2)"gx(a + b*x"2 + c*xx"4)"(p + 1/2), x], x] /; FreeQ[{a, b, c, d, e}, xl]
&& PolyQ[Px, x72] && NeQ[b~2 - 4*axc, 0] && NeQ[c*d"2 - bxd*xe + a*e”2, 0] &
& IntegerQ[p + 1/2] && IntegerQ[ql

Rule 1178

Int[((d_) + (e_)*(x_)"2)*x((a_) + (b_.)*(x_)"2 + (c_.)*x(x_)"4)"(p_), x_Symb
0l] :> Simp[(x*(a*b*xe - d*(b~2 - 2%axc) - c*(bxd - 2*a*xe)*x"2)*(a + b*x"2 +
ckx~4) " (p + 1))/(2xax(p + 1)*(b"2 - 4%axc)), x] + Dist[1/(2*a*x(p + 1)*(b~2
- 4xaxc)), Int[Simp[(2*p + 3)*d*b~2 - axbke - 2xa*xckd*x(4*p + 5) + (4*p + 7
)k (d*b - 2%kaxe)*c*x”2, x]*(a + b*x"2 + cxx"4)"(p + 1), x], x] /; FreeQ[{a,
b, ¢, d, e}, x] && NeQ[b~2 - 4x*xa*xc, 0] && NeQ[c*d"2 - b*d*xe + a*xe™2, 0] &&
LtQ[p, -1] && IntegerQ[2xp]

Rule 1197

Int[((d ) + (e_.)*(x_)"2)/Sqrtl(a ) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 2]}, Dist[(e + d*q)/q, Int[1/Sqrtla + b*x"2 + c*x"4
1, x], x] - Distle/q, Int[(1 - g*x72)/Sqrtla + b*x"2 + c*x74], x], x] /; Ne
Qle + dxq, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && PosQ[
c/al

Rule 1103

Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rtlc
/a, 41}, Simp[((1 + g 2*x~2)*Sqrt[(a + b*x"2 + cxx”4)/(ax(1 + q~2*x"2)72)]*
EllipticF[2*ArcTan[qg*x], 1/2 - (b*q~2)/(4*c)])/(2xg*Sqrtla + b*xx~2 + cxx~4]
), x1]1 /; FreeQ[{a, b, c}, x] && NeQ[b~2 - 4*axc, 0] && PosQ[c/a]

Rule 1195

Int[((d) + (e_.)*(x_)"2)/Sqrtl(a ) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbo
1] :> With[{q = Rtlc/a, 4]}, -Simp[(d*x*Sqrtla + b*x"2 + c*x"4])/(a*x(1 + g~
2%x72)), x] + Simp[(d*(1 + g "2*x"2)*Sqrt[(a + b*x"2 + c*x74)/(a*x(1 + q 2*x"
2)"2)]1*EllipticE[2*ArcTan[qg*x], 1/2 - (b*q~2)/(4*c)])/(g*Sqrt[a + b*x"2 + ¢
*x~4]), x] /; EqQle + d*q~2, 0]] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 -
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4xaxc, 0] && PosQ[c/al

Rule 1223

Int[((d_) + (e_.)*(x_)"2)"(q_)/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*x(x_)"4], x_
Symbol] :> -Simp[(e”™2*xx*(d + e*x”2)7(q + 1)*Sqrtla + b*x"2 + c*x74])/(2*xd*(
q + D*(c*d”2 - bxd*e + a*e”2)), x] + Dist[1/(2xd*(q + 1)*x(c*d"2 - bxd*e +
axe”2)), Int[((d + exx"2)"(q + 1)*Simp[a*e”2*%(2%q + 3) + 2*d*x(cxd - bxe)*(q
+ 1) - 2xex(c*xdx(q + 1) - bxex(q + 2))*x"2 + c*e”2x(2%q + b5)*x"4, x])/Sqrt
[a + bxx™2 + cxx~4], x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ[b~2 - 4xaxc
, 0] && ILtQ[q, -1]

Rule 1714

Int[(P4x_)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4]1)
, x_Symbol] :> With[{q = Rt[c/a, 2], A = Coeff[P4x, x, 0], B = Coeff[P4x, x
, 2], C = Coeff[P4x, x, 4]}, -Dist[C/(exq), Int[(1 - g*x72)/Sqrtla + bxx"2
+ c*xx74], x], x] + Dist[1/(c*e), Int[(A*c*ke + axCxd*q + (Bkcxe - Cx(cxd - a
xe*xq) ) *¥x72)/((d + e*x”2)*Sqrtla + b*x"2 + cxx~4]), x], x]] /; FreeQ[{a, b,
c, d, e}, x] && PolyQ[P4x, x72, 2] && NeQ[b~2 - 4*axc, 0] && NeQ[c*d~2 - bx
d*e + axe”™2, 0] && NeQ[c*d™2 - a*e”2, 0] && PosQ[c/al && !'GtQ[b~2 - 4x*ax*c,
0]

Rule 1708

Int[((A_.) + (B_.)*(x_)"2)/(((d.) + (e_.)*x(x_)"2)*Sqrtl[(a_) + (b_.)*(x_)"2
+ (c_.)*(x_)"4]), x_Symbol] :> With[{q = Rtlc/a, 2]}, Dist[(Ax(c*xd + axex*q)
- a*Bx(e + d*q))/(c*d”2 - a*e”2), Int[1/Sqrtla + b*x"2 + c*x74], x], x] +
Dist[(a*x(B*d - Axe)*(e + d*q))/(c*d”2 - axe”2), Int[(1 + g*x~2)/((d + exx"2
)*Sqrt[a + b*x"2 + c*x74]), x], x]] /; FreeQ[{a, b, c, d, e, A, B}, x] & N
eQ[b"2 - 4*xaxc, 0] && NeQ[c*d™2 - b*d*e + axe”™2, 0] && NeQ[c*d™2 - a*e”2, O

] && PosQlc/al && NeQ[c*A~2 - a*B~2, 0]

Rule 1706

Int[((A) + (B_.)*(x_)72)/(((d_) + (e_.)*(x_)"2)*Sqrt[(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((Bxd - A*e)*Arc
Tan[(Rt[-b + (c*d)/e + (axe)/d, 2]*x)/Sqrtla + b*xx"2 + c*x~4]])/(2*xd*e*xRt [-
b + (cxd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A~2x*(a
+ b*x72 + c*xx74))/(a*x(A + B*xx"2)72)]*E1lipticPi[Cancel [-((B*d - Axe)~2/(4x
dxexA*B))], 2%ArcTan[q*x], 1/2 - (b*A)/(4*axB)])/(4*xd*xexAxq*Sqrt[a + bxx"2
+ c*xx74]), x]] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4*a*c, 0] &&
NeQ[c*d™2 - bxd*e + axe”2, 0] && NeQ[cxd™2 - axe”2, 0] && PosQ[c/al &% EqQ
[cxA™2 - ax*B~2, 0]
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Rule 1216

Int[1/(((d_) + (e_.)*x(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4]), x_S
ymbol] :> With[{q = Rtlc/a, 2]}, Dist[(c*d + a*exq)/(c*d"2 - a*e~2), Int[1/
Sqrt[a + b*xx"2 + c*x~4], x], x] - Dist[(a*xex(e + dxq))/(cxd"2 - axe”2), Int
[(1 + g*x~2)/((d + e*x~2)*Sqrt[a + b*x~2 + c*x~4]), x], x]] /; FreeQ[{a, b,
c, d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~2 - bxd*e + a*xe”2, 0] && Ne
Qlc*xd"2 - a*e”™2, 0] && PosQl[c/al

Rubi steps
A + Bx2 aBe(2cd — be) + A (c2d2 + b?e? — ce(2bd + ae)) e (Ae(ch —be)-B (cd2 — aé
f (d + exz)2 (a +bx? + cx4)3/2 T f (cal2 — bde + aez)z (a +bx? + cx4)3/2
_ 272.1,2,2_ _ —he)— 2_ 1,2\ 2
faBe(ch be)+A(c2d?+b%e (Zeiiizj);z(,qe(zcd be)-B(cd?—ae?))x ix  (e(Bd - Ao) f =
B (cd2 —bde + aez)z ) cd? — bde 4

x (abc (Ae(ch —be)-B (cd2 -~ aez)) + (b2 - 211(:) (aBe(ch -be)+ A (c2d2 + b%e?
a (bz - 4ac)

x (abc (Ae(ch —be)-B (cd2 -~ aez)) + (bz - 2ac) (aBe(ch —be)+ A (czd2 + b%e?
a (b2 - 4ac)

x (abc (Ae(ch —be)-B (cd2 -~ aez)) + (bz - 2ac) (aBe(ch —be)+ A (czal2 + b?e?
a (b2 - 4110)

x (abc (Ae(ch —be)-B (cd2 - aez)) + (b2 - 2ac) (aBe(ch —be)+ A (c2d2 + b%e?
a (b2 - 4ac)

Mathematica [C] time = 8.00736, size = 8031, normalized size = 6.17

Result too large to show

Warning: Unable to verify antiderivative.
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[In] Integrate[(A + B*x"2)/((d + e*x"2)"2*(a + b*x"2 + c*x74)7(3/2)),x]

[Out] Result too large to show

Maple [B] time = 0.041, size = 8276, normalized size = 6.4

output too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x"2+A)/(e*xx”2+d) "2/ (c*x"4+b*x"2+a) "~ (3/2) ,x)

[Out] result too large to display

Maxima [F] time = 0., size = 0, normalized size = 0.

Bx?+ A
i 3 dx

(cx4 + bx? + a)i(ex2 + d)z

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x"2+A)/(e*x”2+d) "2/ (c*x"4+b*x"2+a) " (3/2) ,x, algorithm="maxima"
)

[Out] integrate((B*x~2 + A)/((c*x™4 + b*x"2 + a)~(3/2)*(exx"2 + d)~2), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x"2+A)/(e*x"2+d) "2/ (c*x"4+b*x"2+a) " (3/2) ,x, algorithm="fricas"
)
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[Out] Timed out

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bxx**2+A)/(e*xx*x*2+d)**2/ (c*xx*x*4+b*x**2+a)**(3/2) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

Bx’+ A

(cx4 + bx? + a)g(exz + d)2

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx"2+A)/(exx~2+d) "2/ (c*x~4+b*x~2+a)~(3/2),x, algorithm="giac")

[Out] integrate((B*x~2 + A)/((c*x™4 + b*x~2 + a)~(3/2)*(e*x”2 + d)"2), x)
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Va+y/fex?
3.30 f d+ex2 Va+bx?+cx? ax

Optimal. Leaf size=273

1

b
Lae b ) (i
i) (Ved — fae) tan (wzm
4+JarJedeVa + bx? + cx 2VdveVae? - bde + cd?

(\/E+\/— ) (i;r_bj/;f (\/_e+\/_d) ( Z—j_\‘//_;) ;2tan”! (%)

[Out] -((Sqrtlcl*d - Sqrtl[al*e)*ArcTan[(Sqrtlc*d~2 - b*d*e + a*e”2]*x)/(Sqrt[d]*S

qrtlel*Sqrtla + b*x"2 + cxx~4])])/(2*Sqrt [d]*Sqrt[e]*Sqrt[c*d”™2 - bxdxe + a

xe~2]) + ((Sqrtlcl*d + Sqgrtlal*e)*(Sqrtla] + Sqrtlc]l*x72)*Sqrt[(a + bxx"2 +
cxx~4)/(Sqrtla] + Sqrtlc]*x72)72]*EllipticPi[-(Sqrtlc]l*d - Sqrtl[al*e)~2/(4

xSqrt [al *Sqrt [c]*d*e), 2*ArcTan[(c™(1/4)*x)/a~(1/4)], (2 - b/(Sqrt[al*Sqrt[

cl1))/41)/ (4xa” (1/4)*c”~ (1/4) *d*exSqrt[a + b*x"2 + c*x74])

Rubi [A] time = 0.135684, antiderivative size = 273, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 1, number of rules used = 1, integrand size = 41, " —

integrand size
0.024, Rules used = {1706}

_at+bx?+ext \/_d ‘/_3) 1 Vex\ 1 b 2 bdor
(\/E+ \/Exz) (Va+yex?) (\/_e + \/_d) ( 4y/avfede ;2tan”™ (4_\/5) i (2 - W)) (\/Ed - \/Ee)tam‘1 (%

4+JarJedeVa + bx? + cx ) 2VdveVae? - bde + cd?

Antiderivative was successfully verified.

[In] Int[(Sqrtlal + Sqrtlcl*x~2)/((d + exx"2)*Sqrtla + b*x"2 + c*x"4]),x]

[Out] -((Sqrtlc]l*d - Sqrtlal*e)*ArcTan[(Sqrt[c*d™2 - bxd*e + a*e”2]*x)/(Sqrt[d]*S

qrtlel*Sqrtla + b*x"2 + c*xx~4])])/(2*Sqrt [d]*Sqrt[e]*Sqrt[c*d™2 - bxdxe + a

xe”2]) + ((Sqrtlcl*d + Sqrtlal*e)*(Sqrtla] + Sqrtlcl*x72)*Sqrt[(a + b*xx"2 +
c*x~4)/(Sqrta] + Sqrtlc]*x"2)"2]*EllipticPi[-(Sqrtlc]l*d - Sqrtl[al*e)~2/(4

xSqrt [a] *Sqrt [c]*d*e), 2*ArcTan[(c™(1/4)*x)/a~(1/4)], (2 - b/(Sqrtl[al*Sqrt[

cl1))/41)/ (4xa” (1/4)*c” (1/4) *d*exSqrt[a + b*x"2 + c*x"4])

Rule 1706

Int [((A) + (B_.)*(x_)72)/(((d_) + (e_.)*(x_)"2)xSqrt[(a_) + (b_.)*(x_)"2 +
(c_.)*(x_)"41), x_Symbol] :> With[{q = Rt[B/A, 21}, -Simp[((B*d - Axe)=*Arc
Tan[(Rt[-b + (cxd)/e + (a*e)/d, 2]*x)/Sqrtla + b*x"2 + c*x~4]])/(2*d*e*Rt[-
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b + (cxd)/e + (axe)/d, 2]), x] + Simp[((B*d + Axe)*(A + B*xx"2)*Sqrt[(A"2x(a

+ b*x"2 + c*x74))/(ax(A + Bxx"2)"2)]*EllipticPi[Cancel [-((Bxd - Axe)~2/(4x
dxe*xA*B))], 2*ArcTan[q*x], 1/2 - (b*A)/(4*xaxB)])/(4*xd*xexAxq*Sqrt[a + bxx"2
+ c*x74]), x]]1 /; FreeQl{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d~2 - bxd*e + axe”2, 0] && NeQ[c*d~2 - axe”2, 0] && PosQ[c/al && EqQ
[c*A™2 - a*B~2, 0]

Rubi steps
(
1 (e bderads | (Ved + ae) (Va+ yex?) [ |
ed - \/Ee) tan~! 2
Va + yJex? ( VeVttt (Va+ver?)
dx = - +
f (d + exz) Va + bx? + cx* 2VdvJeVed? - bde + ae? 4+JavcdeVa +

Mathematica [C] time = 0.53715, size = 310, normalized size = 1.14

Vb2-4ac+b+2cx? 2cx2 .. . _1( z ) VB2 —dac+b ~ (b+Vb2—4uc)e‘
Vb2-4ac+b b—Vb2—4ac +1(\/EdElhpt1CF (l sinh™ ( V2x Vi2-4ac+b) " b-V2—4ac +(\/Ee \/Ed)l‘l 2ed 7

c \/f
\2de /m+b a+ bx2 + cxt

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlal + Sqrtlcl*x~2)/((d + e*x"2)*Sqrt[a + b*x"2 + c*x~4]),x]

[Out] ((-I)*Sqrtl[(b + Sqrt[b~2 - 4xaxc] + 2xc*x"2)/(b + Sqrt[b~2 - 4*axc])]*Sqrtl[
1 + (2%c*xx"2) /(b - Sqrt[b~2 - 4xa*xc])]*(Sqrt[c]*d*E1lipticF[I*xArcSinh[Sqrt[
2]*Sqrtlc/(b + Sqrt[b~2 - 4xaxc])]*x], (b + Sqrt[b”2 - 4xaxc])/(b - Sqrt[b”

2 - 4xaxc])] + (-(Sqrtlcl*d) + Sqrtlal*e)*EllipticPi[((b + Sqrt[b~2 - 4xaxc
1)*e)/(2xcxd), I*ArcSinh([Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4xaxc])]*x], (b + S
qrt[b™2 - 4xaxc])/(b - Sqrt[b~2 - 4*axc])]))/(Sqrt[2]*Sqrtlc/(b + Sqrt[b~2

- 4xaxc])]*d*exSqrtla + b*x"2 + c*xx"4])

Maple [A] time = 0.056, size = 365, normalized size = 1.3

b(k
442 —

(V—4ac+b2—b)x2 (b+\/—4ac+b2)x2
Z_f\/EJ4_2 - 442 EllipticF xzﬁ\/% (\/—4ac+b2—b),%
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((a~(1/2)+x"2*c~(1/2))/(e*xx"2+d)/(c*xx"4+b*xx"2+a) "~ (1/2) ,x)

[Out] 1/4%c™(1/2)/e*x27(1/2)/(((~4*xa*xc+b~2)~(1/2)-b)/a)~(1/2)*(4-2% ((-4*a*xc+b~2) ~(
1/2)-b) /a*xx"2) " (1/2) * (4+2% (b+ (=4*axc+b~2) " (1/2)) /a*xx"2) " (1/2) / (cxx~4+b*x" 2+

a) " (1/2)*EllipticF (1/2%x*27(1/2) * (((-4*a*xc+b™2)~(1/2)-b)/a)~(1/2) ,1/2x(-4+2

*b* (b+ (-4*axc+b™2) " (1/2)) /a/c)~(1/2) ) +(exa™ (1/2)-dxc™(1/2)) /e/dx2"(1/2) /(1/

a* (=4xaxc+b”2) " (1/2)-1/a*b) "~ (1/2)*(1-1/2/a*x"2* (-4*axc+b~2) ~(1/2)+1/2/a*b*x
~2)7(1/2) % (1+1/2/axbxx"2+1/2/a*x" 2% (—4*a*xc+b”2) " (1/2)) " (1/2) / (c*x~4+b*x"2+a

)7~ (1/2)*E11lipticPi (1/2*x*27 (1/2)*(((-4*a*xc+b~2)~(1/2)-b)/a)~(1/2),-2/((-4*a
*xc+b~2) " (1/2)-b)*a*xe/d, (-1/2* (b+(~-4*a*xc+b~2)~(1/2))/a) " (1/2)*2~(1/2) / (((-4*
axc+b”2)~(1/2)-b)/a)~(1/2))

Maxima [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: RuntimeError

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a~(1/2)+x72xc~(1/2))/(e*x~2+d)/(c*x"4+b*x~2+a)~(1/2),x, algorith
m="maxima"

[Out] Exception raised: RuntimeError

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a~(1/2)+x72xc~(1/2))/(e*x~2+d)/(c*x~4+b*x~2+a)~(1/2),x, algorith
m="fricas")

[Out] Timed out
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Sympy [F] time = 0., size = 0, normalized size = 0.

[ ey
(d+ex2)\/a+bx2+cx4

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((ax*x(1/2)+x*x2*c*x*(1/2))/(e*xx**2+d)/ (cxx**4+bxx**2+a)**(1/2) ,%)

[Out] Integral((sqrt(a) + sqrt(c)*x**2)/((d + exx**2)*sqrt(a + b*x**2 + c*x*x4)),

X)

Giac [F] time = 0., size = 0, normalized size = 0.

Ve + Va dx

cxt + bx2 + a(ex2 + d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((a~(1/2)+x72xc~(1/2))/(e*x”~2+d)/(c*x"4+b*x~2+a)~(1/2),x, algorith

m="giac")

[Out] integrate((sqrt(c)*x~2 + sqrt(a))/(sqrt(c*x™4 + b*x"2 + a)*(exx”2 + d)), x)
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1+\/gx2
2 o e

Optimal. Leaf size=271

(xz\/§+) /a+bx2+cx (d\[+e) [ {\/‘i;) ;2 tan” (\/?x)li[Z—i]] (d ——e)tanl(&%)

4de\/;\/u + bx2 4+ cxt 2VdveVae? - bde + cd?

[Out] -((Sqrtlc/al*d - e)*ArcTan[(Sqrt[cxd~2 - bxd*e + a*e”2]*x)/(Sqrt[d]*Sqrt[e]
xSqrtla + b*x"2 + c*x74])])/(2xSqrt [d]*Sqrt[e]*Sqrt [c*d"2 - bxd*e + a*xe”2])

+ ((Sqrtlc/al*d + e)*x(1 + Sqrtlc/al*x"2)*Sqrt[(a + b*x"2 + c*xx~4)/(a*x(1 +
Sqrt[c/al*x72)"2)]1*E1lipticPi[-(Sqrt[c/al*d - e)~2/(4xSqrt[c/al*d*e), 2*Arc
Tan[(c/a)~(1/4)*x], (2 - (bxSqrtlc/al)/c)/4]1)/(4x(c/a)”~(1/4)*d*exSqrtla + b
*x"2 + c*x~4])

Rubi [A] time = 0.186994, antiderivative size = 271, normalized size of antiderivative =

. . b f rul
1., number of steps used = 1, number of rules used = 1, integrand size = 41, R E L

integrand size
0.024, Rules used = {1706}

N L T o

4de\/; Vit b2 + ot 2VdveVae? - bde + cd?

Antiderivative was successfully verified.

[In] Int[(1 + Sqrtlc/al*x"2)/((d + e*x"2)*Sqrt[a + b*x"2 + c*x~4]),x]

[Out] -((Sqrtlc/al*d - e)*ArcTan[(Sqrt[cxd~2 - b*xd*e + a*xe”2]*x)/(Sqrt[d]*Sqrt[e]
xSqrt[a + b*x"2 + c*x74])])/(2xSqrt [d]*Sqrt[e]*Sqrt [c*d"2 - bxd*e + axe”2])

+ ((Sqrtlc/al*d + e)*(1 + Sqrtlc/al*x"2)*Sqrt[(a + b*x"2 + c*xx"4)/(a*x(1 +
Sqrt[c/al*x72)72)]1*E1lipticPi[-(Sqrt[c/al*d - e)~2/(4xSqrt[c/al*d*e), 2*Arc
Tan[(c/a)~(1/4)*x], (2 - (bxSqrtlc/al)/c)/4]1)/(4x(c/a)”~(1/4)*d*exSqrtla + b
*x"2 + c*xx”4])

Rule 1706
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Int[(CAD) + (B_.)*x(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Rt[B/A, 2]}, -Simp[((B*d - Axe)*Arc
Tan[(Rt[-b + (cxd)/e + (axe)/d, 2]*x)/Sqrtla + b*x"2 + c*x~4]])/(2*d*e*Rt[-
b + (cxd)/e + (a*xe)/d, 2]), x] + Simp[((Bxd + Axe)*(A + Bxx"2)*Sqrt[(A~2x*(a
+ bxx"2 + c*xx74))/(ax(A + B*x"2)"2)]*EllipticPi[Cancel [-((B*xd - Axe)~2/(4x
dxe*xA*B))], 2*ArcTan[q*x], 1/2 - (b*A)/(4*xaxB)])/(4xd*exAxq*Sqrt[a + bxx"2
+ cxx~4]), x]] /; FreeQ[{a, b, c, d, e, A, B}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d~2 - b*d*xe + axe”2, 0] && NeQ[c*d~2 - axe”2, 0] && PosQ[c/al && EqQ
[cxA™2 - axB~2, 0]

Rubi steps

1+ a+bx2+oxt (\/— d-
1+\/72 (fd—e)tan (\/_“iz”ﬂ) (fd+e)( f) (\/‘xz) [ e

f X J dveVa-+bx2+cx*
x =
(d + exz) Va + bx? + cx* 2Vd\eVed? - bde + ae? 4\/;,16,/& b2+

Mathematica [C] time = 0.443384, size = 312, normalized size = 1.15

b2—4ac+b+2cx? 2cx2 c .. ..o -1 I b2 dac+b b+ Vo2—dac 4aC )
v 1d\/jElltF h(z ) (—d\[) ;‘
Vogacrt N ovoram ( 2 PHE (l S ‘f"\/ Vi tacrb)” b dac :

/ Va + bx2 + cxt

4ac+b

Antiderivative was successfully verified.

[In] Integratel[(1 + Sqrtlc/al*x72)/((d + e*x"2)*Sqrtla + b*x"2 + c*x74]) ,x]

[Out] ((-I)*Sqrt[(b + Sqrt[b~2 - 4*a*xc] + 2xcxx~2)/(b + Sqrt[b~2 - 4*axc])]*Sqrt[
1 + (2%xc*xx72)/(b - Sqrt[b~2 - 4xaxc])]*(Sqrtlc/al*d*EllipticF[I*ArcSinh[Sqr
t[2]1*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*x], (b + Sqrt[b~2 - 4x*axc])/(b - Sqrt[

b~2 - 4xaxc])] + (-(Sqrtlc/al*d) + e)*EllipticPi[((b + Sqrt[b~2 - 4xax*c])*e

)/ (2%cxd), IxArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4*axc])]*x], (b + Sqrt[

b"2 - 4*axc])/(b - Sqrt[b™2 - 4*axc])]))/(Sqrt[2]*Sqrtlc/(b + Sqrt[b™2 - 4x
axc])]*dxexSqrt[a + b*x~2 + c*x74])
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Maple [A] time = 0.042, size = 369, normalized size = 1.4

(V—4ac+b2—b)x2 (b+\/—4ac+b2)x2 l
Z—E EJ4—2 442 EllipticF xzﬁ\/%(\/—umbhb),% 442

a a a

Verification of antiderivative is not currently implemented for this CAS.

[In] int((1+x"2%x(1/a*xc)~(1/2))/(exx"2+d)/(c*xx~4+b*xx"2+a) "~ (1/2),x)

[Out] 1/4%(1/axc)”(1/2)/ex27(1/2)/(((-4*a*xc+b~2)7(1/2)-b)/a)~ (1/2)* (4-2x ((-4*a*xc+
b"2)"(1/2)-b) /a*xx"2) " (1/2) * (4+2* (b+(-4*axc+b~2) ~(1/2)) /a*x"2) " (1/2) / (cxx~4+
b*x~2+a) " (1/2) *E1lipticF (1/2%x*27 (1/2)* (((-4*a*xc+b~2)~(1/2)-b)/a)~(1/2),1/2

* (=4+2%b* (b+(—-4*axc+b™2) ~(1/2))/a/c)~(1/2))+1/ex(-d*(1/a*xc) ~(1/2)+e) /dx2" (1
/2)/(1/a*x(-4*xa*xc+b™2) " (1/2)-1/a*b) " (1/2)*(1-1/2/a*xx"2*x (-4*axc+b™2) " (1/2)+1/
2/axbxx"2) " (1/2) *(1+1/2/a*xb*x"2+1/2/axx" 2% (=4*a*xc+b~2) " (1/2)) " (1/2) / (cxx~4+
b*x~2+a) " (1/2)*E11lipticPi(1/2xx*2~(1/2) x (((~4*a*c+b~2) " (1/2)-b)/a)~(1/2),-2

/ ((-4*axc+b™2) " (1/2)-b) *axe/d, (-1/2% (b+(-4*a*xc+b~2) ~(1/2))/a)~(1/2)*27(1/2)

/ (((=4xa*xc+b™2)~(1/2)-b)/a)~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

xz\/g+1 ]
| x

Vext + bx? + a(exz + d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x"2*x(c/a)”~(1/2))/(exx~2+d)/(cxx~4+b*xx"2+a)~(1/2),x, algorithm=
"maxima"

[Out] integrate((x"2xsqrt(c/a) + 1)/(sqrt(c*x™4 + b*x"2 + a)*(exx"2 + d)), x)

Fricas [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((1+x72*(c/a)~(1/2))/(e*x"2+d)/(c*x"4+b*x~2+a)~(1/2) ,x, algorithm=

"fricas")

[Out] Timed out

Sympy [F] time = 0., size = 0, normalized size = 0.

f( xz\/g+1 "

d+ exz) Va + bx2 + cxt

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x**x2*(c/a)**(1/2))/(e*xx**2+d)/ (cxx**x4+bxx**2+a)**(1/2) ,x)

[Out] Integral((xx*2xsqrt(c/a) + 1)/((d + exx**2)*sqrt(a + b*x**2 + c*x**4)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

xz\/§+1 )
f x

Vex* + bx? + a(exz + d)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((1+x"2*x(c/a)~(1/2))/(exx~2+d)/(cxx~4+b*xx"2+a)~(1/2),x, algorithm=

"giac")

[Out] integrate((x"2xsqrt(c/a) + 1)/(sqrt(c*x™4 + b*x"2 + a)*(e*x”2 + d)), x)
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946+315x2
332 e

Optimal. Leaf size=106

242 g L - 1 2 - 1
631 (x2 + 1) \ ;11 EllipticF (tan L), E) 2525 (x2 + 2) IT (;; tan 1(X)|E)

22V + 322 +2 14322V 5 32 12

[Out] (631%(1 + x72)*Sqrt[(2 + x72)/(1 + x72)]*EllipticF[ArcTan[x], 1/2])/(2%Sqrt
[2]*#Sqrt[2 + 3*x"2 + x74]) - (2525%(2 + x7"2)*EllipticPi[2/7, ArcTan[x], 1/2
1)/ (14%Sqrt [2]*Sqrt[(2 + x72) /(1 + x72)]*Sqrt[2 + 3*x~2 + x74])

Rubi [A] time = 0.105343, antiderivative size = 106, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 4, number of rules used = 4, integrand size = 31, e -

integrand size
0.129, Rules used = {1704, 1099, 1456, 539}

242 1,01 2 . 1,41
631 (x2 + 1) izilF (tan 1(x)li) 2525 (x2 + 2) I1 (;;tan 1(x)IE)
2\/§Vx4+3x2+2 14\/2 /x§+2w/x4+3x2+2
x4+1

Antiderivative was successfully verified.

[In] Int[(946 + 315%x72)/((7 + 5%xx~2)*Sqrt[2 + 3*x"2 + x74]),x]

[Out] (631x(1 + x72)*Sqrt[(2 + x72)/(1 + x"2)]*EllipticF[ArcTan([x], 1/2])/(2%Sqrt
[2]*Sqrt[2 + 3*x"2 + x74]) - (2525%(2 + x"2)*EllipticPi[2/7, ArcTan[x], 1/2
1)/ (14xSqrt [2]1*Sqrt[(2 + x72) /(1 + x72)]*Sqrt[2 + 3*x~2 + x74])

Rule 1704

Int[(CAD) + (B_.)*x(x_)"2)/(((d_) + (e_.)*(x_)"2)*Sqrtl(a_) + (b_.)*x(x_)"2 +
(c_.)*(x_)"4]), x_Symbol] :> With[{q = Sqrt[b~2 - 4xa*c]}, Dist[(2*axB - A
x(b + q))/(2%axe - dx(b + q)), Int[1/Sqrt[a + b*x~2 + c*x74], x], x] - Dist
[(B¥d - Axe)/(2%axe - d*(b + q)), Int[(2%xa + (b + @)*x72)/((d + e*x”2)*Sqrt
[a + b*xx"2 + c*x74]), x], x] /; RationalQ[ql] /; FreeQ[{a, b, c, d, e, A, B
}, x] && GtQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && NeQ[c*xA~2
- bxA*B + axB~2, 0]

Rule 1099
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Int[1/Sqrtl(a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4], x_Symbol] :> With[{q = Rt[b
T2 - 4xaxc, 2]}, Simp[((2*a + (b + @)*x"2)*Sqrt[(2*xa + (b - q)*x72)/(2*%a +
(b + @)*x~2)]*EllipticF[ArcTan[Rt[(b + q)/(2*a), 2]*x], (2xq)/(b + q)])/ (2%
axRt[(b + q)/(2%a), 2]1*Sqrtla + b*x~2 + c*x~4]), x] /; PosQ[(b + q)/al &&

I (PosQ[(b - q)/al && SimplerSqrtQ[(b - q)/(2*a), (b + q)/(2%¥a)])] /; FreeQl
{a, b, c}, x] && GtQ[b~2 - 4*axc, 0]

Rule 1456

Int[((d_) + (e_)*(x_)"(n_))"(q_)*x((f) + (g_)*&_D (@ )" (r_.)*((a)) + (

b_I)*x(x_ )" (n) + (c_)*x(x_)"(n2_))"(p_), x_Symbol] :> Dist[(a + b*x"n + c*x
~(2x*n)) “FracPart[p]/((d + e*x"n) FracPart[pl*(a/d + (c*x"n)/e) FracPart[p])
, Int[(d + exx"n)"(p + @) *(f + g*x"n) rx(a/d + (cxx"n)/e)"p, x], x] /; Free
Ql{a, b, ¢, d, e, f, g, n, p, q, rr, x] && EqQ[n2, 2*n] && NeQ[b~2 - 4x*axc,
0] && EqQlc*d~2 - bxd*e + a*e”2, 0] && !'IntegerQ[p]

Rule 539

Int[Sqrtl(c_) + (d_.)*(x_)"2]1/(((a_) + (b_.)*(x_)"2)xSqrt[(e_ ) + (f_.)*(x_)
~2]), x_Symbol] :> Simp[(cxSqrtle + f*x~2]*EllipticPi[1l - (b*c)/(a*d), ArcT
an[Rt[d/c, 2]1*x], 1 - (c*xf)/(d*e)])/(a*xexRt[d/c, 2]*Sqrtlc + dxx~2]*Sqrt[(c
x(e + £*xx72))/(ex(c + d*x~2))]), x] /; FreeQ[{a, b, c, d, e, f}, x] && PosQ
[d/c]

Rubi steps
f 946 + 315x2 p 631 1 2525 4 + 4x2 p
X = — X
(7 + 5x2) V2 + 332 + x4 V2 +3x2 + x4 8 (7 + 5x2) V2 +3x2 + x4
2
— ) (25254% + Vet 4x2) [ gy
631 (1 + x2) F (tan_l(x)l—) 12 (r4s0)
- \/2 + 322 + 4 8V2 + 322 + 4
631 (1 + ?) y 25 F (ta ()L ) 2525 (2 + ) 1 (;;tan—l(x)@)
2\/—V2+3x2+x4 142 /i:ﬁiw/2+3x2+x4

Mathematica [C] time = 0.182633, size = 74, normalized size = 0.7

Va2 +1Vx2 + 2 (441EllipticF (i sinh™ (%) , 2) + 50511 (g ; isinh™! (%)| 2))
) 7Vx% +3x2 +2
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Antiderivative was successfully verified.

[In] Integrate[(946 + 315xx72)/((7 + 5*x~2)*Sqrt[2 + 3*x~2 + x74]),x]

[Out] ((-I/7)*Sqrt[l + x"2]*Sqrt[2 + x"2]*(441*EllipticF[IxArcSinh([x/Sqrt[2]], 2]
+ 505*E1lipticPi[10/7, I*ArcSinh[x/Sqrt[2]], 21))/Sqrt[2 + 3*x~2 + x~4]

Maple [C] time = 0.028, size = 93, normalized size = 0.9

631 1 5051 x2 i 10
- 2 2 - \/1+ = Vx2 + 1EllipticPi| =xV2, —
\/_Elhp‘mcF( V2, \/_)\/Zx +4Va2 +1 Y 7 V24/1 + > Vx + 1Elliptic 1(2x\/_, 7,\/

Verification of antiderivative is not currently implemented for this CAS.

[In] int((315%x72+946)/(5*x~2+7)/(x"4+3%x~2+2)~(1/2) ,x)

[Out] -63/2%xI*27(1/2)*(2xx"2+4) " (1/2)*(x72+1)~(1/2)/ (x"4+3*x"2+2) ~(1/2) *EllipticF
(1/2%I*x*27(1/2) ,27(1/2))-505/7+I*2~ (1/2)*(1+1/2%x~2) ~(1/2)*(x~2+1) ~(1/2) /(
XT4+3%x72+2) " (1/2)*E11lipticPi (1/2*I*x*27(1/2),10/7,27(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

dx

f 315x? + 946

Vxt +3x2 + 5x2+7)
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((315%x72+946)/(5*x~2+7)/(x"4+3*x"2+2)7(1/2),x, algorithm="maxima"
)

[Out] integrate((315%x7~2 + 946)/(sqrt(x™4 + 3*x~2 + 2)*(5*x"2 + 7)), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

Vet +3x2 + 2(315 X2 + 946)

5x6+22x4+31x2+14

integral

7
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((315*x72+946)/(5*x~2+7)/(x"4+3*x~2+2)~(1/2),x, algorithm="fricas"
)

[Out] integral(sqrt(x'@ + 3*%x72 + 2)*(315%x72 + 946)/(5*x"6 + 22*%xx74 + 31*xx"2 + 1
4), x)

Sympy [F] time = 0., size = 0, normalized size = 0.

f \/( 315x? + 946 i

22 +1) (22 +2) (522 +7)

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((315*x**2+946) /(5*xx**2+7) / (x**4+3*%x*x*2+2) **(1/2) ,x)

[Out] Integral((315*x**2 + 946)/(sqrt((x**2 + 1)*(x**2 + 2))*(5*x**2 + 7)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

315x? + 946

Vit +3:2+2(5x2 +7)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((315*x72+946)/(5*x~2+7)/(x"4+3*x"2+2)~(1/2),x, algorithm="giac")

[Out] integrate((315%x7~2 + 946)/(sqrt(x™4 + 3*x"2 + 2)*(5*x"2 + 7)), x)
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x2 exzq
333 [l

a+bx2+cxt

Optimal. Leaf size=218

2 -q _ 2 2 2 -q _
x(d+ex2)q (ﬁ +1) (B_M)Fl(l 1 2 2 —ﬁ) x(d+ex2)q (i +1) (M +B)F1 (%,‘1,

d Vbh2—4ac 2 0 2" b-N2—4ac’ 4 " d Vbh2—4ac
b — Vb2 — 4ac Vb2 —4ac+b

[Out] ((B - (b*B - 2%A*c)/Sqrt[b~2 - 4*axc])*x*(d + exx”2) gxAppellF1[1/2, 1, -q,
3/2, (-2*%c*x72)/(b - Sqrt[b~2 - 4x*axc]), -((exx"2)/d)])/((b - Sqrt[b~"2 - 4
xaxc])*(1 + (exx"2)/d)"q) + ((B + (b*xB - 2%A*c)/Sqrt[b~2 - 4*axc])*x*x(d + e
*xx"2) “qxAppellF1[1/2, 1, -q, 3/2, (-2*c*x72)/(b + Sqrt[b~2 - 4xa*xc]), -((ex
x72)/d)1)/((b + Sqrt[b~2 - 4xaxc])*(1 + (exx"2)/d)"q)

Rubi [A] time = 0.463449, antiderivative size = 218, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 6, number of rules used = 3, integrand size = 31, e -

0.097, Rules used = {1692, 430, 429}
2\7 [ex? )_‘7( _bB—ZAc) (1' 3 2 _ﬁ) zq(ﬁ )_q(bB—ZAc ) (1_
x(d + ex?) (d +1) (B- )RV 9 e +x(d+ex) 7 +1) (= tB) R
b - Vb? - 4ac Vb% —4ac+b

integrand size

Antiderivative was successfully verified.

[In] Int[((A + B*xx"2)*(d + e*xx"2)7q)/(a + b*x"2 + c*x~4),x]

[Out] ((B - (b*B - 2xA*c)/Sqrt[b~2 - 4*axc])*x*(d + exx”2) gxAppellF1[1/2, 1, -q,
3/2, (=2%c*xx"2)/(b - Sqrt[b~2 - 4xaxc]), -((exx”2)/d)])/((b - Sqrt[b~2 - 4
xaxc])*x(1 + (exx"2)/d)"q) + ((B + (bxB - 2%A*c)/Sqrt[b”2 - 4*axc])*xx(d + e
*x"2) “qxAppellF1[1/2, 1, -q, 3/2, (-2*xcxx"2)/(b + Sqrt[b~2 - 4*axc]), -((ex
x72)/d)])/((b + Sqrt[b~2 - 4xaxc])*(1 + (exx~2)/d)"q)

Rule 1692

Int [(Px_)*((d_) + (e_)*x(x_)"2)"(q_.)*x((a_) + (b_.)*x(x_)"2 + (c_.)*x(x_)"4)"
(p_.), x_Symbol] :> Int[ExpandIntegrand[Px*(d + exx"2) g*x(a + b*x"2 + c*x74
)7p, x1, x] /; FreeQ[{a, b, c, d, e, q}, x] && PolyQ[Px, x~2] && NeQ[b~2 -
4xaxc, 0] && NeQ[cxd~2 - b*dxe + axe”2, 0] && IntegerQ[p]

Rule 430
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Int[((a_) + (b_.)*xx_D)"(m_)) " (p_)*((c_) + (d_.)*(x_)"(n_))"(q_), x_Symbol]
:> Dist[(a"IntPart[p]*(a + b*x"n) FracPart[p])/(1 + (b*x"n)/a) FracPart[p],
Int[(1 + (b*x"n)/a) px(c + d*x"n)"q, x], x] /; FreeQ[{a, b, ¢, d, n, p, gt
, x] && NeQ[b*c - axd, 0] && NeQ[n, -1] && !(IntegerQlp] || GtQla, 0])

Rule 429

Int[((a_) + (b_)*x_ )" (0 )" (p_)*((c_) + (d_)*(x_)"(n_))"(q_), x_Symbol]
:> Simp[a~p*c”g*x*AppellF1[1/n, -p, -q, 1 + 1/n, -((b*x"n)/a), -((d*x"n)/c)
1, x] /; FreeQ[{a, b, ¢, d, n, p, q}, x] && NeQ[b*c - a*d, 0] && NeQ[n, -1]
&% (IntegerQ[p] || GtQ[a, 0]) && (IntegerQlql || GtQ[c, 0])

Rubi steps

4 —bB+2Ac) (d + exz)li (B 3 —bB+2Ac) (d + exz)q

[ ) o+ - N
a + bx* + cx* — Vb2 — dac + 2cx? b + Vb2 — 4ac + 2cx?
q 9
5 bB- 2Ac) (d +ex?) s (B . bB—ZAc)f (d +ex?)
= X
b — Vb? — dac + 2cx? Vb2 —4ac) Y b+ Vb? - 4ac + 2cx?

( 4ac
) o2 \4
( bB -2Ac 2Ac (d+ ex t7 bB - 2Ac)
a

-q
q
1+ — f dx+((B+
Vb2 - 4ac )( ) ] b- Vb2 4ac + 2cx? b2 — 4ac/

bB-2Ac ex? 2cx? ex? bB-2Ac
( Vb2 —4ac 4ac) d e ) (1 i 7) & (5,1, 0 E, _b—Vb2—4ac’ _7) " (B * Vb2—4uc) * (C
b — Vb2 - 4ac

Mathematica [F] time = 0.241547, size = 0, normalized size = 0.

dx

f (A + sz) (d + exz)q

a+ bx? + cxt
Verification is Not applicable to the result.

[In] Integrate[((A + Bxx"2)*(d + e*x"2)7q)/(a + b*x"2 + c*x74),x]

[Out] Integrate[((A + B*xx"2)*(d + e*x"2)7q)/(a + b*x"2 + c*x74), x]
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Maple [F] time = 0.042, size = 0, normalized size = 0.

dx

f (sz + A) (ex2 + d)q

cxt+bx2 +a
Verification of antiderivative is not currently implemented for this CAS.

[In] int((B*x~2+A)*(exx~2+d) g/ (c*x~4+b*x"2+a) ,x)

[Out] int((B*x"2+A)*(exx~2+d) ~q/(c*x~4+b*x~2+a) ,x)

Maxima [F] time = 0., size = 0, normalized size = 0.

f (sz + A) (ex2 o+ d)q

dx
cxt+bx2+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((B*x~2+A)*(exx~2+d) ~q/ (c*x~4+b*x"2+a) ,x, algorithm="maxima")

[Out] integrate((B*x~2 + A)x(exx"2 + d)~q/(c*x"4 + b*x”"2 + a), x)

Fricas [F] time = 0., size = 0, normalized size = 0.

(B2 + A)(ex? + d)q, J

integral
& [ cxt+bx2+a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx"2+A)*(exx~2+d) ~q/(c*x”"4+b*x"2+a) ,x, algorithm="fricas")

[Out] integral((Bxx"2 + A)*(e*x”2 + d)7q/(c*x"4 + b*x"2 + a), x)

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((Bxx**2+A)* (exx*x*2+d)**xq/ (ckx**4+b*x**2+a) ,x)

[Out] Timed out

Giac [F] time = 0., size = 0, normalized size = 0.

dx

f (Bx2 + A) (exz + d)q

Xt +bx?2+a
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((Bxx~2+A)*(exx~2+d) ~q/(c*x”~4+b*x~2+a),x, algorithm="giac")

[Out] integrate((Bxx~2 + A)*(exx"2 + d)7q/(c*x"4 + b*x"2 + a), x)
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x(1+2x2)
334 f \/1? 1+x2+x4) dx

Optimal. Leaf size=106
1 1 1 1
Zx/glog (x2 ~V3V2 +1+ 2) -~ A—l\/glog (xz +V3Vx2 41+ 2) -5 tan™! (\/3— 2Vx2 + 1) *5 tan™! (2Vx2 +1+

[Out] -ArcTan([Sqrt[3] - 2*Sqrt[l + x72]]1/2 + ArcTan[Sqrt[3] + 2xSqrt[1 + x~2]]/2
+ (Sqrt[3]*Logl[2 + x72 - Sqrt[3]*Sqrt[1l + x72]]1)/4 - (Sqrt[3]*Logl[2 + x72 +
Sqrt[3]*Sqrt[1 + x72]]1)/4

Rubi [A] time = 0.128522, antiderivative size = 106, normalized size of antiderivative =
1., number of steps used = 11, number of rules used = 7, integrand size = 28, number of rules _

0.25, Rules used = {1685, 826, 1169, 634, 618, 204, 628}

1 1 1 1
Z@bg (x2 N L 2) - Z\@bg (xz +V3Va2 +1+ 2) ) tan™! (\/5— 2VxZ + 1) + > tan™! (2'Vx2 + 1+

integrand size

Antiderivative was successfully verified.

[In] Int[(x*x(1 + 2*x72))/(Sqrt[l + x"2]*(1 + x72 + x74)) ,x]

[Out] -ArcTan[Sqrt[3] - 2xSqrt[1l + x"2]]1/2 + ArcTan[Sqrt[3] + 2*xSqrt[1 + x~2]]1/2
+ (Sqrt[3]*Logl[2 + x72 - Sqrt[3]*Sqrt[1 + x~2]]1)/4 - (Sqrt[3]*Logl[2 + x72 +
Sqrt [3]1*Sqrt[1 + x72]1)/4

Rule 1685

Int [(Px_)*x(x_)*((d_) + (e_.)*(x_)"2)"(q_.)*((a_) + (b_.)*(x_)"2 + (c_.)*(x_
)"4)"(p_.), x_Symbol] :> Dist[1/2, Subst[Int[(Px /. x -> Sqrt[x])*(d + exx)
“gx(a + b*x + c*xx"2)7p, x], x, x°2], x] /; FreeQ[{a, b, ¢, d, e, p, q}, x]
&& PolyQ[Px, x72]

Rule 826

Int[((£f_.) + (g_.)*(x_))/(Sqrtl(d_.) + (e_.)x(x_)]1*((a_.) + (b_.)*(x_) + (c
_)*(x_)"2)), x_Symbol] :> Dist[2, Subst[Int[(exf - dxg + gxx~2)/(c*d”2 - b
xd¥e + a¥xe”2 — (2xckd - b¥e)*x"2 + c*x~4), x], x, Sqrtl[d + exx]], x] /; Fre
eQ[{a, b, c, d, e, f, g}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d"2 - bxdxe +
axe”2, 0]
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Rule 1169

Int[((d) + (e_.)*x(x_)"2)/((a_) + (b_.)*x(x_)"2 + (c_.)*(x_)"4), x_Symbol] :
> With[{q = Rtla/c, 2]}, With[{r = Rt[2xq - b/c, 2]}, Dist[1/(2*c*qg*r), Int
[(d*r - (d - exq)*x)/(q - r*x + x72), x], x] + Dist[1/(2%c*qg*r), Int[(d*r +
(d - exq)*x)/(q + r*x + x72), x], x]]1] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[b72 - 4xaxc, 0] && NeQ[c*d™2 - bxd*xe + axe”2, 0] && NegQ[b~2 - 4x*axc]

Rule 634

Int[((d_.) + (e_)*(x_))/((a_) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> D
ist[(2*c*d - bxe)/(2xc), Int[1/(a + b*x + c*x72), x], x] + Dist[e/(2*c), In
t[(b + 2%xcxx)/(a + b*x + c*x~2), x], x] /; FreeQ[{a, b, c, d, e}, x] && NeQ
[2%cxd - bxe, 0] && NeQ[b~2 - 4*axc, 0] && !'NiceSqrtQ[b~2 - 4xax*c]

Rule 618

Int[((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(-1), x_Symbol] :> Dist[-2, Subst[I
nt[1/Simp[b~2 - 4xaxc - x72, x], x], x, b + 2%cxx], x] /; FreeQ[{a, b, c},
x] && NeQ[b~2 - 4xaxc, 0]

Rule 204

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> -Simp[ArcTan[(Rt[-b, 2]*x)/Rt[
-a, 2]1/(Rt[-a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && PosQ[a/b] && (LtQ[
a, 0] || LtQ[b, 01)

Rule 628

Int[((d_) + (e_.)*(x_))/((a_.) + (b_.)*(x_) + (c_.)*(x_)"2), x_Symbol] :> S
imp[(d*Log[RemoveContent [a + b*x + c*x~2, x]]1)/b, x] /; FreeQ[{a, b, c, d,
e}, x] &% EqQ[2*cxd - bxe, 0]

Rubi steps



217

1+2x

1+2x
—Subst
f\/1+x21+x2+x4) ( \/1+x(1+x+x2)
-1+2
:Subst( de,x,\/1+x2)

dx, x, xz]

1—x2 + x4
Subst (f ?:3; dx,x, V1 + xz) Subst (f 1+:§__x33;2 dx,x, V1 + xz)
) 23 " 23

1 1 1 1
= — Subst (f—dx,x,‘\'l +x2) + = Subst (f—dx,x,\/l +x2) -
4 1-/3x+ 2 4 1+ 3x + 22
1 1 1 1
= —\/glog(2+x2—\/§‘\/l +x2)— Z\/glog(2+x2+\/§'\/1 +x2) - ESubst(f g
1 ,
=3 tan_l (\/_ 2V1 + xz) —tan~ (\/§+ 2V1 + xZ) + Z\/glog (2 +x2 -3Vl + ¥

Mathematica [C] time = 0.201181, size = 125, normalized size = 1.18

2 (1 - z\/§) tanh ™! [ﬁm] 2 (1 + z\@) tanh ™! [—ﬁm)

V1-iV3 N V1+iV3
-1+iV3 -1-iV3

Antiderivative was successfully verified.

[In] Integrate[(xx(1 + 2*x72))/(Sqrt[1 + x~2]*(1 + x™2 + x74)),x]

[Out] (Sqrt[2*(1 - I*Sqrt[3])]*ArcTanh[(Sqrt[2]*Sqrt[1 + x72])/Sqrt[1 - I*Sqrt[3]
11)/(-1 + IxSqrt[3]) + (Sqrt[2+(1 + IxSqrt[3])]*ArcTanh[(Sqrt[2]*Sqrt[l + x
~21)/8qrt[1 + I*Sqrt[31]11)/(-1 - IxSqrt[3])

Maple [B] time = 0.053, size = 296, normalized size = 2.8
-1
1 1 / 1+x)° 1+x)°
2| V3Artan \/— 2ﬂ+2 + arctan X 2( +x)2+2(( +x)2+1)
2 \" -2 l-x¥ (1-x (1-x) ((1+x)2

Verification of antiderivative is not currently implemented for this CAS.

V2 <1+x>

B T
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[In] int(x*x(2*x"2+1)/(x"4+x"2+1)/(x"2+1)~(1/2) ,x)

[Out] -1/4%27(1/2)*(2*(1+x) "2/ (1-x)"2+2) " (1/2)* (37 (1/2)*arctanh (1/2* (2x(1+x)~2/(1
-x)72+2) 7 (1/2)*37(1/2) )+arctan(1/((1+x) 72/ (1-x) "2+1) * (2% (1+x) "2/ (1-x) "2+2) "
(1/2)*(1+x) / (1-x))) / (((1+x) "2/ (1-x)"2+1) / ((1+x) / (1-x)+1) "2) " (1/2) / ((1+x) / (1
—x)+1)-1/4%27 (1/2) * (2% (x-1) "2/ (-1-x) "2+2) " (1/2)* (3" (1/2) *arctanh (1/2x (2 (x-
1)72/(-1-x)72+2) " (1/2)*37 (1/2) ) +arctan(1/((x-1) "2/ (-1-x) "2+1) * (2x (x-1) "2/ (-
1-x)72+2) ~ (1/2)*(x-1) / (-1-x))) / (((x-1) "2/ (-1-x) "2+1) / ((x-1) / (-1-x)+1)"2) " (1

/2)/ ((x-1)/(-1-x)+1)

Maxima [F] time = 0., size = 0, normalized size = 0.

f( (222 +1)x o

x4+x2+1) X2 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(2*x~2+1)/(x"4+x72+1)/(x"2+1)~(1/2) ,x, algorithm="maxima"

[Out] integrate((2*x72 + 1)*x/((x74 + x™2 + 1)*sqrt(x”2 + 1)), x)

Fricas [B] time = 2.41911, size = 744, normalized size = 7.02

1 1
Z\/glog(32x4 +80x2 +32V3(x® +x) - 16 (2x° + V3(222 +1) + 4x) Va2 + 1 +32) - Zx/élog(z»zx‘* +80x% — 321

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(2*x~2+1)/(x"4+x72+1)/(x"2+1)"(1/2) ,x, algorithm="fricas")

[Out] 1/4*sqrt(3)*log(32*x~4 + 80*x~2 + 32%sqrt(3)*(x~3 + x) - 16%(2*x”~3 + sqrt(3
)*¥(2%x72 + 1) + 4xx)*sqrt(x™2 + 1) + 32) - 1/4*xsqrt(3)*log(32*xx~4 + 80%*x"2

- 32xsqrt(3)*(x73 + x) - 16%(2*x"3 - sqrt(3)*(2*xx~2 + 1) + 4*xx)*sqrt(x”2 +

1) + 32) - arctan(2*sqrt(2*x~4 + 5*x72 + 2*xsqrt(3)*(x"3 + x) - (2*x"3 + sqr
t(3)*x(2%x72 + 1) + 4*x)*sqrt(x”2 + 1) + 2)*(x + sqrt(x™2 + 1)) + sqrt(3) -
2xsqrt(x"2 + 1)) - arctan(2*sqrt(2*x~4 + 5*xx72 - 2*xsqrt(3)*(x73 + x) - (2*x

73 - sqrt(3)*x(2xx72 + 1) + 4*x)*sqri(x”2 + 1) + 2)*(x + sqrt(x™2 + 1)) - sq

rt(3) - 2*sqrt(x"2 + 1))
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Sympy [F] time = 0., size = 0, normalized size = 0.

x (2x2 + 1)

f\/am(xz—x+l)(x2+x+l)

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(2*x**2+1)/(x*x*x4+x**2+1)/ (x**2+1)**x(1/2) ,x)

[Out] Integral (x*(2*x**2 + 1)/(sqrt(x**2 + 1)*(x**2 - x + D)*x(x*x*2 + x + 1)), x)

Giac [F] time = 0., size = 0, normalized size = 0.

f( (222 +1)x o

x4+x2+1) X2 +1

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(2*x72+1)/(x"4+x72+1)/(x"2+1)~(1/2) ,x, algorithm="giac")

[Out] integrate((2*x72 + 1)*x/((x74 + x72 + 1)*sqrt(x”2 + 1)), x)
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Va+bx2+cx?
335 fﬁdl’

Optimal. Leaf size=145

\/2Vafe + btanh™ 1(%) N 2\/_\/_tanh_l [%)
4fayed ) 4fayjed

[Out] -(Sqrt[b - 2*Sqrt[a]*Sqrtl[c]l]*ArcTanh[(Sqrt[b - 2*Sqrt[a]*Sqrtlc]l]*x)/Sqrtl
a + bxx"2 + c*xx"4]])/(4*xSqrt[al*Sqrtc]*d) + (Sqrt[b + 2xSqrt[al*Sqrt[c]l]*A
rcTanh [(Sqrt[b + 2*Sqrt[a]l*Sqrtlcl]*x)/Sqrtla + b*x"2 + c*xx"4]])/(4*Sqrt[al

*xSqrt [c]*d)

Rubi [A] time = 0.207419, antiderivative size = 145, normalized size of antiderivative =

. . b f rul
1., number of steps used = 4, number of rules used = 3, integrand size = 30, i L

0.1, Rules used = {2071, 1093, 208}

\/2V/ay/c + btanh™ 1(%) \/b = 2+/ay/ctanh™ 1[%)
4vfayed ) 4fayjed

Antiderivative was successfully verified.

integrand size

[In] Int[Sqrtl[a + b*x"2 + cxx"4]/(axd - c*d*x"4),x]

[Out] -(Sqrt[b - 2*xSqrt[a]*Sqrtl[c]l]*ArcTanh[(Sqrt[b - 2*Sqrt[a]*Sqrtlc]l]*x)/Sqrtl
a + b*x"2 + cxx"4]])/(4xSqrt[al*Sqrt[c]*d) + (Sqrtl[b + 2xSqrt[al*Sqrt[c]]*A
rcTanh[(Sqrt[b + 2*xSqrtl[al*Sqrtlc]]l*x)/Sqrtla + b*xx"2 + c*xx~4]])/(4*Sqrt[al

*Sqrt [c]*d)

Rule 2071

Int[Sqrtlv_]1/((d_) + (e_.)*(x_)"4), x_Symbol] :> With[{a = Coeffl[v, x, 0],
= Coefflv, x, 2], ¢ = Coeffl[v, x, 4]}, Dist[a/d, Subst[Int[1/(1 - 2*b*x"2
+ (b72 - 4xaxc)*x74), x], x, x/Sqrtlv]], x] /; EqQlc*d + a*xe, 0] && PosQ[a

xc]] /; FreeQ[{d, e}, x] && PolyQlv, x~2, 2]

Rule 1093

Int[((a_) + (b_.)*(x_)"2 + (c_.)*(x_)"4)"(-1), x_Symbol] :> With[{q = Rt[b~
2 - 4xaxc, 2]}, Distl[c/q, Int[1/(b/2 - q/2 + c*x"2), x], x] - Dist[c/q, Int
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[1/(b/2 + q/2 + cxx72), x], x]] /; FreeQl{a, b, c}, x] && NeQ[b~2 - 4x*axc,
0] && PosQ[b~2 - 4xaxc]

Rule 208

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(Rt[-(a/b), 2]*ArcTanh[x/
Rt[-(a/b), 2]1)/a, x] /; FreeQl{a, b}, x] && NegQla/Db]

Rubi steps

1 x
f Va + b2 + cxt p Subst (f 1-2bx2+(b?—4ac)x* 4%, %, \/u+bx2+cx4)

ad — cdx* o d
1 X 1
) (b2 - 4ac) Subst (f o (Pdn)? dx, x, m) (bz - 4ac) Subst (f ——b+2\/5\/5+(b2—
- 4JarJed 4+/arfcd
1 [ Jp-2vavex  — _1 [ \Jb+2vayex
\’b - ZW\/Etanh [—m] b+ 2\/5\/Etanh (m
a ajayed ’ ajayed

Mathematica [C] time = 0.661426, size = 441, normalized size = 3.04

Vb2—4ac+b+2cx? 2cx2 . . .1 -1 ( 3 ) Vi2—4ac+b —b-Vp2—4,
1 Ell F h -2 b)I1
Vb2-4ac+b b-Vb2-4ac - (2\/5\/6 ptic (l S \/Ex Vo2-aac+b ) b-V2-4ac ( \/E\/E + ) 2y
C
2\/5\/5\/56{ Vbh2—4ac+b

Antiderivative was successfully verified.

[In] Integrate[Sqrtla + b*x"2 + c*x74]/(axd - cxd*x”4),x]

[Out] ((I/2)*Sqrtl(b + Sqrt[b~2 - 4xaxc] + 2%c*x72)/(b + Sqrt[b~2 - 4xaxc])]*Sqrt
[1 + (2%c*x72)/(b - Sqrt[b~2 - 4x*axc])]*(2*Sqrt[a]l*Sqrt[c]*EllipticF[I*ArcS
inh[Sqrt[2]*Sqrt[c/(b + Sqrt[b~2 - 4xaxc])]*x], (b + Sqrt[b~2 - 4xaxc])/(b

- Sqrt[b”2 - 4*axc])] - (b + 2xSqrt[a]*Sqrt[c])*EllipticPi[(-b - Sqrt[b~2 -
4xaxc])/(2+Sqrt[al*Sqrtlc]l), IxArcSinh[Sqrt[2]*Sqrtlc/(b + Sqrt[b~2 - 4x*ax
c])I*x], (b + Sqrt[b”2 - 4*axc])/(b - Sqrt[b~2 - 4*axc])] + (b - 2*Sqrt[a]=*
Sqrt[c])*E1llipticPi[(b + Sqrt[b~™2 - 4xaxc])/(2+Sqrt[al*Sqrt[c]), I*ArcSinhl[

Sqrt [2]*Sqrt[c/(b + Sqrt[b~2 - 4*axc])]*x], (b + Sqrt[b~2 - 4*axc])/(b - Sq
rt[b™2 - 4xaxc])]))/(Sqrt[2]*Sqrt[a]*Sqrt[cl*Sqrtlc/(b + Sqrt[b~2 - 4xax*c])
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Ixd*Sqrt[a + b*x"2 + cxx74])

Maple [B] time = 0.033, size = 238, normalized size = 1.6

V2 V2 1 1 V2b V2 1 1
~57 arctan| — Vext + bx2 + a + ¥ arctan| — Vext + bx2 +a —
x Avac-2b ) \J4yac - 2b x NAEETIR N

Verification of antiderivative is not currently implemented for this CAS.

[In] int((c*x"4+b*x"2+a) ~(1/2)/(-cxd*x"4+a*d) ,x)

[Out] -1/2/d*2"(1/2)/(4x(a*xc)~(1/2)-2*b) " (1/2)*arctan((c*xx~4+b*x"2+a) " (1/2)*2"(1/
2)/x/ (4*x(a*xc)~(1/2)-2%b)~(1/2))+1/4/dx2(1/2) /(axc) ~(1/2) / (4x(a*xc) ~(1/2)-2x%

b) ~(1/2)*arctan((cxx~4+b*xx"2+a) ~(1/2) %27 (1/2) /x/ (4% (a*xc) ~(1/2)-2xb) ~(1/2) ) *
b-1/2/d*27(1/2) / (-4x(a*xc) ~(1/2)-2*b) " (1/2) *arctan ((c*x~4+b*x"2+a) "~ (1/2) *2"(
1/2)/x/ (=4*x(axc)~(1/2)-2xb) ~(1/2))-1/4/d*2~(1/2) / (a*c)~(1/2) / (=4x(a*xc)~(1/2
)—2xb) " (1/2) *arctan((c*x"4+bxx"2+a) ~(1/2)*27(1/2) /x/ (-4*x(a*xc) "~ (1/2)-2%b) ~ (1
/2))*b

Maxima [F] time = 0., size = 0, normalized size = 0.

Vot + b2
_f el tbxtta

cdx* — ad

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx~4+b*xx~2+a)~(1/2)/(-cxd*x"4+a*d) ,x, algorithm="maxima"

[Out] -integrate(sqrt(c*x”™4 + b*x~2 + a)/(cxd*x"4 - axd), x)

Fricas [B] time = 22.774, size = 1211, normalized size = 8.35

2acd211L+b
1 1 1 acd4 1
1 J 2acd?\|— +b | Vex#t + bx? + a(adz,lw + xz) + (acd3x3,/w + adx) — | 1 |2acd—+
8

acd? 8 cxt—a 8 acd?
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~4+b*x~2+a)~(1/2)/(-c*d*x"4+a*xd),x, algorithm="fricas")

[Out] 1/8*sqrt((2*a*xc*d”2xsqrt(1/(axcxd~4)) + b)/(a*xc*d™2))*log((sqrt(c*xx~4
2 + a)*(axd"2*sqrt(1/(a*xcxd”™4)) + x72) + (a*xcxd™3*x"3*sqrt(1l/(a*xcxd™4)) +
axdxx) *sqrt ((2*axcxd~2*xsqrt (1/(a*xc*d™4)) + b)/(axcxd”2)))/(c*x"4 - a)) - 1/
8xsqrt ((2*axc*xd™2xsqrt (1/(axc*d™4)) + b)/(a*xc*d™2))*log((sqrt(c*xx™4 + b*x"2
+ a)*(axd"2xsqrt(1/(axc*d™4)) + x72) - (axc*d"3*x"3*sqrt(l/(axc*d™4)) + ax
dxx)*sqrt ((2*a*xc*xd™2xsqrt (1/(axcxd™4)) + b)/(a*xc*d™2)))/(c*x"4 - a)) + 1/8%
sqrt (- (2*xaxcxd~2*sqrt (1/(a*xc*d™4)) - b)/(axcxd™2))*log(-(sqrt(c*x™4 + bxx"2
+ a)*(axd"2xsqrt (1/(axc*xd™4)) - x72) + (a*xcxd"3xx"3*sqrt(l/(a*xcxd”4)) - ax
d*xx) *sqrt (- (2*a*xcxd"2*xsqrt (1/(axc*d™4)) - b)/(axc*d™2)))/(c*x"4 - a)) - 1/8
xsqrt (- (2%axcxd"2*xsqrt (1/(axc*d™4)) - b)/(axc*d™2))*log(-(sqrt(c*x~4 + b*x~
2 + a)*(axd"2*xsqrt(1/(a*xcxd™4)) - x72) - (a*xc*d™3*x"3*sqrt(1/(a*xc*d™4)) - a
*xd*xx) *sqrt (- (2*%axc*xd~2*xsqrt (1/(axc*d™4)) - b)/(axc*d™2)))/(c*x"4 - a))

Sympy [F] time = 0., size = 0, normalized size = 0.

f Va+bx2+cxt dx

—a+cxt

d
Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((cxx**4+bxx*x2+a)**(1/2)/(-cxd*x**4+ax*xd) ,x)

[Out] -Integral(sqrt(a + bxx**2 + c*x**x4)/(-a + c*x**4), x)/d

Giac [F] time = 0., size = 0, normalized size = 0.

f Vext +bx2 +a

cdx* — ad x

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((c*x~4+b*xx~2+a)~(1/2)/(-c*d*x"4+a*xd),x, algorithm="giac")

[Out] integrate(-sqrt(c*x™4 + b*x"2 + a)/(c*d*x"4 - axd), x)

+ bx*xx
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Va+bx2—cx4
3.36 faZ—i—W dx

Optimal. Leaf size=239

x| Vdac+b2-b Vdac+b2+b-2cx? x\ Vaac+b2+b| - Vadac+b2+b—2cx?
\ Vdac + b? - btanh™! [ ( )] \ Vdac + b? + btan™! [ ( )

2V2+ayeVat+bx2—cxt ZVE\/E\/EVu+bx2—cx4
2V2Vayed ‘ 2V2Vaed

[Out] -(Sqrtlb + Sqrt[b~2 + 4*axc]]*ArcTan[(Sqrt[b + Sqrt[b~2 + 4xaxc]]l*x*(b - Sq
rt[b72 + 4xaxc] - 2%c*xx72))/(2*Sqrt[2]*Sqrt[a]*Sqrt[c]l*Sqrtla + b*x"2 - c*xx
~4]1)1)/(2%Sqrt [2] *Sqrt [al *Sqrt [c]*d) + (Sqrt[-b + Sqrt[b~2 + 4x*a*xc]]*ArcTan
h[(Sqrt[-b + Sqrt[b~2 + 4xaxc]]*x*(b + Sqrt[b~2 + 4xaxc] - 2xc*x72))/(2*Sqr
t[2]*#Sqrt [al*Sqrt [c]*Sqrt[a + bxx"2 - c*x~4])])/(2+Sqrt [2]*Sqrt [a] *Sqrt [c]*

d)

Rubi [A] time = 0.184369, antiderivative size = 239, normalized size of antiderivative =
1., number of steps used = 1, number of rules used = 1, integrand size = 30, number of rules _

0.033, Rules used = {2072}

x\ Vdac+b2—b| Vaac+b2+b—2cx? x\ Vdac+b2+b(-Vaac+b2+b—-2cx®
\ Vdac + b2 - btanh™! [ ( )J \ Vdac + b2 + btan™ ( )

2V2+fanJeVa+bx2—cxt 2V2aycVarbrd—cxh
2v2yaved ) 22 vaved

integrand size

Antiderivative was successfully verified.

[In] Int[Sqrtla + b*x"2 - cxx"4]/(a*d + c*xd*x"4),x]

[Out] -(Sqrtl[b + Sqrt[b~2 + 4*axc]]*ArcTan[(Sqrt[b + Sqrt[b~2 + 4*xaxc]]l*x*(b - Sq
rt[b72 + 4xaxc] - 2*c*xx"2))/(2xSqrt[2]*Sqrt[a]*Sqrt[c]*Sqrtla + b*x™2 - c*x
~4]1)1)/(2%Sqrt [2] *Sqrt [al *Sqrt [c]*d) + (Sqrt[-b + Sqrt[b~2 + 4xa*c]]*ArcTan
h[(Sqrt[-b + Sqrt[b~2 + 4*axc]]l*x*(b + Sqrt[b~2 + 4xaxc] - 2xc*x72))/(2*Sqr
t[2]*Sqrt [al *Sqrt [c]*Sqrt[a + b*x~2 - c*x"4]1)])/(2xSqrt [2]*Sqrt [a]l *Sqrt [c]*

d)

Rule 2072

Int[Sqrtl(a_) + (b_)*(x )72 + (c_.)*x(x_)"4]1/((d_) + (e_.)*(x_)"4), x_Symbo
1] :> With[{q = Sqrt[b~2 - 4x*axcl}, -Simp[(a*Sqrt[b + gl*ArcTan[(Sqrt[b + g
Ixxx(b - q + 2xc*x72))/(2*%Sqrt [2]*Rt [-(axc), 2]*Sqrtla + b*x"2 + c*xx"4]1)])/
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(2*%Sqrt[2]*Rt [-(a*c), 2]*d), x] + Simp[(a*Sqrt[-b + g]*ArcTanh[(Sqrt[-b + q
Ixxx(b + q + 2xc*x72))/(2*%Sqrt [2]*Rt [-(axc), 2]*Sqrtla + b*x"2 + c*xx"4]1)])/
(2xSqrt [2]1*Rt [-(axc), 2]xd), x]] /; FreeQ[{a, b, c, d, e}, x] && EqQ[cx*d +
axe, 0] && NegQ[axc]

Rubi steps
Vb+ Vb2+4ﬂCx(b—Vb2+4ac—2cx2) \/— _b_H/m
N -1 - - -
N y— A == ] b NP7+ dactan o
YT Tt g — .
f ad + cdx* 2 Javed 2\/5\/5\/561

Mathematica [C] time = 0.693984, size = 432, normalized size = 1.81

4cx? 2cx2 . . . | 3 dac+b2+b . i(b-“ﬂ
B, EllipticF (i sinh . V - _
\/ m_b”\/l N [ZIW‘E iptic (lsm (V2ry m+b)’b_m)+(b 21\/5\@11( o

aed -

Antiderivative was successfully verified.

[In] Integrate[Sqrtla + b*x"2 - c*x74]/(axd + cxd*x"4),x]

[Out] (8qrt[2 + (4xcxx"2)/(-b + Sqrt[b~2 + 4xa*xc])]*Sqrt[1 - (2*c*x~2)/(b + Sqrt[
b~2 + 4xaxc])]*((2xI)*Sqrt[al*Sqrt[c]*EllipticF [I*ArcSinh[Sqrt[2]*Sqrt[-(c/

(b + Sqrt[b~2 + 4*axc]))]*x], (b + Sqrt[b~2 + 4*axc])/(b - Sqrt[b~2 + 4xax*c

D1 + (b - (2%I)*Sqrt[al*Sqrtlc])*E1lipticPi[((-I/2)*(b + Sqrt[b~2 + 4xax*c]
))/(Sqrt[al*Sqrt[c]), I*ArcSinh[Sqrt[2]1*Sqrt[-(c/(b + Sqrt[b~2 + 4xaxc]l))]*

x], (b + Sqrt[b™2 + 4*a*xc])/(b - Sqrt[b™2 + 4*a*c])] - (b + (2xI)*Sqrt[a]*S
qrt[c])*E1lipticPi[((I/2)*(b + Sqrt[b~2 + 4*axc]))/(Sqrtlal*Sqrtlc]l), I*Arc
Sinh[Sqrt[2]*Sqrt[-(c/(b + Sqrt[b~2 + 4xaxc]))]*x], (b + Sqrt[b~2 + 4xax*c])

/(b - Sqrt[b~2 + 4x*axc])]))/(4xSqrtlal*Sqrt[c]l*Sqrt[-(c/(b + Sqrt[b~2 + 4x*a
*xc]))]*d*Sqrt[a + b*x"2 - c*x74])

Maple [B] time = 0.072, size = 568, normalized size = 2.4

2b —cx* + bx? 2 2
V2 \/b+\/4ac+b21n(w+£‘V—cx4+bx2+a\/b+\/4ac+b2+\/4ac+b2]+3;/— b+ V4

" 32acd x2 X acd
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((-c*xx"4+b*x"2+a) " (1/2)/(cxd*x"4+a*d) ,x)

[Out] -1/32/d%27(1/2)*(b+(4*axc+b™2)~(1/2))"(1/2)/a/cxbx1n((-c*xx~4+b*xx~2+a) /x~2+(

—ckxT4+b*x"2+a) " (1/2) %27 (1/2) /x* (b+ (d*a*xc+b”2) ~(1/2)) " (1/2)+(d*xaxc+b~2) ~(1/
2))+1/32/d*%27(1/2) *(b+(4*axc+b~2)~(1/2))~(1/2) /a/cx(4d*xaxc+b~2)~(1/2)*1n((-c
*X"4+b*x"2+a) /X7 2+ (—ckxT4+b*xx"2+a) " (1/2) %27 (1/2) /x*x (b+ (d*xa*xc+b”2) " (1/2))~ (1
/2)+(4*a*xc+b”2)"(1/2))-1/4/d%2~(1/2) / (-b+(4d*a*xc+b~2)~(1/2))~(1/2) *arctan(1/
2% (2% (—c*x"4+b*x"2+a) ~(1/2) %27 (1/2) /x+2* (b+(d*a*xc+b~2) ~(1/2))~(1/2))/ (-b+(4
*axc+b™2) " (1/2))"(1/2))+1/32/d*27 (1/2) * (b+(d*a*xc+b~2)~(1/2) )~ (1/2) /a/c*xbx1ln
((=c*x™4+b*x"2+a) " (1/2) %27 (1/2) /x* (b+(4d*xa*xc+b~™2) ~(1/2) )~ (1/2) - (~c*x~4+b*x"2
+a) /x"2-(d*xaxc+b~2) " (1/2))-1/32/d*27 (1/2) * (b+(4*axc+b~2) " (1/2))~(1/2) /a/c*(
dxaxc+b”2) " (1/2) *1In((—c*x"4+b*x"2+a) ~(1/2) %27 (1/2) /x* (b+(d*axc+b™2) ~(1/2))~
(1/2) - (—c*x"4+b*x"2+a) /x"2-(4*axc+b~2) ~(1/2))+1/4/d*2" (1/2) / (-b+(4*a*c+b~2)
~(1/2))"(1/2)*arctan(1/2* (2% (b+(4*a*xc+b~2) " (1/2)) " (1/2) -2*x (—c*x"4+b*x"2+a) "~

(1/2)%27(1/2) /x) / (-b+(4*a*xc+b™2) " (1/2))~(1/2))

Maxima [F] time = 0., size = 0, normalized size = 0.

f V—cxt +bx?2 +a

cdx* + ad

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-c*x~4+bxx~2+a)”~(1/2)/(c*d*x"4+a*xd),x, algorithm="maxima")

[Out] integrate(sqrt(-c*x~4 + b*x"2 + a)/(cxd*x~4 + a*xd), x)

Fricas [B] time = 22.6723, size = 1364, normalized size = 5.71

1
2acd? - -
aa acd4

acd?

8 o8|~

acd? cxt+a

Verification of antiderivative is not currently implemented for this CAS.

1 J Zacdzw/—ﬁ -b | V—cx* + bx? + aadﬂ/—ﬁ + V=cx* + bx? + ax? + (acd%%/—ﬁ - adx)
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[In] integrate((-c*x~4+b*x~2+a)” (1/2)/(cxd*x"4+a*xd) ,x, algorithm="fricas")

[Out] -1/8x*sqrt((2*xa*xc*d”2*sqrt(-1/(axc*d”4)) - b)/(a*c*d~2))*log(-(sqrt(-c*x~4 +
b*x~2 + a)*axd”"2*xsqrt(-1/(a*xc*xd~4)) + sqrt(-c*x"4 + b*x"2 + a)*x~2 + (axcx
d~3*x"3*sqrt(-1/(axcxd™4)) - axd*x)*sqrt((2*axcxd~2*sqrt(-1/(axc*d™4)) - b)
/(axcxd~2)))/(cxx™4 + a)) + 1/8*sqrt((2xa*xc*d”2*xsqrt(-1/(a*xc*d™4)) - b)/(ax
c*d”2) ) *log(-(sqrt(-c*x"4 + b*x"2 + a)*a*d™2*sqrt(-1/(axc*d”4)) + sqrt(-c*x
T4 + b*xx72 + a)*x72 - (axcxd"3*x"3*ksqrt(-1/(a*xcxd"4)) - axd*x)*sqrt((2xaxcx
d"2*sqrt(-1/(axc*d™4)) - b)/(axc*d”2)))/(c*x"4 + a)) - 1/8*sqrt(-(2*a*xc*d~2
xsqrt(-1/(axcxd™4)) + b)/(axc*xd™2))*log((sqrt(-c*x"4 + b*xx~2 + a)*a*xd™2*sqr
t(-1/(a*xc*xd™4)) - sqrt(-c*x™4 + b*xx"2 + a)*x”2 + (a*xcxd™3*x"3*sqrt(-1/(a*cx*
d~4)) + axd*x)*sqrt(-(2%axcxd"2*sqrt(-1/(axc*d™4)) + b)/(axcxd~2)))/(cxx"4
+ a)) + 1/8xsqrt(-(2%a*xcxd~2*xsqrt(-1/(a*xc*xd~4)) + b)/(a*cxd~2))*log((sqrt(-
c*x"4 + bxx"2 + a)*axd"2*sqrt(-1/(axc*d”4)) - sqrt(-c*x™4 + b*xx"2 + a)*x"2
- (axc*d™3*x"3*sqrt(-1/(axcxd™4)) + axd*x)*sqrt(-(2xa*xc*d™2*xsqrt(-1/(a*xc*d”
4)) + b)/(a*xc*d”2)))/(c*x™4 + a))

Sympy [F] time = 0., size = 0, normalized size = 0.

f Va+bx2—cxt
a+ext
d

dx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-ckx*x*x4+b*xxx*2+a)**(1/2)/(cxd*x**4+ax*xd) ,x)

[Out] Integral(sqrt(a + b*x**2 - cxx*x4)/(a + cxx*x4), x)/d

Giac [F] time = 0., size = 0, normalized size = 0.

f V—cxt+bx2+a

cdx* + ad

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((-c*x~4+b*x~2+a)”~(1/2)/(c*d*x"4+a*xd),x, algorithm="giac")

[Out] integrate(sqrt(-c*x™4 + b*x"2 + a)/(c*d*x"4 + axd), x)
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3.37 fx\/c +ex + dx2 Va2 + 2abx? + b2x4 dx

Optimal. Leaf size=309

32
Va2 + 2abx? + b2x4 (c +dx? + ex) ! (—80ad2 + 32bcd + 42bdex — 35bez) eVa? + 2abx? + b2x4(2dx + e)Ve + dx? +
- +
24045 (a + bx?) 12844 (a + bx?

[Out] (ex(12*bxc*d - 16%a*xd™2 - 7Txb*e"2)x(e + 2xd*x)*Sqrt[c + exx + d*x~2]*Sqrt(a
T2 + 2%a*xbxx”2 + bT2xx74])/(128*%d"4*(a + b*x"2)) + (b*x"2*%(c + e*x + d*x"2)
~(3/2)*Sqrt[a”2 + 2%axb*x"2 + b"2%x74])/(5xd*(a + b*x"2)) - ((32%b*c*xd - 80
xa*xd”2 - 35xb*e”2 + 42xbxdxe*xx)*x(c + e*xx + d*x72)7(3/2)*Sqrt[a”2 + 2*axbxx”

2 + b™2xx74])/(240*%d"3*(a + b*x"2)) + (ex(4xcxd - e72)*(12%b*cxd - 16%a*xd”2

- Txb*xe~2)xSqrt[a”2 + 2%a*b*x~2 + b~2*x"4]*ArcTanh[(e + 2*xdx*x)/(2*Sqrt[d]*
Sqrtlc + exx + d*x"2]1)]1)/(256%d~(9/2)*(a + b*x"2))

Rubi [A] time = 0.625224, antiderivative size = 309, normalized size of antiderivative

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 38, e -

0.158, Rules used = {6744, 1653, 779, 612, 621, 206}

integrand size

32
Va2 + 2abx? + b2x* (c +dx? + ex) ; (—80ad2 + 32bcd + 42bdex — 35b62) eVa? + 2abx? + b2x4(2dx + e)Ve + dx? +
— + \
24043 (a + bx?) 1284 (a + bx?

Antiderivative was successfully verified.

[In] Int[x*Sqrtlc + e*xx + d*x~2]*Sqrt[a”2 + 2*xaxb*x~2 + b~ 2%x74],x]

[Out] (ex(12*bxc*d - 16%a*xd™2 - Txb*e"2)x(e + 2xd*x)*Sqrt[c + exx + d*x~2]*Sqrt[a
T2 + 2%axbxx"2 + b72*xx74])/(128+%d"4*(a + b*x"2)) + (b*x"2%(c + exx + d*x72)
~(3/2)*Sqrt[a”2 + 2%axbxx”2 + b"2xx74])/(5*xd*(a + b*x72)) - ((32*bxcxd - 80
xa*xd”2 - 3b5%bxe”2 + 42%bkxd¥e*xx)*(c + e*xx + d*x"2)7(3/2)*Sqrt[a”2 + 2*axb*x”

2 + b72xx74])/(240%d"3*(a + b*x"2)) + (ex(4*c*xd - e72)*(12%b*ckd - 16%axd™2

- Txb*xe"2)xSqrt[a”2 + 2%a*xb*x"2 + b~2*xx"4]*ArcTanh[(e + 2*xdx*x)/(2*Sqrt[d]*
Sqrtlc + exx + d*x72])])/(256*%d~(9/2)*(a + b*x"2))

Rule 6744

Int[(u_)*((a_) + (b_)*(x_)"(n_.) + (c_)*(x_)"(m2_.))"(p_), x_Symbol] :>D
ist[Sqrtla + b*x™n + c*x~(2*n)]1/((4*c)~(p - 1/2)*(b + 2*c*x"n)), Int[ux(b +
2xc*x"n) ~(2%p), x1, x] /; FreeQ[{a, b, ¢, n, p}, x] & EqQ[n2, 2*n] && EqQ
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[b~2 - 4xaxc, 0] && IntegerQ[p - 1/2]

Rule 1653

Int [(Pq_)*((d_.) + (e_.)*x(x_))"(m_.)*((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p
), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]}, S
imp[(fx(d + exx)"(m + g - 1)*(a + bxx + c*xx"2)"(p + 1))/(c*xe”(q - 1)*(m + q
+ 2%p + 1)), x] + Dist[1/(cxe"gqx(m + q + 2%p + 1)), Int[(d + exx)"m*x(a + b
*x + c*x”2) pxExpandToSum[c*e~q*(m + q + 2%p + 1)*Pq - cxf*(m + q + 2%xp + 1
)*(d + exx)”q - £*x(d + e*xx)”(q - 2)*(bxd*ex(p + 1) + a*xe™2x(m + q - 1) - c*
d™2%(m + g + 2*%p + 1) - ex(2%cxd - bxe)*(m + q + p)*x), xJ, x], x] /; GtQlqg
, 11 && NeQ[m + q + 2xp + 1, 0]] /; FreeQ[{a, b, c, d, e, m, p}, x] && Poly
Q[Pq, x] && NeQ[b~™2 - 4xaxc, 0] && NeQ[c*xd~2 - bxd*xe + axe”2, 0] && !(IGtQ
[m, O] &% RationalQ[a, b, c, d, e] && (IntegerQ[p] || ILtQ[p + 1/2, 0]))

Rule 779

Int[((d_.) + (e_)*(x_))*((£_.) + (g_)*x(x_))*((a_.) + (b_.)*(x_) + (c_.)*(
x_)72)"(p_), x_Symbol] :> -Simp[((bxexgkx(p + 2) - cx(exf + dxg)*(2*p + 3) -
2xckexgx(p + 1)*x)*(a + b*x + c*xx"2) " (p + 1))/(2*%c™2*(p + L)*x(2*p + 3)), x
] + Dist[(b™2%exgx(p + 2) - 2%akxcxe*xg + cx(2xckxd*f - bkx(exf + dxg))*(2*xp +
3))/(2xc™2x(2*p + 3)), Int[(a + b*x + c*x"2)7p, x], x] /; FreeQ[{a, b, c, d
, e, £, g, p}, x] && NeQ[b™2 - 4xaxc, 0] && !'LeQ[p, -1]

Rule 612

Int[((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2xc*x
Y*x(a + b*x + cxx"2)7p)/(2*%cx(2*%p + 1)), x] - Dist[(p*(b~2 - 4*axc))/(2xc*(2
xp + 1)), Int[(a + b*x + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4xp]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%cxx)/Sqrtla + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] |l LtQ[b, 01)

Rubi steps
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Va2 + 2abx? + b2x4 fx (Zab + 2b2x2) Ve + ex + dx? dx

fx\/c +ex + dx2Va? + 2abx? + b2x4 dx =

2ab + 2b%x?
2
bx? (c +ex+dx?) Va?+2abx® + B2x* Va2 + 2abx® + b2x4 f x (—2b(2b
= +
5d (a + bx?) 5d (2al

312
/ Va2 + 2abx2 + b2x4 (32bcd — 80ad? — 35be? + 42bde

5d (a + be) 240

e (12bcd — 16ad? — 7be?) (e + 2dx)Vc + ex + dx2Va2 + 2abx? + b2x*  bx>

( (

= +
12844 (a + bxz)

e (12bcd — 16ad? — 7be?) (e + 2dx) Ve + ex + dx®Va? + 2abx? + b2x*  bx?

(

= +
12844 (a + bxz)

e (12bcd — 16ad? — 7be?) (e + 2dx) Ve + ex + dx2Va? + 2abx? + b2x*  bx?

(

= +
128d* (a + bx?)

Mathematica [A] time = 0.345258, size = 214, normalized size = 0.69

(a+b:2)" (2\/3\/c + 2 + 0) (80ad? (8cd + 8d2x% + 2dex — 3e2) + b (~256¢22 + ded (32422 — 58dex + 115¢%) — 5¢
3840492 (a 4

Antiderivative was successfully verified.

[In] Integratel[x*Sqrtlc + exx + d*x"2]*Sqrt[a”2 + 2*axb*x"2 + b~ 2*x74],x]

[Out] (Sqrtl(a + b*x~2)~2]*(2*Sqrt[d]*Sqrtlc + x*(e + d*x)]*(80*a*d™2*(8*c*xd - 3%
e”2 + 2kd¥exx + 8*d"2xx72) + b*(-256%c”2+%d"2 - 105%e”4 + 70*d*e”3*x - 56%d”
2%xe”2xx72 + 48%d"3*exx”3 + 384xd74*x74 + 4xckdx(115%e”2 - b8*dxe*xx + 32xd”2
*x72))) + 1bkex(-4*cxd + e"2)*(-12%bxc*d + 16*a*xd”2 + 7*bkxe~2)*ArcTanh[(e +
2xd*x) / (2*%Sqrt [d] *Sqrt[c + x*(e + d*x)])]))/(3840%d~(9/2)*(a + b*x~2))

Maple [A] time = 0.018, size = 442, normalized size = 1.4

1 2 32 3/2 3
BI00E T 38100\ / (bx2 + a) [768 d4°2 (xzd +ex + c) / x2b — 672 d7/? (xzd +ex + c) / xbe + 1280 d°/2 (xzd +ex + c) /
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Verification of antiderivative is not currently implemented for this CAS.

[In] int(x*x(d*x"2+exx+c)~(1/2)*((b*x"2+a)~2)~(1/2),x)

[Out] 1/3840*((b*xx~2+a)~2)~(1/2)*(768*d~ (9/2) * (d*x~2+e*x+c) ~(3/2) *x~2*b-672*d~(7/
2) x (d*x"2+exx+c) " (3/2) *x*xbxe+1280*d~ (9/2) * (d*x~2+exx+c) ~(3/2)*a-512*d~(7/2)
* (d*x"2+ex*xx+c) " (3/2) *bxc+560*d~ (5/2) * (d*x~2+ex*xx+c) ~(3/2) *b*xe~2-960*d~ (9/2) *
(d*x"2+exx+c) "~ (1/2) *x*xaxe+720%d™ (7/2) * (d*x~2+exx+c) " (1/2) *x*xb*xcxe—-420%d~ (5/
2) % (d*x"2+e*xx+c) " (1/2) *x*xb*xe~3-480+d" (7/2) * (d*x"2+e*xx+c) ~(1/2) *a*xe™2+360*d"
(5/2)* (d*x"2+e*x+c) " (1/2) *bxcxe~2-210%d"~ (3/2) * (d*x"2+e*xx+c) ~(1/2) *b*xe~4-960
*1n(1/2% (2% (d*x"2+e*xx+c) ~(1/2)*d~ (1/2) +2*xd*x+e) /d~ (1/2) ) *a*c*d~4*e+240*1n (1
/2% (2% (d*x™2+e*x+c) ~(1/2)*d~ (1/2) +2*xd*x+e) /d~(1/2) ) *a*d~3*xe~3+720%1n(1/2* (2
*(d*x"2+ex*xx+c) " (1/2)*d™ (1/2) +2*d*x+e) /A~ (1/2) ) *b*xc~2xd~3*e-600*1n (1/2* (2% (d
*x"2+e*x+c) T (1/2) *d” (1/2) +2xd*x+e) /A~ (1/2) ) *b*xcxd"2xe~3+105x1n (1/2* (2 (d*x~
2+exx+c) " (1/2)*d~ (1/2) +2*xd*x+e) /d~(1/2) ) xb*d*e~5) / (b*x~2+a) /d~(11/2)

Maxima [F] time = 0., size = 0, normalized size =

f\/dx2+ex+c\/ bx2+a xdx

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(d*x~2+e*xx+c)~(1/2)*((b*xx~2+a)~2)~(1/2),x, algorithm="maxima"

[Out] integrate(sqrt(d*x™2 + exx + c)*sqrt((b*x"2 + a)~2)*x, x)

Fricas [A] time = 2.05082, size = 1118, normalized size = 3.62

15 (7 be® -8 (5 bed -2 adz)e3 +16 (3 bc?d? - 4acd3)e)\/alog (8 4232 + 8dex + 4 Vdx2 + ex + c2dx + e)Vd + 4 cd +

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(d*x~2+e*xx+c)~(1/2)*((b*x~2+a)~2)~(1/2),x, algorithm="fricas")

[Out] [1/7680%(15%(7*b*e”5 - 8% (5xbxckxd — 2*a*xd"2)*e”3 + 16*(3*xbxc”™2*%d"2 - 4*xaxc*
d"3)xe)*sqrt (d) *Log(8*d~2*x"2 + 8xd*exx + 4xsqrt(d*x~2 + e*x + c)*(2*d*x +
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e)*sqrt(d) + 4xc*xd + e72) + 4x(384xb*xd"5*x"4 + 48xbxd 4d*e*xx"3 - 256%bkxc”2xd
3 + 640*a*c*d™4 - 105*bxdxe”4 + 20%(23*b*c*d”™2 - 12*axd~3)*e”2 + 8% (16*b*c
*d"4 + 80*a*xd”™5 - T*xbxd"3*e”2)*x72 + 2% (35*xb*d"2*e”3 - 4*(29*bxc*d~3 - 20*a
xd~4)*e)*x)*sqrt (d*x"2 + exx + c))/d~5, -1/3840%(15*(7*b*e”5 - 8*(5*bxc*d -
2%axd~2)*e”3 + 16%(3xbxc”2*%d"2 - 4xaxc*d”~3)*e)*sqrt(-d)*arctan(1l/2*sqrt (dx*
X72 + exx + c)*(2xd*xx + e)*sqrt(-d)/(d"2+x"2 + d¥exx + c*d)) - 2%(384*b*d~5
*x74 + 48%b*d"4*exx”3 - 256*%b*c”2+%d"3 + 640*a*c*d”4 - 105%¥bxd*xe”4 + 20% (23x%
bxcxd"2 - 12xa*d~3)*e”2 + 8*(16*bxcxd™4 + 80*a*d™5 - T7T*b*d"3*e”2)*x"2 + 2% (
35%bxd"2%e”3 - 4% (29xb*cxd”3 - 20%a*d"4)*e)*x)*sqrt(d*x~2 + e*xx + c))/d"5]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate (x*(d*x**2+exx+c)**(1/2)* ((b*x**2+a)**2)**(1/2),x)

[Out] Timed out

Giac [A] time = 1.1943, size = 486, normalized size = 1.57

1 besgn (bx? + a 16 bed®sgn (bx? + a) + 80 ad*sgn (bx? + a) — 7 be
1950 dxz+xe+c(2[4(6[8bxsgn(bx2+a)+ & (d )x+ & ( ) gd4( )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate(x*(d*x~2+e*xx+c)~(1/2)*((b*xx"2+a)”~2)7(1/2),x, algorithm="giac")

[Out] 1/1920*sqrt(d*x”~2 + xxe + c)*(2x(4x(6*(8*b*xx*xsgn(b*x~2 + a) + b*exsgn(b*x~2
+ a)/d)*x + (16*%bxc*d"3*sgn(b*x~2 + a) + 80*a*d~4*sgn(b*x~2 + a) - 7*bxd"2
xe"2xsgn(b*x~2 + a))/d"4)*x - (116xbxc*d~2*exsgn(b*x~2 + a) - 80*axd~3*e*sg
n(b*x"2 + a) - 3b*b*xd*e"3*sgn(b*x"2 + a))/d"4)*x - (256%bxc~2*d"2*sgn(b*x~2

+ a) - 640*a*xcxd”3*sgn(b*x~2 + a) - 460*bkxcxd*e”2*sgn(b*x”2 + a) + 240%axd
“2%e”2xsgn(b*x”2 + a) + 105xbxe”4xsgn(b*x”2 + a))/d™4) - 1/256%(48xb*c”~2%d”
2xexsgn(b*x~2 + a) - 64xaxcxd”3*exsgn(b*x”2 + a) - 40*xbxckdxe”3*sgn(b*xx~2 +

a) + 16xaxd~2*xe”3xsgn(b*x"2 + a) + 7*b*e bxsgn(b*x”~2 + a))*log(abs(-2*(sqr
t(d)*x - sqrt(d*x™2 + x*e + c))*sqrt(d) - e))/d~(9/2)
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3.38 f\/c +ex + dx2Va? + 2abx? + b2xt dx

Optimal. Leaf size=283

Va2 + 2abx? + b2x*(2dx + e)Ve + dx? + ex (~16ad? + 4bcd - 5be?) Va2 +2abx? + b2t (4ed ~ ¢2) (_16”512 + 4bed

64d3 (a + bxz) 1284712 (a + bxz)

[Out] -((4*b*cxd - 16%a*xd”™2 - bxbxe~2)*(e + 2*d*x)*Sqrt[c + exx + d*x~2]*Sqrt[a~2
+ 2%axbxx"2 + b"2xx74])/(64xd"3*(a + b*x"2)) - (Hxb*ex(c + exx + d*x"2)7(3
/2)*Sqrt[a”2 + 2*a*xb*x~2 + b"2*xx"4])/(24*d"2x(a + b*x"2)) + (b*xx(c + exx +
d*x72) " (3/2)*Sqrt[a”™2 + 2*axb*x"2 + b~2*x"4])/(4xd*(a + b*x"2)) - ((4*c*d

- e72)*(4xbkxcxd - 16%a*d”2 - bxb*xe”2)*Sqrt[a”2 + 2*%axb*x"2 + b~2*x"4]*ArcTa
nh[(e + 2*xdx*x)/(2+Sqrt[d]*Sqrtlc + e*x + d*x~2])]1)/(128%d~(7/2)*(a + b*x"2)

)

Rubi [A] time = 0.340535, antiderivative size = 283, normalized size of antiderivative

. . ber of rul
1., number of steps used = 6, number of rules used = 6, integrand size = 37, e -

0.162, Rules used = {6744, 1661, 640, 612, 621, 206}

integrand size

Va2 + 2abx? + b2x*(2dx + e)Ve + dx? + ex (~16ad? + 4bed - 5be?) Va2 +2abx? + b2t (4ed ~ ¢2) (_16”‘12 + 4bed

643 (a + bx2) 128d”2(a-+bx2)

Antiderivative was successfully verified.

[In] Int[Sqrtlc + e*x + d*x~2]*Sqrt[a”2 + 2*a*xb*x~2 + b~2*x"4],x]

[Out] -((4*b*cxd - 16%a*d”2 - bxbxe”2)*(e + 2*xd*x)*Sqrt[c + exx + d*x~2]*Sqrt[a~2
+ 2xaxb*x”2 + b72%x74])/(64%d"3*%(a + b*x"2)) - (bkb*ex(c + exx + d*x"2)7(3
/2)*Sqrt[a”2 + 2*a*xb*x~2 + b"2*xx"4])/(24*d"2x(a + b*x"2)) + (b*xx(c + exx +
d*x"2) 7 (3/2)*Sqrt[a”2 + 2*axb*x"2 + b"2*x74])/(4*xd*(a + b*x"2)) - ((4*c*xd

- e72)x(4xbxc*d - 16%a*xd”2 - bxb*xe”2)*Sqrt[a”2 + 2%axb*x~2 + b~ 2*x"4]*ArcTa
nh[(e + 2*xdx*x)/(2%Sqrt[d]*Sqrtlc + e*xx + d*x~2])]1)/(128%d~(7/2)*(a + b*x"2)

)

Rule 6744

Int[(u_)*((a_) + (b_)*(x_)"(n_.) + (c_)*(x_)"(m2_.))"(p_), x_Symbol] :>D
ist[Sqrtla + b*x™n + c*x~(2*n)]1/((4*c)~(p - 1/2)*(b + 2*c*x"n)), Int[ux(b +
2xc*x"n) " (2%p), x1, x] /; FreeQ[{a, b, ¢, n, p}, x] & EqQ[n2, 2*n] && EqQ
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[b~2 - 4xaxc, 0] && IntegerQ[p - 1/2]

Rule 1661

Int[(Pg )*x((a_.) + (b_)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol] :> With[{q =
Expon[Pq, x], e = Coeff[Pq, x, Expon[Pq, x]1}, Simp[(exx~(q - 1)*(a + b*x +
c*x”2) (p + 1))/(c*x(q + 2*%p + 1)), x] + Dist[1/(cx(q + 2*xp + 1)), Int[(a +
b*x + c*x72) “p*ExpandToSum[cx(q + 2*p + 1)*Pq - a*ex(q - 1)*x~(q - 2) - bx
ex(q + p)*x~(q - 1) - cxex(q + 2*p + 1)*x°q, x], x], x]] /; FreeQ[{a, b, c,
p}, x] && PolyQ[Pq, x] && NeQ[b~2 - 4*axc, 0] && !LeQ[p, -1]

Rule 640

Int[((d_.) + (e_.)*x(x_))*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_), x_Symbol
1 :> Simp[(ex(a + b*x + c*xx"2)7(p + 1))/ (2xcx(p + 1)), x] + Dist[(2*%cxd - b
xe)/(2%c), Int[(a + b¥x + c*x"2)7p, x], x] /; FreeQ[{a, b, ¢, d, e, p}, xIJ
&& NeQ[2*c*d - bxe, 0] && NeQ[p, -1]

Rule 612

Int[((a_.) + (b_D)*(x_) + (c_)*(x_)"2)"(p_), x_Symbol] :> Simp[((b + 2xc*x
Y*x(a + bxx + c*¥x72)7p)/(2*xc*(2*%p + 1)), x] - Dist[(p*(b"2 - 4*axc))/(2*c*(2
*p + 1)), Int[(a + b*x + c*x"2)"(p - 1), x], x] /; FreeQ[{a, b, c}, x] & N
eQ[b~2 - 4xaxc, 0] && GtQ[p, 0] && IntegerQ[4xp]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2xcxx)/Sqrtla + b*x + cxx"2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~"2 - 4xaxc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rt[a, 2]]1)/(Rt[a, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rubi steps
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Va2 + 2abx? + b2x4 f (Zab + szxz) Ve + ex + dx? dx

f\/c +ex + dx2Va2 + 2abx2 + b2xt dx =

2ab + 2b%x?
3/2
bx (c +ex + de) ! Va2 + 2abx? + b2x* Va2 + 2abx? + b2xt f (—Zb(bc -
= +
4d (a + bx2) 4d (2ab

5be (c +ex + dx2)3/2 Va2 +2abx? + b2x*  bx (c +ex + dxz)a/2 Va? + 2ab
- 2442 (a + bxz) " 4d (a + bxz)

(4bcd —16ad® - 5bez) (e + 2dx)Vc + ex + dx2Va? + 2abx® + b2x*  5be (c
6443 (a + bx2)

(4bcd —16ad? - 5bez) (e + 2dx)Vc + ex + dx2Va? + 2abx® + b2x*  5be (c
6443 (a + bxz)

(4bcd —16ad? - 5bez) (e + 2dx)Vc + ex + dx2Va? + 2abx® + b2x*  5be (c
64d3 (a + bxz)

Mathematica [A] time = 0.231036, size = 168, normalized size = 0.59

\ (a + bxz)2 (2\/3\/0 + x(dx +e) (48ad2(2dx +e)+b (4_cd(6dx —13e) + 8d%ex? + 484%x3 — 10de*x + 1563)) -3 (4cd -

384472 (a + bx2)

Antiderivative was successfully verified.

[In] Integratel[Sqrtlc + e*xx + d*xx~2]*Sqrt[a”2 + 2%axb*xx™2 + b72xx74],x]

[Out] (Sqrt[(a + b*x~2)~2]*(2*Sqrt[d]*Sqrtlc + x*(e + d*x)]*(48%a*d"2*(e + 2*d*x)
+ b*(15%e”3 - 10*d*e”2*x + 8*d 2*e*x"2 + 48*d"3*x"3 + 4xckxd*(-13%e + 6*xd*x

))) - 3x(4*xcxd - e72)x(4*bxckd - 16xa*d”2 - bxbke~2)*ArcTanh[(e + 2xdx*x)/(2
*Sqrt [d]*Sqrt[c + x*(e + d*x)]1)]1))/(384*d~(7/2)*(a + b*x"2))

Maple [A] time = 0.008, size = 373, normalized size = 1.3

1

2 ) 32
YT (bx2 + a) (96 a7 (xzd +ex + c) ! xb — 80 d°2 (xzd +ex + c) ! be + 192 d°2Vx2d + ex + cxa — 48 ¢
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Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x"2+exx+c)”(1/2)*((b*x"2+a)~2)"(1/2),x)

[Out] 1/384x*((b*x"2+a)”~2)~(1/2)*(96*d" (7/2) * (d*x"2+e*x+c) "~ (3/2) *x*b-80*d~ (5/2) *(d
*x"2+e*x+c) " (3/2) *bxe+192xd”~ (9/2) * (d*x"2+ex*xx+c) " (1/2) *x*xa-48*d~ (7/2) * (d*x~2
+ex*xx+c) " (1/2) *x*xbxc+60%d~ (5/2) * (A*x™2+e*xx+c) ~ (1/2) *x*b*e~2+96*d~ (7/2) * (d*x~
2+exx+c) " (1/2) *axe—-24*d" (5/2) * (d*x"2+exx+c) " (1/2) *bxc*e+30*%d~ (3/2) * (d*xx"2+e

*x+c) " (1/2) *b*e~3+192*1n (1/2% (2% (d*x"2+ex*xx+c) ~(1/2) *d~ (1/2) +2*d*x+e) /A" (1/2
))*xa*xc*xd"4-48*1n(1/2*% (2% (d*xx"2+exx+c) ~(1/2) *d~ (1/2) +2*xd*x+e) /d~(1/2) ) *a*d~3
*e72-48*1n(1/2* (2x (d*x~2+e*x+c) ~(1/2)*d~ (1/2) +2*d*x+e) /d~ (1/2) ) *b*xc~2*xd~3+7
2%1n(1/2*% (2% (d*x~2+e*xx+c) ~(1/2)*d~ (1/2) +2*d*x+e) /d~(1/2) ) *b*c*d"2*xe~2-15%1n

(1/2% (2% (d*x~2+ex*xx+c) " (1/2)*d~ (1/2) +2*d*x+e) /A~ (1/2) ) *bxd*e~4) / (b*x"2+a) /4~

(9/2)

Maxima [F] time = 0., size = 0, normalized size =

f‘\/dxz +ex+c\/ bx2 +a

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+exx+c)”(1/2)*((b*x~2+a)~2)"(1/2),x, algorithm="maxima")

[Out] integrate(sqrt(d*x~2 + exx + c)*sqrt((b*x~2 + a)~2), x)

Fricas [A] time = 1.92417, size = 857, normalized size = 3.03

3 (16 bc?d? — 64 acd® + 5be* - 8 (3 bed -2 adz)eZ)\/Elog (8 A2 + 8dex — 4 Vdx2 + ex + c2dx + e)Vd + 4cd + ez) +.

768 d*

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+exx+c)”(1/2)*((b*x~2+a)~2)~(1/2),x, algorithm="fricas")

[Out] [1/768*(3%(16%b*c™2*%d™2 - 64*axcxd™3 + bxbxe™4 - 8x(3*bkckd - 2%a*xd~2)*e”2)
xsqrt (d) *Log(8*d~2*x"2 + 8xd*exx — 4xsqrt(d*x™2 + e*xx + c)*(2*%d*x + e)*sqrt



237

(d) + 4*cxd + e72) + 4*x(48*bxd~4xx"3 + 8*b*d~3*e*x”2 + 15xbxd*xe~3 - 4% (13%*b
xc*d”2 - 12%axd”3)*e + 2x(12*bxc*d~3 + 48%axd”"4 - B*xbxd~2%e”2)*x)*sqrt (d*x”
2 + exx + ¢))/d”4, 1/384x(3x(16%b*c™2+%d"2 - 6B4*a*xcxd™3 + 5xbxe”4 - 8+ (3*b*c
xd - 2%a*xd"2)*e”2)*sqrt(-d)*arctan(1/2*sqrt(d*x~2 + exx + c)*(2xd*x + e)*sq
rt(-d)/(d"2*x"2 + dxexx + c*d)) + 2*%(48*b*xd"4*x"3 + 8*b*d " 3*e*x"2 + 15*xb*xdx*
e”3 - 4% (13*b*c*d™2 - 12*a*d”3)*e + 2*x(12*b*c*d~3 + 48*a*xd™4 - 5xb*d"2xe”2)
*x)*sqrt (d*x~2 + e*xx + c¢))/d"4]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x*x2+e*xx+c)*x(1/2)* ((bxx**2+a)**2)x*(1/2) ,x)

[Out] Timed out

Giac [A] time = 1.15152, size = 358, normalized size = 1.27

1 besgn (bx? + a 12 bed?sgn (bx? + a) + 48 ad®sgn (bx? + a) — 5 bde?
) dx? +xe+c(2(4(6bxsgn (bx2 +a) $ 28 (d ) X + & ( ) gdB( )

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+exx+c)”(1/2)*((b*x~2+a)~2)"(1/2),x, algorithm="giac")

[Out] 1/192%sqrt(d*x~2 + x*e + c)*(2*(4*(6xb*x*sgn(b*xx~2 + a) + bkxexsgn(b*x"2 + a
)/d)*x + (12%bxc*d”"2*sgn(b*x”2 + a) + 48*a*xd™3xsgn(b*x™2 + a) - b¥b*dke™2xs
gn(b*x~2 + a))/d"3)*x - (52*b*c*d*e*sgn(b*x”2 + a) - 48%a*xd”2%exsgn(b*x~2 +

a) - 15xb*e”3*sgn(b*x”2 + a))/d”~3) + 1/128%(16*b*c™2*%d"2xsgn(b*x"2 + a) -
64*xaxcxd"3xsgn(b*x”2 + a) - 24xbxckdxe”2xsgn(b*xx”2 + a) + 16%axd”~2xe”2*sgn(
b*xx~2 + a) + b5xbxe"4xsgn(b*x~2 + a))*log(abs(-2*(sqrt(d)*x - sqrt(d*x~2 + x

xe + c))*sqrt(d) - e))/d~(7/2)
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Vetex+dx2Va2+2abx2+b2x4
339 | - dx

Optimal. Leaf size=286

-1 2dx+e
Va2 1 2abx2 + D2x3e + do2 + ex (8ad2 —obdex — bez) X eVa? + 2abx? + b2x* (8ad2 -b (4cd - ez)) tanh (W
842 (a + bxz) 16452 (a + bxz)
[Out] ((8*a*xd™2 - b*e”2 - 2xb*d*exx)*Sqrt[c + exx + d*x"2]*Sqrt[a”2 + 2*axb*x~2 +
b~2xx74]) /(8*%d"2*(a + b*x"2)) + (b*x(c + e*x + d*x72)7(3/2)*Sqrt[a”2 + 2*ax
b*x”2 + b72xx74])/(3*xd*(a + b*x"2)) + (ex(8*a*d™2 - bx(4*cxd - e72))*Sqrt[a
T2 + 2%a*xbxx"2 + b"2xx"4]*ArcTanh[(e + 2*xd+*x)/(2*Sqrt[d]*Sqrtlc + e*xx + d*x
~2]1)1)/(16%d~(5/2)*(a + b*x7"2)) - (axSqrtlcl*Sqrt[a”2 + 2*axb*x"2 + b~2*x"4
IxArcTanh[(2*%c + e*xx)/(2xSqrtlcl*Sqrtlc + exx + d*x"2])])/(a + b*x~2)
Rubi [A] time = 0.75443, antiderivative size = 286, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 7, integrand size = 40, % =
0.175, Rules used = {6744, 1653, 814, 843, 621, 206, 724}
-1 2dx+e
Va2 + 2abx® + b2x*Ve + dx? + ex (8ad2 — 2bdex — beZ) N eVa? + 2abx? + b2t (8ad2 —b (4Cd - ez)) tanh (m
842 (a + bxz) 16452 (a + bxz)

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + exx + d*x"2]*Sqrt[a”2 + 2*axb*x~2 + b~2*x"4])/x,x]

[Out] ((8*a*d™2 - b*e™2 - 2*b*d*e*x)*Sqrtc + exx + d*x"2]*Sqrt[a”2 + 2xaxbxx~2 +
b~2%x74])/(8%d"2x(a + b*xx"2)) + (b*(c + exx + d*x~2)7(3/2)*Sqrt[a”2 + 2*ax
b*x”2 + b72xx74])/(3*d*(a + b*x"2)) + (ex(8*a*d™2 - bx(4*xcxd - e72))*Sqrt[a

T2 + 2%a*xbxx"2 + b"2xx"4]*ArcTanh[(e + 2*xd*x)/(2*Sqrt[d]*Sqrtlc + e*xx + d*x
~21)1)/(16%d~(5/2)*(a + b*x72)) - (axSqrtlcl*Sqrt[a”2 + 2*axb*x"2 + b~2*x"4
IxArcTanh[(2*%c + e*xx)/(2xSqrtlcl*Sqrtlc + exx + d*x"2])])/(a + b*x~2)

Rule 6744

Int[(u)*((a)) + (b_)*(x )" (n_.) + (c_)*xx_)"(m2_.))"(p_), x_Symbol] :> D
ist[Sqrtla + b*x™n + cxx~(2*n)]/((4xc)~(p - 1/2)*(b + 2xc*x"n)), Int[ux(b +
2xcxx"n) " (2*p), x], x] /; FreeQ[{a, b, ¢, n, p}, x] & EqQ[n2, 2*n] && EqQ
[b~2 - 4xaxc, 0] && IntegerQ[p - 1/2]
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Rule 1653

Int [(Pq_)*((d_.) + (e_.)*(x_)) " (m_.)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p
_), x_Symbol] :> With[{q = Expon[Pq, x], f = Coeff[Pq, x, Expon[Pq, x]]}, S
imp[(fx(d + exx)"(m + q - D*(a + bxx + c*x"2)"(p + 1))/(c*xe™(q - D*(m + q
+ 2%p + 1)), x] + Dist[1/(cxe”g*x(m + q + 2*%p + 1)), Int[(d + e*x) " mx(a + b
*x + c*x”2) pxExpandToSum[c*e”q*(m + q + 2%p + 1)*Pq - cxf*(m + q + 2%xp + 1
)*(d + exx)7q - f*x(d + exx)”"(q - 2)*(bxd*ex(p + 1) + a*xe™2%(m + q - 1) - c*
d™2x(m + q + 2%p + 1) - e*x(2*cxd - bxe)*x(m + q + p)*x), x], x], x] /; GtQlq
, 11 && NeQ[m + q + 2%p + 1, 0]] /; FreeQ[{a, b, ¢, d, e, m, p}, x] & Poly
Q[Pq, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*d~2 - bxd*e + a*e”2, 0] && !(IGtQ
[m, 0] && RationalQ[a, b, c, d, el && (IntegerQlpl || ILtQ[p + 1/2, 01))

Rule 814

Int[((d_.) + (e_.)*(x_))"(m )*((f_.) + (g_)*x(x_))*((a_.) + (b_.)*(x_) + (c
_D)*(x_)72)"(p_.), x_Symbol] :> Simp[((d + e*x)"(m + 1)*(ckxexfx(m + 2%p + 2
) — gx(c*xd + 2xcxd*p - bxexp) + gxckxex(m + 2%p + 1)*x)*(a + b*x + c*x”2) p)
/(cxe”™2x(m + 2*%p + 1)*(m + 2*p + 2)), x] - Dist[p/(c*xe™2x(m + 2*p + 1)*(m +
2xp + 2)), Int[(d + e*xx) m*x(a + bxx + c*x72)7(p - 1)*Simp[cxe*xfx(bxd - 2xa
xe)x(m + 2xp + 2) + gk(axex(bxe - 2%ckd*m + bxe*xm) + bkdx(bxe*xp - c*d - 2%c
xd*p)) + (ckexf*(2kcxd - bxe)*(m + 2%p + 2) + gx(b™2%e™2x(p + m + 1) - 2%c”
2xd"2x (1 + 2*p) - ckxex(b*xdx(m - 2%p) + 2xa*xex(m + 2*xp + 1))))*x, x], x], x]
/; FreeQ[{a, b, c, d, e, f, g, m}, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[cxd~2
- bxd*e + a*xe”2, 0] && GtQ[p, O] && (IntegerQlp] || !'RationalQ[m] || (GeQ[
m, -1] && LtQ[m, 0])) &% !'ILtQ[m + 2*p, 0] && (IntegerQ[m] || IntegerQ[p]
|| IntegersQ[2*m, 2x*p])

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_.)*xx_))*x((a_.) + (b_)*(x_) + (c
_I)*(x_)"2)"(p_.), x_Symbol] :> Dist[g/e, Int[(d + e*x) " (m + 1)*x(a + b*x +
c*¥x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + e*xx) m*x(a + b*x + c*x"2)7p,
x], x] /; FreeQ[{a, b, ¢, d, e, £, g, m, p}, x] && NeQ[b~2 - 4xaxc, 0] &&
NeQ[c*d™2 - bxdxe + axe”2, 0] && !'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2xcxx)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206
Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
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Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] || LtQ[b, 0])

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*d”™2 - 4xbxd*e + 4*axe”2 - x72), x], x, (2
xaxe - bxd - (2xc*d - bxe)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*c*d - bxe, 0]

Rubi steps
2ab+202x2 ) Ve+ex-+dx2
Ve + ex + dx2Va? + 2abx? + b2x4 Va2 + 2abx? + b2x | (2ab+272esexs dx
f dx = x
* 2ab + 2b2x2
6abd-3b2ex) Ve
b (C tex+ dx2)3/2 Va2 + 2abx® + b2x* Va2 + 2abx? + b2x* f (6a e’;) c
= +
3d (a + bx?) 3d (2ab + 2b222)
32
(8ad2 — be? — Zbdex) Ve +ex + de2Va? + 2abx2 + b2x% b (c +ex + dxz) /
- +
842 (a + bxz) 3d (a
32
(811612 — be? - Zbdex) Ve +ex + dx2Va? + 2abx? + b2x* b (c toex + dxz) /
- +
842 (a+bx2) 3d (a

_ (8ad2 — be? — Zbdex) Ve + ex + dx2 Va2 + 2abx2 + B2x* b (c +ex + dx2)3/2
- 8d2 (a + bxz) i 3d (a

~ (8ad2 — be? — Zbdex) Ve +ex + dx2Va2 + 2abx2 + B2x* b (c +ex + dx2)3/2
- 8d2 (a + bxz) i 3d (a

Mathematica [A] time = 0.322493, size = 176, normalized size = 0.62

2 _ 2
(u + bxz) (2\/3 (\/c + x(dx +e) (24ad2 +b (8cd + 8d4%x? + 2dex — 362)) — 24a+Jed? tanh™ (ZVE\/%M)) +3e (Sad‘
4852 (a + bxz)

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlc + e*x + d*x"2]*Sqrt[a”2 + 2xa*b*x~2 + b~2*xx74])/x,x]
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[Out] (Sgrtl[(a + b*x~2) 7 2]*(3*e*x(8*a*d™2 + b*(-4*cxd + e72))*ArcTanh[(e + 2*d*x)/
(2%Sqrt [d]*Sqrtlc + x*(e + d*x)])] + 2xSqrt[d]l*(Sqrtlc + x*x(e + dxx)]*(24*a

*d"2 + b*(8kcxd - 3*e”2 + 2kdxe*xx + 8%d"2*x72)) - 24xa*Sqrt[c]*d"2xArcTanh[

(2%c + exx)/(2*%Sqrtc]*Sqrtlc + x*x(e + d*x)]1)]1)))/(48%xd~(5/2)*(a + b*x"2))

Maple [A] time = 0.007, size = 251, normalized size = 0.9

1 2 2 2+/cVx2d 32
_—_— (bx2 +a) 48472 1 | 2L Vevad +ex +c \ea —16 452 (x2d+ex+c)/ b +12d°2Vx2d -
48bx% +48a x

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x"2+exx+c)”(1/2)*((b*x"2+a)~2)"(1/2)/x,x)

[Out] -1/48*((b*x"2+a)~2) " (1/2)*(48*d" (7/2) *1n((2*c+exx+2*xc”~ (1/2) * (d*x"2+e*x+c) ~(
1/2))/x)*c”(1/2)*a-16*d~ (5/2) * (d*x"2+ex*xx+c) ~(3/2) ¥*b+12*%d~ (5/2) * (d*x"2+e*x+cC
)T (1/2) *x*¥b*e-48*d~ (7/2) * (d*x~2+exx+c) ~(1/2) *a+6*d~ (3/2) * (d*x~2+e*xx+c) ~(1/2
) *bxe”2-24+d"3*%1n (1/2*% (2% (d*x"2+exx+c) ~(1/2) *d~ (1/2) +2*xd*x+e) /d~(1/2) ) xaxe+
12x1n(1/2% (2% (d*x"2+e*x+c) " (1/2) *d™ (1/2) +2xd*x+e) /A~ (1/2) ) *b*c*xd"2*xe-3*1n (1
/2% (2% (d*x~2+e*xx+c) ~(1/2) *d~ (1/2) +2*d*xx+e) /d~ (1/2) ) *bxd*e~3) / (b*x~2+a) /d~ (7

/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

2
2 (b2
f dx +ex+;: (bx +a) 0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+exx+c)”(1/2)*((b*x~2+a)~2)"(1/2)/x,x, algorithm="maxima"

[Out] integrate(sqrt(d*x~2 + exx + c)*sqrt((b*x~2 + a)~2)/x, x)

Fricas [A] time = 7.15379, size = 1798, normalized size = 6.29

result too large to display
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Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+exx+c)”(1/2)*((b*x~2+a)~2)~(1/2)/x,x, algorithm="fricas")

[Out] [1/96%(48xa*sqrt(c)*d~3*log((8*ckexx + (4xcxd + e72)*x"2 - 4*sqrt(d*x”2 + e
xx + c)*(exx + 2xc)*sqrt(c) + 8*c”2)/x72) + 3*(b*e”3 - 4x(b*cxd - 2xa*xd~2)*
e)*sqrt (d)*1log(8+d~2*x"2 + 8*d*xexx + 4*sqrt(d*x”2 + exx + c)*(2xd*x + e)*sq
rt(d) + 4*ckd + e72) + 4*(8xb*d”"3%x"2 + 2%b*d"2%exx + 8*bkxcxd”"2 + 24*a*xd”3
- 3xb*d*e”2) *sqrt (d*x~2 + exx + ¢))/d~3, 1/48%(24xa*sqrt(c)*d”~3*xlog((8*c*ex*
X + (4xcxd + e72)*x72 - 4xsqrt(d*x~2 + exx + c)*(exx + 2*c)*sqrt(c) + 8*c™2
)/x72) - 3%(bxe”3 - 4x(b*cxd - 2*xa*d”2)*e)*sqrt(-d)*arctan(1/2*xsqrt(d*x~2 +
exx + c)*(2xd*x + e)*sqrt(-d)/(d72%x72 + dxexx + c*d)) + 2*(8%b*d"3*x"2 +
2%bxd"2%e*x + 8*bxc*xd"2 + 24*axd”3 - 3*bkxd*e”2)*sqrt(d*x”2 + exx + ¢))/d"3,
1/96%* (96*a*sqrt (-c)*d~3*arctan(1/2xsqrt(d*x~2 + e*x + c)*(e*x + 2*c)*sqrt(
-c)/(c*d*x™2 + c*e*xx + c72)) + 3x(b*e”3 - 4*(bxc*d - 2xaxd~2)xe)*sqrt(d)*lo
g(8*%d™2%x72 + 8kxd¥e*xx + 4xsqrt(d*x”2 + exx + c)*(2%d*x + e)*sqrt(d) + 4*cxd
+ e72) + 4x(8%bxd"3%x72 + 2xb*d”"2%exx + 8*bkxckd"2 + 24xa*xd”3 - 3xbxd*e”2)*
sqrt(d*x~2 + exx + c¢))/d”3, 1/48x%(48xa*sqrt(-c)*d~3*arctan(l/2*sqrt(d*x~2 +
exx + c)*x(exx + 2xc)xsqrt(-c)/(c*d*x"2 + c*exx + c72)) - 3*x(b*e”3 - 4x(bx*c
xd - 2%a*xd~2)xe)*sqrt(-d)*arctan(l/2*sqrt(d*x~2 + e*x + c)*(2*d*x + e)*sqrt
(=d)/(d72%x72 + d*xexx + c*d)) + 2%(8xb*d~3*x"2 + 2%b*d"2*exx + 8*bxcxd"2 +
24xa*xd”3 - 3xb*xd*e”2)*sqrt(d*x”~2 + e*x + c¢))/d"3]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxx**2+exx+c)**(1/2)* ((bxx**2+a)**2)**(1/2)/x,x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*x~2+e*x+c)”~(1/2)*((bxx~2+a)~2)~(1/2)/x,x, algorithm="giac")

[Out] Exception raised: TypeError
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3.40

Optimal. Leaf size=294

Vetex+dx2 Va2 +2abx2+b2x4
f dx

x2

-1 2dx+e 3/2
Va2 + 2abx? + b2x4 (8ad2 + 4bcd - bez) tanh (m) aVa2 + 2abx? + b2t (C A2+ ex) / . Ny
8d°3/2 (a + bxz) cx (a + bxz)

[Out] (((bxc + 4*axd)*e + 2xd*(b*xc + 2*axd)*x)*Sqrtl[c + exx + d*x~2]*Sqrt[a”2 + 2
*xaxb*x~2 + b72%xx74])/(4dxckdx(a + b*x"2)) - (ax(c + exx + d*x72)7(3/2)*Sqrt[

a”2 + 2xaxb*x”2 + b72*x74])/(ckxx(a + bxx"2)) + ((4*b*c*d + 8xa*xd™2 - bxe”2
)*Sqrt[a”2 + 2*axb*x”2 + b72*x"4]*ArcTanh[(e + 2*d*x)/(2xSqrt[d]*Sqrtlc + e

xx + d*x72])])/(8%d"(3/2)*(a + b*x72)) - (axexSqrt[a”2 + 2*axb*xx”2 + b7 2*x"

4] *ArcTanh[(2xc + ex*xx)/(2+Sqrt[cl*Sqrtlc + e*xx + d*xx~2])])/(2*Sqrtlcl*(a +
b*x~2))

Rubi [A] time = 0.767118, antiderivative size = 294, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 40, e e =

integrand size
0.175, Rules used = {6744, 1650, 814, 843, 621, 206, 724}

2 > -1 2dx+e 32
Va2 + 2abx? + b2x4 (Sad + 4bcd - be )tanh (m) ) aVa2 + 2abx2 + b2t (C F A+ ex) . Va2 1 2ab2
84%/2 (a + bx2) cx (a + be)

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + exx + d*x~2]*Sqrt[a™2 + 2%a*xb*x™2 + b~2*x"4])/x72,x]

[Out] (((bxc + 4*axd)*e + 2xd*(b*c + 2%axd)*x)*Sqrt[c + exx + d*x~2]*Sqrt[a”2 + 2
*xa*xb*x~2 + b72xx"4])/(4dxcxdx(a + b*x"2)) - (ax(c + exx + d*x72)7(3/2)*Sqrt[

a2 + 2%axb*x”2 + b72%x74])/(ckx*x(a + b*x72)) + ((4*b*xcxd + 8*axd”2 - bxe”2
)*Sqrt[a”2 + 2xaxb*x”2 + b~ 2+x"4]*ArcTanh[(e + 2xd*x)/(2*Sqrt[d]*Sqrtlc + e

*x + d*x72])])/(8+%d~(3/2)*(a + b*x72)) - (axexSqrt[a™2 + 2*a*b*x™2 + b™2*x”
4]*ArcTanh[(2*%c + e*xx)/(2*Sqrtlc]*Sqrtlc + exx + d*x”2])])/(2xSqrtlcl*(a +
b*x72))

Rule 6744

Int[(u)*((a_) + (b_)*x)"(n_.) + (c_)*x(x_)"(m2_.))"(p_), x_Symbol] :> D
ist[Sqrtla + b*x™n + cxx~(2*n)]/((4xc)~(p - 1/2)*(b + 2xc*x"n)), Int[u*x(b +
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2xcxx"n) " (2*p), x], x] /; FreeQ[{a, b, ¢, n, p}, x] & EqQ[n2, 2*n] && EqQ
[b"2 - 4xaxc, 0] && IntegerQ[p - 1/2]

Rule 1650

Int[(Pq )*((d_.) + (e_)*x(x_))"(m_)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_
), x_Symbol] :> With[{Q = PolynomialQuotient[Pq, d + e*x, x], R = Polynomia
1Remainder[Pq, d + exx, x]}, Simp[(e*xR*(d + e*x)”"(m + 1)x(a + b*x + c*xx"2)~
(p+ 1))/((m + 1)*(c*xd”2 - b*d*e + axe”2)), x] + Dist[1/((m + 1)*(c*d”2 - b
xdxe + a*e”2)), Int[(d + exx)"(m + 1)*x(a + bxx + c*x~2) p*ExpandToSum[(m +

D *x(c*xd™2 - b*dxe + a*e”2)*Q + cxd*R*(m + 1) - bxe*Rkx(m + p + 2) - c*e*Rx(m
+ 2*%p + 3)*x, x], x], x]] /; FreeQ[{a, b, c, d, e, p}, x] && PolyQ[Pq, x]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && LtQ[m, -1]

Rule 814

Int[((d_.) + (e_.)*x(x_)) " (m_)*x((f_.) + (g_.)*(x_))*((a_.) + (b_.)*(x_) + (c
_D)*(x_)72)"(p_.), x_Symbol] :> Simp[((d + e*x)"(m + 1)*(ckexfx(m + 2%p + 2
) - g*(c*d + 2%ckxdxp - b*e*p) + g*c*e*(m + 2%p + 1)xx)*x(a + b*xx + C*XAQ)AP)
/(cxe”™2x(m + 2*%p + 1)*(m + 2*p + 2)), x] - Dist[p/(c*xe™2x(m + 2*p + 1)*(m +
2xp + 2)), Int[(d + e*x)"m*(a + b*x + c*x”2) " (p - 1)*Simp[cxexf*(bxd - 2*a
xe)*x(m + 2xp + 2) + gkx(axex(bkxe - 2%ckxd*m + bkexm) + bkxdx(b¥e*xp - ckxd - 2%c
xd*p)) + (ckexf*(2*%cxd - bxe)*(m + 2%p + 2) + gx(b™2%e™2x(p + m + 1) - 2x%c”
2xd72% (1 + 2%p) - cxex(bxdx(m - 2%p) + 2*xaxex(m + 2*p + 1))))*x, x], x], x]
/; FreeQ[{a, b, c, d, e, f, g, m}, x] && NeQ[b~2 - 4xa*xc, 0] && NeQ[cxd~2
- bxd*e + a*xe”2, 0] && GtQ[p, 0] && (IntegerQ[p] || !'RationalQ[m] || (GeQ[
m, -1] && LtQ[m, 0])) && !'ILtQ[m + 2*p, 0] && (IntegerQ[m] || IntegerQ[p]
|| IntegersQ[2*m, 2x*p])

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xxD)*((a_.) + (b_)*(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*x)"(m + 1)*x(a + b*x +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx) m*(a + b*x + c*x~2)7p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d™2 - bxdxe + axe”2, 0] && !'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%cxx)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
xaxe — bxd - (2*c*d - bxe)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*d - bxe, 0]

Rubi steps
2ab+22x2 ) Ve+ex+dx?
f Ve + ex + dx2Va? + 2abx? + b2x* e Va2 + 2abx? + b2 | ( x)2 dx
x? - 2ab + 2b2x?
312 o 2
a (C +ex + de) / \/gz + 2abx2 + b2x4 \/az + 2abx2 + b2x4 f (—abe-2b(be+
. cx (a + ba?) c (2ab + 2b2x2)

((be + 4ad)e + 2d(bc + 2ad)x)Vc + ex + dx®Va? + 2abx? + b2x* 4 (C + ex A
4cd (a + bxz)

_ ((bc + 4ad)e + 2d(bc + 2ad)x)Ve + ex + dx>Va? + 2abx® + b2x* @ (C +ex
4cd (a + bxz)

((bc + 4ad)e + 2d(be + 2ad)x) Ve + ex + dx®Va? + 2abx? + b2x* @ (C + ex A
4cd (a + bxz)

_ ((bc + 4ad)e + 2d(bc + 2ad)x)Ve + ex + dx>Va? + 2abx® + b2x* @ (C + ex A
4cd (a + bxz)

Mathematica [A] time = 0.261252, size = 171, normalized size = 0.58

2
’ 2 5 -1 2dx+e ) ( _ <
A /(g + bx ) (\/Ex (Sad + 4bcd — be ) tanh (—2\/2 o +2Vd \ee + x(dx + e)(bx(2dx + e) — 4ad) — 2adex tan

8+/cd32x (a + bxz)

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlc + e*x + d*x"2]*Sqrt[a™2 + 2xa*b*x"2 + b~2*xx74])/x72,x]
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[Out] (Sqrtl[(a + b*x~2)72]*(Sqrt[c]*(4*bxcxd + 8*axd~2 - b*e~2)*x*ArcTanh[(e + 2%
dxx) /(2xSqrt [d]*Sqrt[c + x*(e + d*x)])] + 2xSqrt[d]*(Sqrt[c]*Sqrtlc + x*(e

+ d*x)]*(-4*xaxd + b*x*x(e + 2%d*x)) - 2*axd*exx*ArcTanh[(2xc + exx)/(2*Sqrt[
c]*Sqrtlc + x*x(e + d*x)])]1)))/(8xSqrtc]l*d~(3/2)*x*(a + b*x72))

Maple [A] time = 0.011, size = 289, normalized size = 1.

1 2 2 2+/cVx2d
(bx2+a) [8d7/2Vx2d+ex+cxza—4d5/2\/51n crexy \/i MATEXTCN e + 4d52Nx2d +

(8 bx% + 8 a) cx
Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x"2+exx+c)”(1/2)*x((b*x"2+a)~2)"(1/2)/x"2,x%)

[Out] 1/8*%((b*x~2+a)~2)~(1/2)*(8*d~(7/2) *(d*x~2+exx+c) ~(1/2) *x"2%a-4*xd~ (5/2)*c~ (1
/2)*1n ((2*c+e*xx+2*xc”™ (1/2) * (d*x"2+e*x+c) ~(1/2) ) /x) *x*xa*xe+d*xd”~ (5/2) * (d*x"2+e*

x+c) " (1/2) *x"2xb*xc-8*d~ (5/2) * (d*x"2+e*x+c) ~(3/2) *a+8*d~ (5/2) * (d*x~2+e*x+c)~

(1/2) *x*a*xe+2*d” (3/2) * (d*xx"2+exx+c) ~ (1/2) *x*b*c*ke+8*1n (1/2* (2% (d*x~2+e*x+cC)
~(1/2)*d" (1/2) +2*xd*x+e) /d~(1/2) ) #x*xa*xc*d™3+4*x1n(1/2*% (2% (d*xx"2+e*x+c) ~(1/2) *
d”(1/2)+2*xd*x+e) /d~(1/2) ) *x*bxc™2%d"2-1n(1/2% (2% (d*x~2+e*xx+c) " (1/2) *d~(1/2)
+2xd*x+e) /A~ (1/2) ) *x*¥bxc*xd*e”2) / (b*x~2+a) /c/x/d~(5/2)

Maxima [F] time = 0., size = 0, normalized size = 0.

2
v2 (b2
f dx? + ex +x(; (bx + a) "

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+e*x+c)”(1/2)*((b*x~2+a)~2)7(1/2)/x"2,x, algorithm="maxima"
)

[Out] integrate(sqrt(d*x~2 + exx + c)*sqrt((b*x"2 + a)~2)/x72, x)

Fricas [A] time = 6.28716, size = 1731, normalized size = 5.89

result too large to display



248

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+exx+c)”(1/2)*((b*x~2+a)~2)"(1/2)/x"2,x, algorithm="fricas"
)

[Out] [1/16%(4xaxsqrt(c)*d™2xexxxLlog((8*ckxe*xx + (4xcxd + e72)*x72 - 4dxsqrt(d*x”2
+ exx + c)*(exx + 2*c)*sqrt(c) + 8%c”2)/x72) - (4*b*c™2*d + 8*axc*d™2 - b*c
xe”2) *sqrt (d) *x*1log (8*d~2*x"2 + 8xd*exx — 4xsqrt(d*x~2 + e*x + c)*(2*d*x +
e)*sqrt(d) + 4*xcxd + e72) + 4x(2%bkcxd"2*x"2 + b*ckdxe*xx — 4dkxaxc*kd”2)*sqrt(
d*x"2 + e*xx + c))/(cxd"2*x), 1/8*(2xaxsqrt(c)*d 2xe*xx*log((8*kcxexx + (4*c*d
+ e72)*x72 - 4xsqrt(d*x”2 + exx + c)*(exx + 2%c)*sqrt(c) + 8%c”2)/x72) - (
4xbxc”2xd + 8xaxcxd”2 - bkxcxe”2)*sqrt(-d)*x*xarctan(1l/2*sqrt(d*x~2 + e*xx + C
)k (2*%d*x + e)*sqrt(-d)/(d"2*x"2 + dxe*xx + c*xd)) + 2% (2%bkxc*xd"2*xx"2 + b*ckxdx
exx — 4xaxckd"2)*sqrt(d*x”2 + e*xx + c))/(c*xd™2xx), 1/16*(8*a*xsqrt(-c)*d 2x*e
xx*¥arctan(1/2xsqrt (d*x~2 + e*xx + c)*(e*xx + 2*c)*sqrt(-c)/(cxd*x"2 + cxe*x +
c”2)) - (4xbxc™2%d + 8*axc*d™2 - bxckxe”2)*sqrt(d)*x*xlog(8*d™2*xx"2 + 8*d*xex
X — 4*sqrt(d*x”2 + e*xx + c)*(2*d*x + e)*sqrt(d) + 4*cxd + e72) + 4*(2xb*cxd
T2%x72 + bxckdkexx — 4kakxckxd"2)*sqrt(d*xT2 + exx + c))/(cxd"2*x), 1/8%(4xax
sqrt (-c)*d"2*exx*arctan(1/2*sqrt (d*x~2 + e*xx + c)*(exx + 2*c)*sqrt(-c)/(cxd
*X"2 + ckexx + c72)) - (4xbxc”2+d + 8*xaxc*d"2 - bxcxe”2)*sqrt(-d)*x*arctan(
1/2*%sqrt (d*x"2 + exx + c)*(2xd*x + e)*sqrt(-d)/(d"2xx"2 + d*exx + cxd)) + 2
* (2xbxcxd"2%x72 + b¥xckxdrexx - 4dxaxckd"2)*sqrt(d*x~2 + e*xx + c))/(c*xd"2*x)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxx**2+exx+c)*x(1/2)* ((bxx*x2+a)**2)*x(1/2) /x**2,x)

[Out] Timed out

Giac [F(-2)] time = 0., size = 0, normalized size = 0.

Exception raised: TypeError

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*x™2+exx+c)~(1/2)*((b*xx~2+a)~2)~(1/2)/x72,x, algorithm="giac")

[Out] Exception raised: TypeError
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3.41

Optimal. Leaf size=288

Vetex+dx2 Va2 +2abx2+b2x4
f dx

X3

2 2 2.4 _ 2 2 -1 2c+ex 3/2
Va2 + 2abx2 + b2x (4acd ae“ + 8bc )tanh (—z\/Z _C+dx2+ex) P sy (c 24 ex) / E
- - +
8c3/2 (a + bxz) 2cx2 (a + bxz)

[Out] ((a*xe + 2x(2xbxc + a*xd)*x)*Sqrtlc + exx + d*x~2]*Sqrt[a”2 + 2*a*xb*x~2 + b~2
*x~4])/ (4d*c*xx*x(a + b*x"2)) - (ax(c + e*xx + d*x"2)7(3/2)*Sqrt[a”2 + 2xaxb*x”

2 + b72*%x74])/(2xc*x"2*%(a + b*x"2)) + (b*xexSqrt[a”2 + 2%axb*x~2 + b72*x"4]*
ArcTanh[(e + 2xd*x)/(2*Sqrt[d]*Sqrtlc + exx + d*x~2])])/(2xSqrt[d]*(a + bx*x

72)) - ((8xb*c™2 + 4xaxckxd - axe”2)*Sqrt[a”2 + 2*axb*x”"2 + b72*x74]*ArcTanh

[(2%c + ex*x)/(2*xSqrt[c]*Sqrtlc + exx + d*x"2])])/(8*c~(3/2)*(a + b*x"2))

Rubi [A] time = 0.784178, antiderivative size = 288, normalized size of antiderivative =

. . ber of rul
1., number of steps used = 8, number of rules used = 7, integrand size = 40, e o e

0.175, Rules used = {6744, 1650, 812, 843, 621, 206, 724}

integrand size

2c+ex

- 32

2\/5\/c+dx2+ex) ava? + 2abx? + b2x4 (c +dx? + ex) ! Va2 + 2abx
- +

8c3/2 (a + bxz) 2cx? (a + bxz)

Va2 + 2abx? + b2x4 (4acd —ae + 8bc2) tanh™! (

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + exx + d*x"2]*Sqrt[a™2 + 2%a*xb*x™2 + b~2*x"4])/x73,x]

[Out] ((a*xe + 2x(2xbxc + a*xd)*x)*Sqrtlc + exx + d*x~2]*Sqrt[a”2 + 2xaxb*x”2 + b~2
*x"4])/ (4d*c*xx*x(a + b*x"2)) - (ax(c + e*xx + d*x"2)7(3/2)*Sqrt[a”2 + 2xaxb*x”

2 + b72*xx74])/(2xc*x"2*%(a + b*x"2)) + (b*xexSqrt[a”2 + 2%axb*x~2 + b72*x"4]*
ArcTanh[(e + 2xd*x)/(2*%Sqrt[d]*Sqrtlc + exx + d*x"2])])/(2xSqrt[d]*(a + bx*x

72)) - ((8xb*c™2 + 4xaxckxd - axe”2)*Sqrt[a”2 + 2*axb*x”~2 + b~2%x”4]*ArcTanh

[(2%c + ex*x)/(2*Sqrt[c]*Sqrtlc + exx + d*x~2])])/(8*c~(3/2)*(a + b*x"2))

Rule 6744

Int[(u)*((a)) + (b_)*(x )" (n_.) + (c_)*xx_)"(m2_.))"(p_), x_Symbol] :> D
ist[Sqrtla + b*x™n + cxx~(2*n)]/((4xc)~(p - 1/2)*(b + 2xc*x"n)), Int[ux(b +
2xcxx"n) " (2*p), x], x] /; FreeQ[{a, b, ¢, n, p}, x] & EqQ[n2, 2*n] && EqQ
[b~2 - 4xaxc, 0] && IntegerQ[p - 1/2]



251

Rule 1650

Int[(Pg )*((d_.) + (e_.)*x(x_)) " (m_)*((a_.) + (b_.)*(x_) + (c_.)*x(x_)"2)"(p_
), x_Symbol] :> With[{Q = PolynomialQuotient[Pq, d + e*x, x], R = Polynomia
1Remainder[Pq, d + e*x, x]}, Simp[(exR*(d + e*x) " (m + 1)x(a + b*x + c*xx"2)~
(p+ 1)/ ((m + 1)*(c*xd”2 - b*d*e + axe”2)), x] + Dist[1/((m + 1)*(c*d”2 - b
xd*e + a*e”2)), Int[(d + exx)"(m + 1)*x(a + b*x + c*x~2) “p*ExpandToSum[(m +

D *x(cxd”™2 - b*xdxe + a*xe”2)*Q + cxd*R*(m + 1) - bxexRkx(m + p + 2) - c*xe*R*x(m
+ 2%p + 3)*x, x], x], x]] /; FreeQ[{a, b, c, 4, e, p}, x] && PolyQ[Pq, x]

&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxdxe + axe”2, 0] && LtQ[m, -1]

Rule 812

Int[((d_.) + (e_D*(x_ D))" (@ )*((f_.) + (g_)*x_))*((a_.) + (b_)*(x_) + (c
_I)*(x_)72) (p_.), x_Symbol] :> Simp[((d + e*x)"(m + 1)*(exfx(m + 2%p + 2)

- dxg*x(2*%p + 1) + exgx(m + 1)*x)*(a + bxx + c*x72)7p)/(e”2x(m + L)*x(m + 2%p
+ 2)), x] + Dist[p/(e”2x(m + L)*x(m + 2%p + 2)), Int[(d + exx)"(m + 1)*(a +
b*x + c*x72) 7 (p - 1)*Simp[g*(b*d + 2%axe + 2%akxexm + 2%bkxdxp) - fxbkex(m +
2xp + 2) + (gx(2%c*d + bxe + bxe*m + 4*xcxd*p) - 2kckexf*x(m + 2%p + 2))*x,

x], x1, x] /; FreeQ[{a, b, c, d, e, f, g, m}, x] && NeQ[b~2 - 4*axc, 0] &&

NeQ[c*d~2 - b*d*e + axe”2, 0] && RationalQ[p] && p > 0 && (LtQ[m, -1]1 || Eq
Qlp, 11 || (IntegerQ[p] && !'RationalQ[m])) && NeQ[m, -1] && !ILtQ[m + 2*p
+ 1, 0] && (IntegerQ[m] || IntegerQlp] || IntegersQ[2*m, 2x*p])

Rule 843

Int[((d_.) + (e_)*(x))"(m )*x((f_.) + (g_)*&xD))*x((a_.) + (b_)*(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*x)"(m + 1)*x(a + b*x +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx)"m*(a + b*x + c*x72)7p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d™2 — bxd*e + a*e”2, 0] && 'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%cxx)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4x*xa*xc, 0]

Rule 206

Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1xArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]11)/(Rtla, 2]1*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQ[a/bl && (Gt
Qla, 0] |l LtQlb, 0O1)

Rule 724
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Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*x(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4%c*xd”2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
xaxe - bxd - (2xc*d - bxe)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4xaxc, 0] && NeQ[2*xc*d - bxe, 0]

Rubi steps
2ab+2b%x2)V dx?
\/C +ex + dx2\/a2 + 2ﬂbx2 + b2x4 d \/az + Zabxz + b2x4 f ( av+ xx)3 c+ex+dx: N
f x3 te 2ab + 2b%x?
a (c +ex + dx2)3/2 Va2 +2abx? + b2x* Va2 + 2abx? + b2x4 f W
- 2cx? (a + bxz) 2c (Zab + 2b2x2)
2\32
_ (ae +2(2bc + ad)x)Vc + ex + dx®Va? + 2abx? + B2x* a4 (C +ex +dx ) v
4cx (a + bxz) 2cx? (a :
32
_ (ae +2(2bc + ad)x)Ve + ex + dx2Va? + 2abx? + x4 a (c +ex + dxz) v
4cx (a + bxz) 2cx? (a -
32
_ (ae +2(2bc + ad)x)Ve + ex + dx2Va? + 2abx? + b2x* 4 (C +ex+ dxz) v
4cx (a + bx2) 2cx? (a -

32
_ (ae +2(2bc + ad)x)Ve + ex + dx2Va? + 2abx? + b2x* 4 (C +ex+ dxz) v
4cx (a + bxz) 2cx? (a -

Mathematica [A] time = 0.358819, size = 177, normalized size = 0.61

2
2 3/2,,,2 —1( 2dx+e )_ ( 2 2 2 _1( 2c+ex )
(a+bx ) (4bc ex? tanh NN awerees v (x (4acd ae? + 8bc )tanh N + 2+/c/Jc + x(dx + e)
8c32+/dx2 (a + bxz)

Antiderivative was successfully verified.

[In] Integrate[(Sqrtlc + e*xx + d*x"2]*Sqrt[a”2 + 2xa*b*x~2 + b~2*xx74])/x"3,x]

[Out] (Sqrtl[(a + bxx~2)~2]*(4*b*xc”(3/2)*e*x"2xArcTanh[(e + 2*xd*x)/(2*Sqrt[d]*Sqrt
[c + xx(e + d*x)])] - Sqrt[d]l*(2+Sqrtcl*(2*axc + akxe*xx - 4xb*xc*x~2)*Sqrt[c
+ x*x(e + d*x)] + (8*b*c™2 + 4xaxcxd - axe”2)*x"2*xArcTanh[(2%c + e*x)/(2%Sq
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rt[c]*Sqrtlc + x*x(e + d*x)])]1)))/(8*%c™(3/2)*Sqrt[d]*x~2*x(a + b*xx"2))

Maple [A] time = 0.01, size = 329, normalized size = 1.1

2c+ex+2\/E\/x2d+ex+c]
x
x

2
. (bx2+a)2 AR 2, _ 8 PSR 2c+ex +2+/cVx2d +
8 x2¢? (bx2 + u) X

Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x"2+exx+c) (1/2)*((b*x~2+a)~2)"(1/2)/x73,x)

[Out] 1/8*((b*x"2+a)~2)~(1/2)*(-4*d~(5/2)*c”(3/2) *1n((2*xc+e*x+2*c~ (1/2) * (d*x"2+ex*
x+c) " (1/2)) /x)*x"2%a-8*%d" (3/2) *c~ (5/2) *1n ((2*c+e*x+2*c™ (1/2) * (d*x"2+e*x+c)”
(1/2)) /%) *x~2xb=-2*d"~ (5/2) * (d*x"2+exx+c) " (1/2) *x"3*a*xe+4*d”~ (5/2) * (d*x~2+e*xx+

c) " (1/2)*x~2xaxc+d” (3/2) *xc” (1/2) *1n((2*c+e*xx+2xc” (1/2) * (d*x~2+ex*xx+c) ~(1/2))

/X)) *x"2%axe " 2+2xd” (3/2) * (d*x"2+exx+c) " (3/2) *x*xaxe—-2%d" (3/2) * (d*xx~2+ex*xx+c) ~ (
1/2)*x"2xaxe”2+8+d~ (3/2) * (A*x~2+e*x+c) ~(1/2) *x~2%b*c™2+4*1n (1/2* (2* (d*x"2+e

*x+c) T (1/2) *d” (1/2) +2xd*x+e) /A~ (1/2) ) *d*x"2*b*c~2*xe—-4*d~ (3/2) * (d*x~2+e*x+c)
~(3/2)*ax*xc)/d~(3/2)/x72/c”2/ (b*x"2+a)

Maxima [F] time = 0., size = 0, normalized size = 0.

f Vdx? + ex + c\/(bxz + a)z ;
3 X

X

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+e*x+c)”(1/2)*((b*x~2+a)~2)"(1/2)/x73,x, algorithm="maxima"
)

[Out] integrate(sqrt(d*x~2 + exx + c)*sqrt((b*x"2 + a)~2)/x73, x)

Fricas [A] time = 5.94203, size = 1766, normalized size = 6.13

result too large to display

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*x™2+e*x+c)”~(1/2)*((b*x"2+a)~2)~(1/2)/x"3,x, algorithm="fricas"
)

[Out] [1/16%(4*b*xc™2xsqrt(d)*exx~2*1log(8*d~2%x"2 + 8xd*e*x + 4xsqrt(d*x™2 + exx +
c)*x(2xdxx + e)*sqrt(d) + 4xc*xd + e72) - (8*%bxc™2xd + 4*xaxcxd™2 - axdxe”2)x
sqrt (c) *x"2*1log ((8*ckxexx + (4*cxd + e72)*x72 + 4*sqrt(d*x™2 + exx + c)*(e*x
+ 2%c)*sqrt(c) + 8%c™2)/x72) + 4*(4*bxc™2xd*x"2 - akcxdkexx — 2xaxc”2xd)*s
qrt(d*x~2 + exx + c))/(c™2*d*x"2), -1/16%(8*b*c”2*sqrt(-d)*exx~2*arctan(1/2
xsqrt (d*xx™2 + e*xx + c)*(2*d*x + e)*sqrt(-d)/(d"2*x"2 + dxe*x + c*d)) + (8*b
*xC72%d + 4xaxckxd”2 - axdxe”2)*sqrt(c)*x"2xlog((8*ckexx + (4xcxd + e72)*x72
+ 4xsqrt(d*x”2 + exx + c)*(exx + 2xc)*sqrt(c) + 8%c72)/x72) - 4x(4xb*xc™2*dx*
X72 - akxckdxexx — 2kaxc”2+d)*sqrt(d*x”2 + exx + c))/(cT2xd*x"2), 1/8%(2*b*c
“2%sqrt (d) xe*xx”"2x1og (8*%d"2%x"2 + 8*dxe*xx + 4*xsqrt(d*x™2 + exx + c)*(2xd*x +
e)*sqrt(d) + 4xcxd + e72) + (8xb*c™2xd + 4*axckxd™2 - axd*e”2)*sqrt(-c)*x"2
xarctan(1/2*sqrt (d*x"2 + exx + c)*(exx + 2xc)*sqrt(-c)/(c*d*x"2 + c*e*xx + ¢
T2)) + 2% (4xb*cT2xd*x"2 - akxckdxexx — 2%axc”2%d)*sqrt(d*x”2 + exx + c))/(c”
2xd*x72), -1/8*(4*xb*xc~2*sqrt(-d)*e*x~2*arctan(1l/2*sqrt(d*x~2 + e*x + c)* (2%
dxx + e)*sqrt(-d)/(d"2*x"2 + dxe*x + c*d)) - (8xb*xc™2xd + 4*akxcxd™2 - axdxe
~2)xsqrt(-c)*x"2*arctan(1/2*sqrt (d*x~2 + e*xx + c)*(e*xx + 2*c)*sqrt(-c)/(cxd
*X"2 + ckexx + Cc72)) - 2% (4xbxcT2xd*x”2 - akxckdkexx - 2%axc”2*d)*sqrt(d*x”2
+ exx + c))/(cT2*d*x"~2)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((dxx**x2+exx+c)*x(1/2)* ((bxx*x2+a)**2)*x(1/2) /x**3,x)

[Out] Timed out

Giac [A] time = 1.23649, size = 500, normalized size = 1.74

be log( -2 (\/Ex — Vdx? + xe + c)d — Vde ) sgn (bx? +a (8 bc?sgn (bxz + a) +4ac
- | " | ( ) + Vdx? + xe + chsgn (bx2 +u) +

Verification of antiderivative is not currently implemented for this CAS.
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[In] integrate((d*x~2+e*x+c)~(1/2)*((bxx~2+a)~2)~(1/2)/x"3,x, algorithm="giac")

[Out] -1/2xb*exlog(abs(-2*(sqrt(d)*x - sqrt(d*x”2 + x*xe + c))*d - sqrt(d)*e))*sgn
(b*x~2 + a)/sqrt(d) + sqrt(d*x~2 + x*e + c)*b*sgn(b*x”2 + a) + 1/4*%(8xb*c”2
*xsgn(b*x”~2 + a) + 4xaxckdxsgn(b*x~2 + a) - axe”2*sgn(b*x~2 + a))*arctan(-(s
grt(d)*x - sqrt(d*x”2 + x*e + c))/sqrt(-c))/(sqrt(-c)*c) + 1/4*(4*(sqrt(d)*
X - sqrt(d*x”2 + x*e + c)) 3xaxckdxsgn(b*x"2 + a) + 8*(sqrt(d)*x - sqrt(d*x

T2 + x¥e + c)) 2xaxcksqrt(d)*exsgn(b*xx”2 + a) + 4x(sqrt(d)*x - sqrt(d*x~2 +

xxe + c))*axc 2xd*sgn(b*x”2 + a) + (sqrt(d)*x - sqrt(d*x~2 + x*e + c)) 3*a
xe"2xsgn(b*x”2 + a) + (sqrt(d)*x - sqrt(d*x”2 + xxe + c))*axc*e” 2*sgn(b*x~2

+ a))/(((sqrt(d)*x - sqrt(d*x~2 + x*e + c))”2 - c) " 2%c)
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3.42

Optimal. Leaf size=294

Vetex+dx2 Va2 +2abx2+b2x4
f v dx

2c+ex

2+/cVe+dx

Va2 + 2abx? + BPx4Vc + dx? + ex (2ace - x (817c2 - aez)) eV + 20bx? + PP (8bc2 — (4Cd - ez)) tanh”! (

8c2x? (a + bxz) 1652 (a + bxz)

[Out] ((2*axcxe — (8xb*c™2 - axe”2)*x)*Sqrtlc + exx + d*x"2]*Sqrt[a”2 + 2*axbxx~2
+ b72*xx74])/(8xc™2*xx"2%(a + b*x72)) - (ax(c + exx + d*xx"2)~(3/2)*Sqrt[a~2

+ 2%axbxx”2 + b72xx74])/(3*ckx"3*(a + b*x"2)) + (bxSqrt[d]*Sqrt[a”2 + 2*axb

*x"2 + b"2xx"4]*ArcTanh[(e + 2*xdx*x)/(2%Sqrt[d]*Sqrtlc + e*xx + d*x~2])])/(a

+ b*x72) - (ex(8*b*c™2 - ax(4*cxd - e72))*Sqrt[a”2 + 2xaxb*x"2 + bT2*xx"4]*A
rcTanh[(2*%c + exx)/(2*Sqrt[cl*Sqrtlc + exx + d*x~2])]1)/(16*xc~(5/2)*(a + bx*x

~2))

Rubi [A] time = 0.786889, antiderivative size = 294, normalized size of antiderivative =
1., number of steps used = 8, number of rules used = 7, integrand size = 40, number of rules _

integrand size
0.175, Rules used = {6744, 1650, 810, 843, 621, 206, 724}

2c+ex

2+/eVe+dx

Va2 + 2abx? + x4V + dx? + ex (Zace - X (8bc2 - aez)) eV + 20bx? + PP (8bc2 — (4Cd - ez)) tanh”! (

8c2x? (u + bxz) 16c52 (u + bxz)

Antiderivative was successfully verified.

[In] Int[(Sqrtlc + exx + d*x~2]*Sqrt[a™2 + 2%a*xb*x™2 + b~2*x"4])/x74,x]

[Out] ((2*axc*xe - (8*b*c™2 - axe”2)*x)*Sqrtlc + e*x + d*x"2]x*Sqrt[a”2 + 2%a*xb*x~2
+ b72xx74]) / (8xc™2xx" 2% (a + b*x72)) - (ax(c + exx + d*x72)7(3/2)*Sqrt[a”2

+ 2%axbxx”2 + b72xx74])/(3*%c*kx"3*%(a + b*x"2)) + (bxSqrt[d]*Sqrt[a”2 + 2*axb

*x"2 + b"2xx"4]*ArcTanh[(e + 2*xd*x)/(2*Sqrt[d]*Sqrtlc + e*xx + d*x~2])])/(a

+ b*x72) - (ex(8xb*c™2 - ax(4*xcxd - e72))*Sqrt[a”2 + 2%axb*x”2 + b 2xx"4]*A
rcTanh[(2*%c + e*xx)/(2xSqrtlcl*Sqrtlc + exx + d*x72])])/(16%c™(5/2)*(a + b*x

~2))

Rule 6744

Int[(u)*((a_) + (b_)*x)"(n_.) + (c_)*x(x_)"(m2_.))"(p_), x_Symbol] :> D
ist[Sqrtla + b*x™n + cxx~(2*n)]/((4xc)~(p - 1/2)*(b + 2xc*x"n)), Int[u*x(b +
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2xcxx"n) " (2*p), x], x] /; FreeQ[{a, b, ¢, n, p}, x] & EqQ[n2, 2*n] && EqQ
[b"2 - 4xaxc, 0] && IntegerQ[p - 1/2]

Rule 1650

Int[(Pq )*((d_.) + (e_)*x(x_))"(m_)*((a_.) + (b_.)*(x_) + (c_.)*(x_)"2)"(p_
), x_Symbol] :> With[{Q = PolynomialQuotient[Pq, d + e*x, x], R = Polynomia
1Remainder[Pq, d + exx, x]}, Simp[(e*xR*(d + e*x)”"(m + 1)x(a + b*x + c*xx"2)~
(p+ 1))/((m + 1)*(c*xd”2 - b*d*e + axe”2)), x] + Dist[1/((m + 1)*(c*d”2 - b
xdxe + a*e”2)), Int[(d + exx)"(m + 1)*x(a + bxx + c*x~2) p*ExpandToSum[(m +

D *x(c*xd™2 - b*dxe + a*e”2)*Q + cxd*R*(m + 1) - bxe*Rkx(m + p + 2) - c*e*Rx(m
+ 2*%p + 3)*x, x], x], x]] /; FreeQ[{a, b, c, d, e, p}, x] && PolyQ[Pq, x]
&& NeQ[b~2 - 4xaxc, 0] && NeQ[c*d™2 - bxd*e + axe”2, 0] && LtQ[m, -1]

Rule 810

Int[((d_.) + (e_)*xD) (@ )*((f_.) + (g_)*x_))*x((a_.) + (b_.)*(x_) + (c
_D)*(x_)72) (p_.), x_Symbol] :> -Simp[((d + e*x) " (m + 1)*x(a + b*x + c*xx"2)~
p*((d*xg - exf*(m + 2))*(c*xd"2 - b*d*xe + axe”2) - d*p*x(2xcxd - bxe)*(exf - d
xg) — ex(gx(m + 1)*(c*d™2 - bxd*e + a*xe”2) + px(2xc*d - bkxe)*(exf - dxg))*x
))/(e”2x(m + )*(m + 2)*(c*xd”2 - b*xd*e + axe”2)), x] - Dist[p/(e”2x(m + 1)*
(m + 2)*(cxd”2 - b*d*e + axe”2)), Int[(d + e*xx)"(m + 2)*(a + b*xx + c*x72)7(
p - 1)*Simp[2*axckex(exf - dxg)*x(m + 2) + b ™2*xex(d*g*(p + 1) - exf*x(m + p +
2)) + bx(axe™2xg*x(m + 1) - ckxdx(d*g*(2*p + 1) - exfx(m + 2*%p + 2))) - c*x(2
xckdk (dxg*x(2%p + 1) — exf*x(m + 2%p + 2)) - ex(2kaxexgx(m + 1) - bx(d*g*(m -
2xp) + exfx(m + 2%xp + 2))))*x, x], x], x] /; FreeQ[{a, b, c, d, e, £, g},
x] && NeQ[b~2 - 4xaxc, 0] && NeQ[c*xd™2 - bxdxe + axe”2, 0] && GtQ[p, 0] &&

LtQ[m, -2] && LtQ[m + 2*p, 0] && !'ILtQ[m + 2*p + 3, 0]

Rule 843

Int[((d_.) + (e_)*(x_))"(m)*x((f_.) + (g_)*xxD)*((a_.) + (b_)*(x_) + (c
_D)*(x_)"2)"(p_.), x_Symbol] :> Distl[g/e, Int[(d + e*x)"(m + 1)*x(a + b*x +
c*x72)7p, x], x] + Dist[(exf - dxg)/e, Int[(d + exx) m*(a + b*x + c*x~2)7p,
x], x] /; FreeQ[{a, b, c, d, e, f, g, m, p}, x] && NeQ[b~2 - 4*axc, 0] &&
NeQ[c*d™2 - bxdxe + axe”2, 0] && !'IGtQ[m, O]

Rule 621

Int[1/Sqrtl(a_) + (b_.)*(x_) + (c_.)*(x_)"2], x_Symbol] :> Dist[2, Subst[In
t[1/(4*xc - x72), x], x, (b + 2%cxx)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a,
b, c}, x] && NeQ[b~2 - 4xaxc, 0]

Rule 206
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Int[((a_) + (b_.)*(x_)"2)"(-1), x_Symbol] :> Simp[(1*ArcTanh[(Rt[-b, 2]*x)/
Rtla, 2]1]1)/(Rtla, 2]*Rt[-b, 2]), x] /; FreeQ[{a, b}, x] && NegQla/b] && (Gt
Qla, 0] Il LtQ[b, 01)

Rule 724

Int[1/(C(d_.) + (e_.)*(x_))*Sqrtl(a_.) + (b_.)*x(x_) + (c_.)*(x_)"2]), x_Sym
bol] :> Dist[-2, Subst[Int[1/(4*c*xd"2 - 4xbxd*e + 4xaxe™2 - x72), x], x, (2
xaxe — bxd - (2*c*d - bxe)*x)/Sqrtla + b*x + cxx~2]], x] /; FreeQ[{a, b, c,
d, e}, x] && NeQ[b~2 - 4*a*c, 0] && NeQ[2*c*d - bxe, 0]

Rubi steps
2ab+2b2x2 \/rm
f Ve + ex + dx®Va? + 2abx? + b2x o Va2 + 2abx® + b2x* f ( x)4 dx
xt - 2ab + 2b°x?
3/2 3abe—6b2
a (c +ex + dxz) ! Va2 +2abx2 + b2x* Va2 + 2abx? + b2x4 f M
- 3cx3 (a + bxz) 3c (2ab + 2b2x2)

(Zace - (8bc2 - aez) x) Ve + ex + dx2Va2 + 2abx? + B2x* 4 (c +ex + dxz)E

8c2x? (u + bxz)

(Zace - (8bc2 - aez) x) Ve + ex + dx2Va2 + 2abx? + b2x* @ (c +ex + dxz)

3cx8

8c2x2 (a + bxz)

3cx3

(Zace - (8bc2 - aez) x) Ve + ex + dx2Va2 + 2abx? + b2x* @ (c +ex + dxz)E

8c2x2 (a + bxz)

3cx3

(2ace - (8bc2 - aez) x) Ve + ex + dx2Va2 + 2abx? + b2x* @ (c +ex + dxz)3

8c2x2 (a + bxz)

Mathematica [A] time = 0.292935, size = 189, normalized size = 0.64

N (a + bxz)2 (—2\/5\/c + x(dx +e) (a (802 + 2cx(4dx + e) — Bezxz) + 24bc2x2) - 3ex? (a (ez -~ 4cd) + 8bc2) tanh ™! (2 \/Ej(

3cx3

48c5/2x3 (a + bxz)

Antiderivative was successfully verified.
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[In] Integrate[(Sqrtlc + e*x + d*x"2]*Sqrt[a”2 + 2%a*b*x"2 + b~2*xx74])/x74,x]

[Out] (Sqrtl[(a + b*x~2)~2]*(-2xSqrt[c]l*Sqrtlc + x*(e + d*x)]*(24*xb*c™2xx"2 + a*(8
*xCT2 - 3%e72%x72 + 2kxckx*k(e + 4*xdxx))) + 48xbxc”(5/2)*Sqrt[d]*x~3*ArcTanh[(

e + 2xd*x)/(2xSqrt[d]*Sqrtc + x*(e + d*x)])] - 3*ex(8xbxc™2 + ax(-4*c*d +
e72))*x"3*%ArcTanh[(2%c + exx)/(2*Sqrt[c]*Sqrtlc + xx(e + d*x)])]1))/(48*c~ (5
/2)*x73x(a + bxx"2))

Maple [A] time = 0.011, size = 412, normalized size = 1.4

2c+ex +2+/cVx2d +ex +c
X

2c+ex +2+/cVx2d
x

2
) (bx2 + a) (12 d°2c3/2 ln[ )x3ge _ 04 32502 ln(

48 x3¢3 (bx2 +a
Verification of antiderivative is not currently implemented for this CAS.

[In] int((d*x"2+exx+c) ~(1/2)*x((b*x"2+a)"2)"(1/2)/x"4,x)

[Out] 1/48*((b*x~2+a)~2)~(1/2)*(12*d~(5/2)*c”(3/2) *1n((2*c+e*x+2*xc~ (1/2) *(d*x"2+e
*¥x+c) " (1/2) ) /x) *x"3*a*xe-24*d" (3/2) xc~ (5/2) *1n ((2*c+e*xx+2xc™ (1/2) * (d*x"2+e*x

+¢) 7 (1/2)) /x) *x”3*bxe+6+d~ (5/2) * (A*x"2+e*xx+c) ~(1/2) *x 4*a*xe”2+48*d" (5/2) *(d
*x"2+e*x+c) T (1/2) *x"4xbxc"2-12%d" (5/2) * (d*x"2+e*x+c) "~ (1/2) *x~3*a*xc*xe-3*d" (3
/2)*c” (1/2) *1n((2*xc+e*xx+2xc™ (1/2) * (d*xx"2+ex*xx+c) ~(1/2)) /x) *x~3*a*xe~3-6*d”~ (3/

2) % (d*x"2+ex*xx+c) " (3/2) *x"2xa*xe”2-48+d" (3/2) * (d*x~2+exx+c) ~(3/2) *x"2%b*c~2+6

*d7 (3/2) % (d*x"2+exx+c) ~(1/2) *x~3*a*xe”3+48*d~ (3/2) * (d*x~2+e*x+c) ~(1/2) *x~3*b

*C " 2%e+48*%1n (1/2*% (2% (d*x~2+exx+c) ~(1/2) *d™ (1/2) +2*xd*x+e) /d~ (1/2) ) *x"3*b*c™3
*d"2+12%d7 (3/2) * (d*x"2+exx+c) "~ (3/2) *x*a*cke-16*d~ (3/2) * (d*xx~2+e*x+c) ~(3/2) *
a*xc™2)/d"(3/2)/x~3/c~3/ (b*xx"2+a)

Maxima [F] time = 0., size = 0, normalized size = 0.

2
v2 (b2
f dx? + ex +xi (bx + a) 0

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+exx+c)”(1/2)*((b*x~2+a)~2)7(1/2)/x"4,x, algorithm="maxima"
)
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[Out] integrate(sqrt(d*x~2 + exx + c)*sqrt((b*x~2 + a)~2)/x74, x)

Fricas [A] time = 6.50311, size = 1887, normalized size = 6.42

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+exx+c)”(1/2)*((b*x~2+a)~2)"(1/2)/x"4,x, algorithm="fricas"
)

[Out] [1/96%(48xb*c~3*sqrt(d)*x~3*log(8+d~2*%x"2 + 8*d*e*xx + 4*sqrt(d*x”2 + exx +
c)*(2xd*x + e)xsqrt(d) + 4*xcxd + e72) + 3*x(axe”™3 + 4*x(2xb*c™2 - axc*d)*e)*s
qrt(c) *x73*log ((8xckxexx + (4*cxd + e72)*x72 - 4xsqrt(d*x™2 + exx + c)*(e*x
+ 2%c)*sqrt(c) + 8%c”2)/x72) - 4*x(2*axc”2kexx + 8*axc”3 + (24%bxc”3 + 8*axc
“2%d - 3*axc*xe”2)*x"2)*sqrt(d*x”2 + e*xx + ¢))/(c”3*x"3), -1/96%(96%b*xc”3*sq
rt(-d)*x"3xarctan(1/2*sqrt (d*x~2 + e*x + c)*(2*d*x + e)*sqrt(-d)/(d"2*x"2 +
dxe*xx + c*d)) - 3*(axe”3 + 4x(2xb*c”2 - axcxkd)*e)*sqrt(c)*x"3xLlog((8*kcxe*x
+ (4xcxd + e72)*x72 - 4xsqrt(d*x”2 + e*xx + c)*(e*xx + 2xc)*sqrt(c) + 8%c”2)
/X72) + 4% (2xaxc”2kexx + 8%axc”3 + (24%b*c”3 + 8kakxcT2xd - 3kakckeT2)*x"2)x*
sqrt(d*x~2 + exx + ¢))/(c”3*x"3), 1/48%(24xb*xc~3*sqrt(d)*x"3*Llog(8*d~2*x"2
+ 8xdxexx + 4xsqrt(d*x~2 + exx + c)*(2kd*x + e)xsqrt(d) + 4xcxd + e72) + 3%
(a*e™3 + 4x(2%bxc™2 - axcxd)*e)x*sqrt(-c)*x"3*arctan(1/2*sqrt (d*x"2 + exx +
c)x(exx + 2%c)*sqrt(-c)/(cxd*x™2 + cxexx + c72)) - 2*(2%a*xc ™ 2*xexx + 8*a*xc”3
+ (24x%b*c”3 + 8*axc”2xd - 3xakxcxe”2)*x”2)*sqrt(d*x~2 + exx + c))/(c"3*x73)
, —1/48%(48*b*xc~3*sqrt (-d)*x"3*arctan(1l/2*sqrt(d*x"2 + e*x + c)*(2*d*x + e)
*xsqrt (-d) /(d72%x72 + dxexx + c*d)) - 3*(axe”3 + 4x(2¥bxc”2 - a*cxd)*e)*sqrt
(-c)*x"3*arctan(1/2*sqrt (d*x"2 + e*xx + c)*(e*x + 2%c)*sqrt(-c)/(cxd*x"2 + ¢
*xexx + c72)) + 2% (2%akxc2kexx + 8kakxc”3 + (24%bxc”3 + 8kakcT2xd - 3kakcxe”2
)*x72)*sqrt (d*x~2 + e*xx + ¢))/(c”3*x73)]

Sympy [F(-1)] time = 0., size = 0, normalized size = 0.

Timed out

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate ((dxx*x2+exx+c)*x(1/2)* ((bxx*x2+a)**2) *x(1/2) /x**4 %)
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[Out] Timed out

Giac [B] time = 1.47226, size = 972, normalized size = 3.31

result too large to display

Verification of antiderivative is not currently implemented for this CAS.

[In] integrate((d*x~2+exx+c)”(1/2)*((b*x~2+a)~2)7(1/2)/x"4,x, algorithm="giac")

[Out] -bxsqrt(d)*log(abs(2*(sqrt(d)*x - sqrt(d*x~2 + x*e + c))*sqrt(d) + e))*sgn(
b*xx"2 + a) + 1/8%(8*bkxc™2xe*xsgn(b*x~2 + a) - 4*akckdxexsgn(b*x™2 + a) + axe
~3xsgn(b*x"2 + a))*arctan(-(sqrt(d)*x - sqrt(d*x”2 + x*e + c))/sqrt(-c))/(s
qrt(-c)*c”2) + 1/24%(24*(sqrt(d)*x - sqrt(d*x~2 + x*e + c)) B*xbxc 2*xsqrt(d)
xexsgn(b*x”2 + a) + 12%(sqrt(d)*x - sqrt(d*x~2 + x*e + c)) bxaxc*xd™(3/2)*ex
sgn(b*x”2 + a) + 48x(sqrt(d)*x - sqrt(d*x~2 + x*e + c)) “4*bxc~3*d*sgn(b*x~2
+ a) + 48*%(sqrt(d)*x - sqrt(d*x”2 + x*e + c)) 4xa*xc”2*d"2xsgn(b*x"2 + a) -
48%(sqrt(d)*x - sqrt(d*x~2 + x*e + c)) 3*bkxc”3*sqrt(d)*e*xsgn(b*x™2 + a) +
48*(sqrt(d)*x - sqrt(d*x~2 + x*e + c)) " 3xaxc”2xd”(3/2)*exsgn(b*x"2 + a) - 9
6% (sqrt(d)*x - sqrt(d*x~2 + x*e + c)) 2xb*c”4*d*sgn(b*x~2 + a) - 3*x(sqrt(d)
*x - sqrt(d*x~2 + x*e + c)) bxakxsqrt(d)*e”3xsgn(b*x”2 + a) + 24x(sqrt(d)*x
- sqrt(d*x~2 + x*e + c))*b*xc”4*xsqrt(d)*e*xsgn(b*x~2 + a) + 36*(sqrt(d)*x - s
qrt (d*x~2 + x*e + c))*axc”3*d”(3/2)*e*sgn(b*x"2 + a) + 48xb*xc”5*xd*sgn(b*x"2
+ a) + 16*axc”4*d"2*sgn(b*x”2 + a) + 48*(sqrt(d)*x - sqrt(d*x”2 + x*e + c)
) "2xaxc”2xd*e"2*sgn(b*x”2 + a) + 8*(sqrt(d)*x - sqrt(d*x~2 + x*e + c)) 3*ax
cksqrt (d)*e”3*xsgn(b*xx~2 + a) + 3x(sqrt(d)*x - sqrt(d*x~2 + x*e + c))*a*xc™ 2%
sqrt (d)*e~3*sgn(b*x~2 + a))/(((sqrt(d)*x - sqrt(d*x~2 + x*e + c))~2 - c) 3%
c"2*sqrt(d))
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Chapter 4

Listing of Grading functions

The following are the current version of the grading functions used for grading the quality
of the antiderivative with reference to the optimal antiderivative included in the test suite.

There is a version for Maple and for Mathematica/Rubi. There is a version for grading
Sympy and version for use with Sagemath.

The following are links to the current source code.

The following are the listings of source code of the grading functions.

4.0.1 Mathematica and Rubi grading function

(* Original version thanks to Albert Rich emailed on 03/21/2017 *)
(* ::Package:: *)

(* ::Subsection:: *)
(*GradeAntiderivative [result,optimal]*)

(x ::Text:: *)

(*If result and optimal are mathematical expressions, *)

(* GradeAntiderivative[result,optimal] returns*)

(x "F" if the result fails to integrate an expression thatx)

(* is integrablex)

(* "C" if result involves higher level functions than necessary*)
(x "B" if result is more than twice the size of the optimalx*)

(* antiderivativex)

(x "A" if result can be considered optimalx)

GradeAntiderivative[result_,optimal_] :=
If [ExpnType [result] <=ExpnType [optimall,
If [FreeQ[result,Complex] || Not[FreeQ[optimal,Complex]],

263




22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60
61
62
63
64
65
66
67
68

If [LeafCount [result]<=2*LeafCount [optimal],
IIA" s
uBn] s
||Cl|:| s
If [FreeQ[result,Integrate] && FreeQ[result,Int],
IICII s
"F"]]

(x ::Text:: *)

(*The following summarizes the type number assigned an *)
(*expression based on the functions it involvesx)
(¥1 = rational functionx)

(¥2 = algebraic functionx)

(¥3 = elementary functionx)

(¥4 = special functionx)

(x5 = hyperpergeometric function*)

(*6 = appell functionx)

(¥7 = rootsum functionx)

(¥8 = integrate functionx*)

(*9 = unknown functionx)

ExpnType[expn_] :=
If [AtomQ[expn],
1,
If[ListQ[expn],
Max [Map [ExpnType, expnl ],
If [Head [expn]===Power,
If [IntegerQlexpn[[2]1]1],
ExpnType [expn[[1]]],
If [Head[expn[[2]]]===Rational,
If [IntegerQ[expn[[1]]] || Head[expn[[1]]]===Rational,
1,
Max [ExpnType [expn[[1]1],2]],
Max [ExpnType [expn[[1]]] ,ExpnType[expn[[2]1]1],3]11],
If [Head [expn]===Plus || Head[expn]===Times,
Max [ExpnType [First [expn]] ,ExpnType [Rest [expn]]],
I1f [ElementaryFunctionQ[Head [expn]],
Max [3,ExpnType [expn[[1]1]1]],
If [SpecialFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],4]],
If [HypergeometricFunctionQ[Head [expn]],
Apply [Max, Append [Map [ExpnType,Apply[List,expn]],5]],
If [AppellFunctionQ[Head[expn]],
Apply [Max,Append [Map [ExpnType, Apply[List,expnl],6]],
If [Head [expn]===RootSum,
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69
70
71
72
73
74
75
76
77
78
79
80
81
82
83
84
85
86
87
88
89
90
91
92

94
95
96
97
98
99
100
101
102
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Apply[Max, Append [Map [ExpnType,Apply[List,expnl],7]1],
If [Head [expn]l===Integrate || Head[expn]===Int,

Apply [Max, Append [Map [ExpnType, Apply[List,expn]],8]],
91111111111

ElementaryFunctionQ[func_] :=
MemberQ [{

Exp,Log,
Sin,Cos,Tan,Cot,Sec,Csc,
ArcSin,ArcCos,ArcTan,ArcCot,ArcSec,ArcCsc,
Sinh,Cosh,Tanh,Coth,Sech,Csch,
ArcSinh,ArcCosh,ArcTanh,ArcCoth,ArcSech,ArcCsch

}, funcl

SpecialFunctionQ[func_] :=
MemberQ [{

Erf, Erfc, Erfi,
FresnelS, FresnelC,
ExpIntegralE, ExpIntegralEi, LogIntegral,
SinIntegral, CosIntegral, SinhIntegral, CoshlIntegral,
Gamma, LogGamma, PolyGamma,
Zeta, PolyLog, Productlog,
EllipticF, EllipticE, EllipticPi

}, func]

HypergeometricFunctionQ[func_] :=
MemberQ [{HypergeometriciF1,Hypergeometric2F1,HypergeometricPFQ}, func]

AppellFunctionQ[func_] :=
MemberQ [{AppellF1},func]
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4.0.2 Maple grading function

# File: GradeAntiderivative.mpl
# Original version thanks to Albert Rich emailed on 03/21/2017

#Nasser 03/22/2017 Use Maple leaf count instead since buildin

#Nasser 03/23/2017 missing 'ln' for ElementaryFunctionQ added

#Nasser 03/24/2017 corrected the check for complex result

#Nasser 10/27/2017 check for leafsize and do not call ExpnType()

# if leaf size is "too large". Set at 500,000

#Nasser 12/22/2019 Added debug flag, added 'dilog' to special functions
# see problem 156, file Apostol_Problems
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14
15
16
17
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19
20
21
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23
24
25
26
27

28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
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GradeAntiderivative := proc(result,optimal)
local leaf_count_result, leaf_count_optimal,ExpnType_result,ExpnType_optimal,
debug:=false;

leaf count_result:=leafcount(result);
#do NOT call ExpnType() if leaf size is too large. Recursion problem
if leaf_count_result > 500000 then
return "B";
fi;

leaf_count_optimal:=leafcount (optimal);

ExpnType_result:=ExpnType(result) ;
ExpnType_optimal:=ExpnType (optimal) ;

if debug then
print ("ExpnType_result",ExpnType_result," ExpnType_optimal=",
ExpnType_optimal) ;
fi;

# If result and optimal are mathematical expressions,

# GradeAntiderivative[result,optimal] returns

# "F" if the result fails to integrate an expression that

# is integrable

# "C" if result involves higher level functions than necessary
# "B" if result is more than twice the size of the optimal

# antiderivative

# "A" if result can be considered optimal

#This check below actually is not needed, since I only

#call this grading only for passed integrals. i.e. I check
#for "F" before calling this. But no harm of keeping it here.
#just in case.

if not type(result,freeof('int')) then
return "F";
end if;

if ExpnType_result<=ExpnType_optimal then
if debug then
print ("ExpnType_result<=ExpnType_optimal");
fi;
if is_contains_complex(result) then
if is_contains_complex(optimal) then
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57
58
59
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62
63
64
65
66
67
68
69
70
71
72
73
74

75
76
77
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79
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100
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if debug then
print("both result and optimal complex");
fi;
#both result and optimal complex
if leaf_ count_result<=2*leaf_count_optimal then
return "A";
else
return "B";
end if
else #result contains complex but optimal is not
if debug then
print ("result contains complex but optimal is not");
fi;
return "C";
end if
else # result do not contain complex
# this assumes optimal do not as well
if debug then
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print("result do not contain complex, this assumes optimal do not

as well");
fi;
if leaf_count_result<=2*leaf_count_optimal then
if debug then
print("leaf_count_result<=2*leaf_count_optimal");
fi;
return "A";
else
if debug then
print("leaf_count_result>2*leaf_count_optimal");
fi;
return "B";
end if
end if
else #ExpnType(result) > ExpnType(optimal)
if debug then
print ("ExpnType(result) > ExpnType(optimal)");
fi;
return "C";
end if

end proc:

#

# is_contains_complex(result)

# takes expressions and returns true if it contains "I" else false
#

#Nasser 032417




102
103
104
105
106
107
108
109
110
111
112
113
114
115
116
117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148

is_contains_complex:= proc(expression)
return (has(expression,I));
end proc:

The following summarizes the type number assigned an expression
based on the functions it involves

rational function

= algebraic function

= elementary function

= special function

hyperpergeometric function
= appell function

= rootsum function

= integrate function

= unknown function

H OHF H OH HF OH OH H H H H
© 00 N O O WN -
I

ExpnType := proc(expn)
if type(expn, 'atomic') then
1
elif type(expn,'list') then
apply (max,map (ExpnType,expn))
elif type(expn, 'sqrt') then
if type(op(l,expn),'rational') then

1
else
max (2,ExpnType (op(1,expn)))
end if
elif type(expn,' ""') then

if type(op(2,expn), 'integer') then
ExpnType (op(1,expn))
elif type(op(2,expn), 'rational') then
if type(op(l,expn),'rational') then
1
else
max (2,ExpnType (op(1,expn)))
end if
else
max (3,ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
end if
elif type(expn,' ™+ ') or type(expn,' * ') then
max (ExpnType (op(1,expn)) ,max (ExpnType (rest (expn))))
elif ElementaryFunctionQ(op(0,expn)) then
max (3,ExpnType (op(1,expn)))
elif SpecialFunctionQ(op(0,expn)) then
max (4, apply (max,map (ExpnType, [op(expn)])))
elif HypergeometricFunctionQ(op(0,expn)) then
max (5, apply (max,map (ExpnType, [op(expn)]1)))
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149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195

elif AppellFunctionQ(op(0,expn)) then
max (6,apply (max,map (ExpnType, [op(expn)]1)))
elif op(0,expn)='int' then
max (8,apply (max ,map (ExpnType, [op(expn)]))) else
9
end if
end proc:

ElementaryFunctionQ := proc(func)
member (func, [

exp,log,1ln,
sin,cos,tan,cot,sec,csc,
arcsin,arccos,arctan,arccot,arcsec,arccsc,
sinh, cosh,tanh,coth,sech,csch,
arcsinh,arccosh,arctanh,arccoth,arcsech,arccsch])

end proc:

SpecialFunctionQ := proc(func)
member (func, [

erf,erfc,erfi,
FresnelS,FresnelC,
Ei,Ei,Li,Si,Ci,Shi,Chi,
GAMMA, 1nGAMMA ,Psi,Zeta,polylog,dilog,LambertW,
EllipticF,EllipticE,EllipticPi])

end proc:

HypergeometricFunctionQ := proc(func)
member (func, [HypergeometriclF1,hypergeom,HypergeometricPFQ])
end proc:

AppellFunctionQ := proc(func)
member (func, [AppellF1])
end proc:

# u is a sum or product. rest(u) returns all but the
# first term or factor of u.
rest := proc(u) local v;
if nops(u)=2 then
op(2,u)
else
apply(op(0,u) ,op(2. .nops(u),u))
end if
end proc:

#leafcount (u) returns the number of nodes in u.

#Nasser 3/23/17 Replaced by build-in leafCount from package in Maple
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leafcount := proc(u)
MmaTranslator [Mma] [LeafCount] (u) ;
end proc:
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4.0.3 Sympy grading function

#Dec 24, 2019. Nasser M. Abbasi:

# Port of original Maple grading function by

# Albert Rich to use with Sympy/Python

#Dec 27, 2019 Nasser. Added “RootSum™. See problem 177, Timofeev file
# added 'exp_polar'

from sympy import *

def leaf_count(expr):
#sympy do not have leaf count function. This is approximation
return round(1l.7*count_ops(expr))

def is_sqrt(expr):
if isinstance(expr,Pow):
if expr.args[1] == Rational(1,2):
return True
else:
return False
else:
return False

def is_elementary_function(func):
return func in [exp,log,ln,sin,cos,tan,cot,sec,csc,
asin,acos,atan,acot,asec,acsc,sinh,cosh,tanh,coth,sech,csch,
asinh,acosh,atanh,acoth,asech,acsch

def is_special_function(func):
return func in [ erf,erfc,erfi,
fresnels,fresnelc,Ei,Ei,Li,Si,Ci,Shi,Chi,
gamma ,loggamma,digamma,zeta,polylog,LambertW,
elliptic_f,elliptic_e,elliptic_pi,exp_polar

def is_hypergeometric_function(func):
return func in [hyper]

def is_appell_function(func):
return func in [appellfl]

def is_atom(expn):
try:
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if expn.isAtom or isinstance(expn,int) or isinstance(expn,float):
return True

else:
return False

except AttributeError as error:
return False

def expnType(expn) :
debug=False
if debug:
print ("expn=",expn, "type(expn)=",type(expn))

if is_atom(expn):
return 1
elif isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')

return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1,expn)))
elif isinstance(expn,Pow): #type (expn, ' " ")

if isinstance(expn.args[1],Integer): #type(op(2,expn), 'integer')
return expnType(expn.args[0])  #ExpnType(op(1l,expn))
elif isinstance(expn.args[1],Rational): #type(op(2,expn), 'rational')
if isinstance(expn.args[0],Rational): #type(op(l,expn),'rational')
return 1
else:
return max(2,expnType(expn.args[0])) #max(2,ExpnType(op(1l,expn)
)
else:
return max(3,expnType(expn.args[0]),expnType(expn.args[1])) #max(3,
ExpnType (op(1,expn)) ,ExpnType (op(2,expn)))
elif isinstance(expn,Add) or isinstance(expn,Mul): #type(expn,' + ') or type
(expn, '**~ ")
ml = expnType(expn.args[0])
m2 = expnType(list(expn.args[1:]1))
return max(ml,m2) #max(ExpnType(op(1l,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.func): #ElementaryFunctionQ(op(0,expn))
return max(3,expnType(expn.args[0])) #max(3,ExpnType(op(l,expn)))
elif is_special_function(expn.func): #SpecialFunctionQ(op(0,expn))
ml = max(map(expnType, list(expn.args)))
return max(4,ml1)  #max(4,apply(max,map(ExpnType, [op(expn)])))
elif is_hypergeometric_function(expn.func): #HypergeometricFunctionQ(op(0,
expn))
ml = max(map(expnType, list(expn.args)))
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return max(5,m1)  #max(5,apply(max,map(ExpnType, [op(expn)]1)))
elif is_appell_function(expn.func):

ml = max(map(expnType, list(expn.args)))

return max(6,m1)  #max(5,apply(max,map(ExpnType, [op(expn)])))
elif isinstance(expn,RootSum):

ml = max(map(expnType, list(expn.args))) #Apply[Max,Append[Map[ExpnType,
Apply[List,expn]],711,

return max(7,ml)
elif str(expn).find("Integral") != -1:

ml = max(map(expnType, list(expn.args)))

return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:

return 9

#main function
def grade_antiderivative(result,optimal):

leaf _count(result)
leaf_count (optimal)

leaf _count_result
leaf_count_optimal

expnType_result = expnType(result)
expnType_optimal = expnType(optimal)
if str(result).find("Integral") != -1:

return "F"

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"

4.0.4 SageMath grading function

(#Dec 24, 2019. Nasser: Ported original Maple grading function by
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# Albert Rich to use with Sagemath. This is used to

# grade Fricas, Giac and Maxima results.

#Dec 24, 2019. Nasser: Added 'exp_integral_e' and 'sng', 'sin_integral'
# 'arctan2','floor', 'abs', 'log_integral'

from sage.all import *
from sage.symbolic.operators import add_vararg, mul_vararg

def tree(expr):
debug=False;
if debug:
print ("Enter tree(expr), expr=",expr)
print ("expr.operator()=",expr.operator())
print ("expr.operands()=",expr.operands())
print ("map(tree, expr.operands()=",map(tree, expr.operands()))

if expr.operator() is None:
return expr
else:
return [expr.operator()]+list(map(tree, expr.operands()))

def leaf count(anti):
debug=False;

if debug: print ("Enter leaf_count, anti=", anti, " len(anti)=", len(anti))
if len(anti) == 0: #special check for optimal being O for some test cases.
if debug: print ("len(anti) == 0")
return 1
else:

if debug: print ("round(l.35xlen(flatten(tree(anti))))=",round(1.35*len(
flatten(tree(anti)))))
return round(1l.35*len(flatten(tree(anti)))) #fudge factor
#since this estimate of leaf count is bit lower than
#what it should be compared to Mathematica's

def is_sqrt(expr):
debug=False;
if expr.operator() == operator.pow: #isinstance(expr,Pow):
if expr.operands() [1]==1/2: #expr.args[1] == Rational(1,2):
if debug: print ("expr is sqrt")
return True
else:
return False
else:
return False
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def is_elementary_function(func):
debug = False

m = func.name() in ['exp','log','ln',
'sin','cos','tan','cot', 'sec','csc’,
'arcsin', 'arccos', 'arctan', 'arccot', 'arcsec', 'arccsc',
'sinh', 'cosh', 'tanh', 'coth', 'sech','csch',
'arcsinh', 'arccosh', 'arctanh', 'arccoth', 'arcsech', 'arccsch', 'sgn',
'arctan2', 'floor', 'abs'

]
if debug:
if m:
print ("func ", func , " is elementary_function")
else:
print ("func ", func , " is NOT elementary_function")
return m

def is_special_function(func):
debug = False

if debug: print ("type(func)=", type(func))

m= func.name() in ['erf', 'erfc','erfi', 'fresnel _sin','fresnel_cos',6'Ei',
'Ei','Li','Si','sin_integral','Ci', 'cos_integral','Shi','
sinh_integral'
'Chi', 'cosh_integral', 'gamma', 'log_gamma', 'psi,zeta’,
'polylog', 'lambert_w','elliptic_f','elliptic_e',
'elliptic_pi', 'exp_integral_e','log_integral']

if debug:
print ("m=",m)
if m:
print ("func ", func ," is special_function")
else:
print ("func ", func ," is NOT special_function")
return m

def is_hypergeometric_function(func):
return func.name() in ['hypergeometric', 'hypergeometric_M', 'hypergeometric_U

']

def is_appell_function(func):
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return func.name() in ['hypergeometric'] #[appellfl] can't find this in
sagemath

def is_atom(expn):

#thanks to answer at https://ask.sagemath.org/question/49179/what-is-
sagemath-equivalent-to-atomic-type-in-maple/
try:
if expn.parent() is SR:
return expn.operator() is None
if expn.parent() in (ZZ, QQ, AA, QQbar):
return expn in expn.parent() # Should always return True
if hasattr(expn.parent(),"base_ring") and hasattr(expn.parent(),"gens"):
return expn in expn.parent().base_ring() or expn in expn.parent().
gens ()
return False

except AttributeError as error:
return False

def expnType (expn) :
debug=False

if debug:
print (">>>>>Enter expnType, expn=", expn)
print (">>>>>is_atom(expn)=", is_atom(expn))

if is_atom(expn):
return 1
elif type(expn)==list: #isinstance(expn,list):
return max(map(expnType, expn))  #apply(max,map(ExpnType,expn))
elif is_sqrt(expn):
if type(expn.operands() [0])==Rational: #type(isinstance(expn.args[0],

Rational):
return 1
else:
return max(2,expnType (expn.operands() [0])) #max(2,expnType(expn.
args[0]))
elif expn.operator() == operator.pow: #isinstance(expn,Pow)

if type(expn.operands() [1])==Integer: #isinstance(expn.args[1],Integer)
return expnType(expn.operands() [0])  #expnType(expn.args[0])
elif type(expn.operands() [1])==Rational: #isinstance(expn.args[1],
Rational)
if type(expn.operands() [0])==Rational: #isinstance(expn.args[0],
Rational)
return 1
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else:
return max(2,expnType(expn.operands() [0])) #max(2,expnType (expn.
args[0]))
else:
return max(3,expnType (expn.operands() [0]),expnType (expn.operands()
[1])) #max(3,expnType (expn.operands() [0]),expnType(expn.operands () [1]))
elif expn.operator() == add_vararg or expn.operator() == mul_vararg: #
isinstance(expn,Add) or isinstance(expn,Mul)
ml = expnType(expn.operands() [0]) #expnType(expn.args[0])
m2 = expnType(expn.operands() [1:]) #expnType(list(expn.args[1:]1))
return max(mi,m2) #max(ExpnType(op(1,expn)) ,max(ExpnType(rest(expn))))
elif is_elementary_function(expn.operator()): #is_elementary_function(expn.
func)
return max(3,expnType (expn.operands() [0]))
elif is_special_function(expn.operator()): #is_special_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(4,ml) #max (4,m1)
elif is_hypergeometric_function(expn.operator()): #
is_hypergeometric_function(expn.func)
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(5,m1) #max (5,m1)
elif is_appell_function(expn.operator()):
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(6,ml) #max (6,m1)
elif str(expn).find("Integral") != -1: #this will never happen, since it
#is checked before calling the grading function that is passed.
#but kept it here.
ml = max(map(expnType, expn.operands())) #max (map (expnType, list(
expn.args)))
return max(8,m1)  #max(5,apply (max,map(ExpnType, [op(expn)])))
else:
return 9

#main function
def grade_antiderivative(result,optimal):

debug = False;

if debug: print ("Enter grade_antiderivative for sagemath")

leaf_count_result
leaf_count_optimal

leaf count(result)
leaf_count (optimal)

if debug: print ("leaf_count_result=", leaf_count_result, "
leaf_count_optimal=",leaf_count_optimal)
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expnType_result = expnType(result)
expnType_optimal = expnType(optimal)

if debug: print ("expnType_result=", expnType_result, "expnType_optimal=",
expnType_optimal)

if expnType_result <= expnType_optimal:
if result.has(I):
if optimal.has(I): #both result and optimal complex
if leaf_ count_result <= 2xleaf_count_optimal:
return "A"
else:
return "B"
else: #result contains complex but optimal is not
return "C"
else: # result do not contain complex, this assumes optimal do not as

well
if leaf_count_result <= 2*leaf_count_optimal:
return "A"
else:
return "B"
else:

return "C"
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